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Preface to the
Third Edition

The many problems and solutions provided by the late Professor Spiegel remain invaluable to students as
they seek to master the intricacies of the calculus and related fields of mathematics. These remain an integral
part of this manuscript. In this third edition, clarifications have been provided. In addition, the continuation
of the interrelationships and the significance of concepts, begun in the second edition, have been extended.
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Preface to the
Second Edition

A key ingredient in learning mathematics is problem solving. This is the strength, and no doubt the reason
for the longevity of Professor Spiegel’s advanced calculus. His collection of solved and unsolved problems
remains a part of this second edition.

Advanced calculus is not a single theory. However, the various sub-theories, including vector analysis,
infinite series, and special functions, have in common a dependency on the fundamental notions of the cal-
culus. An important objective of this second edition has been to modernize terminology and concepts, so that
the interrelationships become clearer. For example, in keeping with present usage functions of a real variable
are automatically single valued; differentials are defined as linear functions, and the universal character of
vector notation and theory are given greater emphasis. Further explanations have been included and, on oc-
casion, the appropriate terminology to support them.

The order of chapters is modestly rearranged to provide what may be a more logical structure.

A brief introduction is provided for most chapters. Occasionally, a historical note is included; however,
for the most part the purpose of the introductions is to orient the reader to the content of the chapters.

I thank the staff of McGraw-Hill. Former editor, Glenn Mott, suggested that I take on the project. Peter
McCurdy guided me in the process. Barbara Gilson, Jennifer Chong, and Elizabeth Shannon made valuable
contributions to the finished product. Joanne Slike and Maureen Walker accomplished the very difficult task
of combining the old with the new and, in the process, corrected my errors. The reviewer, Glenn Ledder, was
especially helpful in the choice of material and with comments on various topics.

ROBERT C. WREDE
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Numbers

Mathematics has its own language, with numbers as the alphabet. The language is given structure with the
aid of connective symbols, rules of operation, and a rigorous mode of thought (logic). These concepts, which
previously were explored in elementary mathematics courses such as geometry, algebra, and calculus, are
reviewed in the following paragraphs.

Sets

Fundamental in mathematics is the concept of a set, class, or collection of objects having specified character-
istics. For example, we speak of the set of all university professors, the set of all letters A, B, C, D, . .., Z of the
English alphabet, and so on. The individual objects of the set are called members or elements. Any part of a set
is called a subset of the given set, e.g., A, B, Cisasubsetof A, B, C, D, . . ., Z. The set consisting of no elements
is called the empty set or null set.

Real Numbers

The number system is foundational to the modern scientific and technological world. It is based on the sym-
bols 1,2,3,4,5,6,7,8,9,0. Thus, it is called a base ten system. (There is the implication that there are other
systems. One of these, which is of major importance, is the base two system.) The symbols were introduced
by the Hindus, who had developed decimal representation and the arithmetic of positive numbers by 600 A.p.
In the eighth century, the House of Wisdom (library) had been established in Baghdad, and it was there that
the Hindu arithmetic and much of the mathematics of the Greeks were translated into Arabic. From there,
this arithmetic gradually spread to the later-developing western civilization.

The flexibility of the Hindu-Arabic number system lies in the multiple uses of the numbers. They may be
used to signify: (a) order—the runner finished fifth; (b) quantity—there are six apples in the barrel; (c)
construction—?2 and 3 may be used to form any of 23, 32, .23 or .32; (d) place—0 is used to establish place,
as is illustrated by 607, 0603, and .007.

Finally, note that the significance of the base ten terminology is enhanced by the following examples:

357 =7(10% + 5(10") + 3(10%)

U110 100107

The collection of numbers created from the basic set is called the real number system. Significant subsets
of them are listed as follows. For the purposes of this text, it is assumed that the reader is familiar with these
numbers and the fundamental arithmetic operations.

1. Natural numbers 1, 2, 3, 4, . . ., also called positive integers, are used in counting members of a set.
The symbols varied with the times; e.g., the Romans used I, I, IIL, IV, . . . . The sum a + b and product
a - b or ab of any two natural numbers a and b is also a natural number. This is often expressed by
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saying that the set of natural numbers is closed under the operations of addition and multiplication, or
satisfies the closure property with respect to these operations.

2. Negative integers and zero, denoted by —1, -2, -3, . . ., and 0, respectively, arose to permit solutions
of equations such as x + b = a, where a and b are any natural numbers. This leads to the operation of
subtraction, or inverse of addition, and we write x =a — b.

The set of positive and negative integers and zero is called the set of integers.

. . 2 5 . . .
3.  Rational numbers or fractions such as 5’ —Z, . . . arose to permit solutions of equations such as

bx = a for all integers a and b, where b # 0. This leads to the operation of division, or inverse of mul-
tiplication, and we write x = a/b or a + b, where a is the numerator and b the denominator.

The set of integers is a subset of the rational numbers, since integers correspond to rational numbers
where b = 1.

4. Irrational numbers such as \/5 and m are numbers which are not rational; i.e., they cannot be ex-
pressed as a/b (called the quotient of a and b), where a and b are integers and b # 0.
The set of rational and irrational numbers is called the set of real numbers.

Decimal Representation of Real Numbers

Any real number can be expressed in decimal form, e.g., 17/10 =1.7,9/100 = 0.09, 1/6 = 0.16666. . . . In the
case of a rational number, the decimal expansion either terminates or if it does not terminate, one or a group

of digits in the expansion will ultimately repeat, as, for example, in % = 0.142857 142857 142. . . . In the

case of an irrational number such as 2 = 1.41423 ... or t=3.14159 . . . no such repetition can occur. We
can always consider a decimal expansion as unending; e.g., 1.375 is the same as 1.37500000 . . . or

1.3749999 . . . To indicate recurring decimals we sometimes place dots over the repeating cycle of digits,

cq. ; —0.i43857, and % = 3.16.

It is possible to design number systems with fewer or more digits; e.g., the binary system uses only two digits,
0 and 1 (see Problems 1.32 and 1.33).

Geometric Representation of Real Numbers

The geometric representation of real numbers as points on a line, called the real axis, as in Figure 1.1, is also
well known to the student. For each real number there corresponds one and only one point on the line, and,
conversely, there is a one-to-one (see Figure 1.1) correspondence between the set of real numbers and the
set of points on the line. Because of this we often use point and number interchangeably.

4 1 7
J’I\ 3\ /2 /\.2 /73
+ + + + + + + : .
-4 -3 -2 =1 0 1 2 3 4

Figure 1.1

While this correlation of points and numbers is automatically assumed in the elementary study of math-
ematics, it is actually an axiom of the subject (the Cantor Dedekind axiom) and, in that sense, has deep
meaning.

The set of real numbers to the right of O is called the set of positive numbers, the set to the left of O is the
set of negative numbers, while 0 itself is neither positive nor negative.
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(Both the horizontal position of the line and the placement of positive and negative numbers to the right
and left, respectively, are conventions.)

Between any two rational numbers (or irrational numbers) on the line there are infinitely many rational
(and irrational) numbers. This leads us to call the set of rational (or irrational) numbers an everywhere dense
set.

Operations with Real Numbers

If a, b, c belong to the set R of real numbers, then:

1. a+bandabbelongto R Closure law

2. a+b=b+a Commutative law of addition

3. a+b+c)=(a+b)+c Associative law of addition

4. ab=ba Commutative law of multiplication
5.  a(bc) = (ab)c Associative law of multiplication
6. a(b+c)=ab+ac Distributive law

7. a+0=0+a=a,1-a=a-1=a

0 is called the identity with respect to addition; 1 is called the identity with respect to multiplica-
tion.

8. For any a there is a number x in R such that x + a = 0.
x is called the inverse of a with respect to addition and is denoted by —a.

9.  Forany a # 0 there is a number x in R such that ax = 1.
x is called the inverse of a with respect to multiplication and is denoted by a™! or 1/a.

Convention: For convenience, operations called subtraction and division are defined by a — b = a + (-b)
a .
and 5= ab™, respectively.

These enable us to operate according to the usual rules of algebra. In general, any set, such as R, whose
members satisfy the preceding is called a field.

Inequalities

If a — b is a nonnegative number, we say that a is greater than or equal to b or b is less than or equal to a,
and write, respectively, a > b or b < a. If there is no possibility that a = b, we write a > b or b < a. Geo-

metrically, a > b if the point on the real axis corresponding to a lies to the right of the point corresponding
to b.

Properties of Inequalities

If a, b, and c are any given real numbers, then:

1. Eithera>b,a=bora<b Law of trichotomy
2 Ifa>band b>c,thena>c Law of transitivity
3. Ifa>b,thena+c>b+c
4

If a > b and ¢ > 0, then ac > bc
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5. If a > b and ¢ <0, then ac < bc

EXAMPLES. 3<5o0r5>3;-2<-1or—1>-2;x < 3 means that x is a real number which may be 3 or
less than 3. -

Absolute Value of Real Numbers

The absolute value of a real number a, denoted by | a | ,isdefinedasaifa>0,—-aifa<0,and Oif a =0.

Properties of Absolute Value
1. |ab|:|a| |b| 0r|abc...m|:|a| |b| |c| |m|
2. |a+b|<|a|+|b| 0r|a+b+c+-~+m|§|a|+|b|+|c|+~--|m|

3. la-bl > lal - |b]

EXAMPLES. | -5|=5,]+2] =2, 0] =o.

3 3
BN R N R
4 4

The distance between any two points (real numbers) a and b on the real axis is la-b| =|b-al.

Exponents and Roots

The product a - a . . . a of a real number a by itself p times is denoted by a”, where p is called the exponent
and a is called the base. The following rules hold:

1. a’”-a9=a""
P
a -
2. —=a""
aq
3. (aP)y' =da”

ay _a’
5%
These and extensions to any real numbers are possible so long as division by zero is excluded. In particular,
by using 2, with p = g and p = 0, respectively, we are led to the definitions a’ = 1, a? = 1/a’.
If a” = N, where p is a positive integer, we call a a pth root of N, written YN . There may be more than

one real pth root of N. For example, since 2% =4 and (-2)? = 4, there are two real square roots of 4—namely,
2 and 2. For square roots it is customary to define JN as positive; thus, V4 =2 and then — /4 = 2.

If p and ¢ are positive integers, we define a4 = Ua@ .

Logarithms

If a? = N, p is called the logarithm of N to the base a, written p = log, N. If a and N are positive and a # 1,
there is only one real value for p. The following rules hold:

1. log, MN =log, M +log, N

2. log, M_ log, M —log, N
N

3. log,M"=rlog,M
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In practice, two bases are used: base a = 10, and the natural base a = e =2.71828. . . . The logarithmic sys-
tems associated with these bases are called common and natural, respectively. The common logarithm system
is signified by log N; i.e., the subscript 10 is not used. For natural logarithms, the usual notation is In N.

Common logarithms (base 10) traditionally have been used for computation. Their application replaces
multiplication with addition and powers with multiplication. In the age of calculators and computers, this
process is outmoded; however, common logarithms remain useful in theory and application. For example,
the Richter scale used to measure the intensity of earthquakes is a logarithmic scale. Natural logarithms were
introduced to simplify formulas in calculus, and they remain effective for this purpose.

Axiomatic Foundations of the Real Number System

The number system can be built up logically, starting from a basic set of axioms or “self-evident” truths,
usually taken from experience, such as statements 1 through 9 on Page 3.

If we assume as given the natural numbers and the operations of addition and multiplication (although it
is possible to start even further back, with the concept of sets), we find that statements 1 through 6, with R
as the set of natural numbers, hold, while 7 through 9 do not hold.

Taking 7 and 8 as additional requirements, we introduce the numbers —1, -2, =3, . . ., and 0. Then, by
taking 9, we introduce the rational numbers.

Operations with these newly obtained numbers can be defined by adopting axioms 1 through 6, where R
is now the set of integers. These lead to proofs of statements such as (-2)(-3) = 6, —(—4) =4, (0)(5) =0, and
so on, which are usually taken for granted in elementary mathematics.

We can also introduce the concept of order or inequality for integers, and, from these inequalities, for
rational numbers. For example, if a, b, ¢, d are positive integers, we define a/b > c/d if and only if ad > bc,
with similar extensions to negative integers.

Once we have the set of rational numbers and the rules of inequality concerning them, we can order them
geometrically as points on the real axis, as already indicated. We can then show that there are points on the
line which do not represent rational numbers (such as \/E , T, etc.). These irrational numbers can be defined
in various ways, one of which uses the idea of Dedekind cuts (see Problem 1.34). From this we can show that
the usual rules of algebra apply to irrational numbers and that no further real numbers are possible.

Point Sets, Intervals

A set of points (real numbers) located on the real axis is called a one-dimensional point set.
The set of points x such that a <x< b is called a closed interval and is denoted by [a, b]. The set a <

x < b is called an open interval, denoted by (a, b). The sets a < x < band a <x< b, denoted by (a, b] and

[a, b), respectively, are called half-open or half-closed intervals.

The symbol x, which can represent any number or point of a set, is called a variable. The given numbers
a or b are called constants.

Letters were introduced to construct algebraic formulas around 1600. Not long thereafter, the philosopher-
mathematician Rene Descartes suggested that the letters at the end of the alphabet be used to represent
variables and those at the beginning to represent constants. This was such a good idea that it remains the
custom.

EXAMPLE. The set of all x such that |x | <4, ie., -4 <x<4,isrepresented by (-4, 4), an open interval.

The set x > a can also be represented by a < x < . Such a set is called an infinite or unbounded interval.
Similarly, — < x < e represents all real numbers x.
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Countability

A set is called countable or denumerable if its elements can be placed in 1-1 correspondence with the natu-
ral numbers.

EXAMPLE. The even natural numbers 2, 4, 6, 8, . . . is a countable set because of the 1-1 correspondence
shown.
Given set 2 4 6 8
17717
Natural numbers 1 2 3 4

A set is infinite if it can be placed in 1-1 correspondence with a subset of itself. An infinite set which is
countable is called countable infinite.

The set of rational numbers is countable infinite, while the set of irrational numbers or all real numbers
is noncountably infinite (see Problems 1.17 through 1.20).

The number of elements in a set is called its cardinal number. A set which is countably infinite is assigned
the cardinal number X, (the Hebrew letter aleph-null). The set of real numbers (or any sets which can be
placed into 1-1 correspondence with this set) is given the cardinal number C, called the cardinality of the
contimuum.

Neighborhoods

The set of all points x such that |x—al <8, where §> 0, is called a neighborhood of the point a. The set of all
points x such that 0 < |x -a | < §, in which x = a is excluded, is called a deleted & neighborhood of a or an open
ball of radius & about a.

Limit Points

A limit point, point of accumulation, or cluster point of a set of numbers is a number / such that every deleted
d neighborhood of / contains members of the set; that is, no matter how small the radius of a ball about /,
there are points of the set within it. In other words, for any & > 0, however small, we can always find a mem-
ber x of the set which is not equal to / but which is such that |x—1] <. By considering smaller and smaller
values of 8, we see that there must be infinitely many such values of x.

A finite set cannot have a limit point. An infinite set may or may not have a limit point. Thus, the natural
numbers have no limit point, while the set of rational numbers has infinitely many limit points.

A set containing all its limit points is called a closed set. The set of rational numbers is not a closed set,

since, for example, the limit point V2 is not a member of the set (Problem 1.5). However, the set of all real
numbers x such that 0 < x < 11is aclosed set.

Bounds

If for all numbers x of a set there is a number M such that x < M, the set is bounded above and M is called
an upper bound. Similarly if x > m, the set is bounded below and m is called a lower bound. If for all x we
have m < x < M, the set is called bounded.

If M is a number such that no member of the set is greater than M but there is at least one member which
exceeds M — e for every € > 0, then M is called the least upper bound (1.u.b.) of the set. Similarly, if no mem-
ber of the set is smaller than m + € for every € > 0, then m is called the greatest lower bound (g.1.b.) of the
set.
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Bolzano-Weierstrass Theorem

The Bolzano-Weierstrass theorem states that every bounded infinite set has at least one limit point. A proof
of this is given in Problem 2.23.

Algebraic and Transcendental Numbers

A number x which is a solution to the polynomial equation
aX'+axX ' +ax"+- - +a, x+a,=0 (1)

where a, # 0, a,, a,, . . . , a, are integers and 7 is a positive integer, called the degree of the equation, is called
an algebraic number. A number which cannot be expressed as a solution of any polynomial equation with
integer coefficients is called a transcendental number.

2
EXAMPLES. — and \/5 , which are solutions of 3x —2 = 0 and x* — 2 = 0, respectively, are algebraic
numbers.

The numbers 7 and e can be shown to be transcendental numbers. Mathematicians have yet to determine
whether some numbers such as em or e + 7 are algebraic or not.

The set of algebraic numbers is a countably infinite set (see Problem 1.23), but the set of transcendental
numbers is noncountably infinite.

The Complex Number System

Equations such as x> + 1 = 0 have no solution within the real number system. Because these equations were
found to have a meaningful place in the mathematical structures being built, various mathematicians of the
late nineteenth and early twentieth centuries developed an extended system of numbers in which there were
solutions. The new system became known as the complex number system. It includes the real number system
as a subset.

We can consider a complex number as having the form a + bi, where a and b are real numbers called the

real and imaginary parts, and i = V-1 is called the imaginary unit. Two complex numbers a + bi and ¢ + di
are equal if and only if a = ¢ and b = d. We can consider real numbers as a subset of the set of complex
numbers with b = 0. The complex number 0 + 0i corresponds to the real number 0.

The absolute value or modulus of a + bi is defined as | a+ bi | = \/az +b% . The complex conjugate of

a + bi is defined as a — bi. The complex conjugate of the complex number z is often indicated by z or z*.

The set of complex numbers obeys rules 1 through 9 on Pages 3, and thus constitutes a field. In perform-
ing operations with complex numbers, we can operate as in the algebra of real numbers, replacing i> by —1
when it occurs. Inequalities for complex numbers are not defined.

From the point of view of an axiomatic foundation of complex numbers, it is desirable to treat a complex
number as an ordered pair (a, b) of real numbers « and b subject to certain operational rules which turn out to
be equivalent to the aforementioned rules. For example, we define (a, b) + (¢, d)=(a+c¢, b+ d),(a, b)(c,d) =
(ac — bd, ad + bc), m(a, b) = (ma, mb), and so on. We then find that (a, b) = a(1, 0) + b(0, 1) and we associate
this with a + bi, where i is the symbol for (0, 1).

Polar Form of Complex Numbers

If real scales are chosen on two mutually perpendicular axes X~ OX and Y~ OY (the x and y axes), as in Figure
1.2, we can locate any point in the plane determined by these lines by the ordered pair of numbers (x, y) called
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rectangular coordinates of the point. Examples of the location of such points are indicated by P, O, R, S, and
T in Figure 1.2.

a1 .
P(3,4)
. 4
0(-3,3) P y)
24
1 ’ Y
T(2.5,0) ¢
X4 3 o2 -1 0 P2 34X X' 0 x X
a4
R(-25.-15) .
$(2,-2)
14
Y’ ¥
Figure 1.2 Figure 1.3

Since a complex number x + iy can be considered as an ordered pair (x, y), we can represent such numbers
by points in an xy plane called the complex plane or Argand diagram. Referring to Figure 1.3, we see that x = p

cos 0,y = p sin ¢, where p = \Ixz + y2 = |x + iy | and 0, called the amplitude or argument, is the angle which
line OP makes with the positive x axis OX. It follows that

z=x+1iy=p(cos ¢ +isin ) 2)

called the polar form of the complex number, where p and ¢ are called polar coordinates. It is sometimes
convenient to write cis ¢ instead of cos ¢ + 7 sin ¢.

If z; =x, + iy; = p, (cos ¢, + i sin ¢;) and z, = x, + iy, = p,(cosP, + i sin ¢,) and by using the addition
formulas for sine and cosine, we can show that

212, = P1P2{cos(@; + §,) + i sin(d, + ¢,)} 3)
A2 Prtos6, —0,)+isin(0, —9,)) )
L P

"= {p(cos ¢ + i sin ¢)}" = p"(cos nd + i sin nd) ()

where n is any real number. Equation (5) is sometimes called De Moivre’s theorem. We can use this to de-
termine roots of complex numbers. For example, if # is a positive integer,

7" ={p(cos ¢ +isind)}
6
:plln{cos(¢+2kn )+ISIH(MJ} k:0,1,2,3,.-.,n_1 ( )

1/n

n n

from which it follows that there are in general n different values of z'". In Chapter 11 we will show that
€' = cos ¢ + i sin ¢ where e =2.71828. . . . This is called Euler’s formula.

Mathematical Induction

The principle of mathematical induction is an important property of the positive integers. It is especially
useful in proving statements involving all positive integers when it is known, for example, that the statements
are valid for n = 1, 2, 3 but it is suspected or conjectured that they hold for all positive integers. The method
of proof consists of the following steps:

1. Prove the statement for n = 1 (or some other positive integer).
2. Assume the statement is true for n = k, where k is any positive integer.

3. From the assumption in 2, prove that the statement must be true for n = k + 1. This is part of the proof
establishing the induction and may be difficult or impossible.
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4. Since the statement is true for n = 1 (from Step 1) it must (from Step 3) be true forn =1+ 1 =2 and
from this for n =2 + 1 = 3, and so on, and so must be true for all positive integers. (This assumption,
which provides the link for the truth of a statement for a finite number of cases to the truth of that state-
ment for the infinite set, is called the axiom of mathematical induction.)

SOLVED PROBLEMS

Operations with numbers

2 1
1.1. Ifx=4,y=15,z=—3,p=g,q=——,andr=%,evaluate (@ x+@+z2), (b)) (x+y)+z

6
(¢) plgn), (d) (pgr, () x(p +g).
(@) x+(+2=4+[15+(-3)]=4+12=16
b)) x+y)+z=@+15+(-3)=19-3=16

The fact that (a) and () are equal illustrates the associative law of addition.

2 1 3 2 3 2 1 2 1

© plan= 3 L COPI=E == =1
2 1 3 2 3 1 3 3 1
d = — (—— — ) =(— )= )=(—— —_— ) = = ——
d (pgr {(3)(6)}(4) (18)(4) (9)(4) 36 12

The fact that (¢) and (d) are equal illustrates the associative law of multiplication.
© xprp=42-Dy=at - L2432 12 )
3 6 6 6 6 6
2 1 8
Another method: x(p+q¢)=xp+xg=@A)( =)+ @) (- —)=— —
tributive law. 3 6 3

o N
W | o
|
[SSHN S

= g = 2 using the dis-

0 1
1.2. Explain why we do not consider (a) 6 and (b) 6 as numbers.

(a) If we define a/b as that number (if it exists) such that bx = a, then 0/0 is that number x such that Ox = 0.
However, this is true for all numbers. Since there is no unique number which 0/0 can represent, we con-
sider it undefined.

(b) Asin (a), if we define 1/0 as that number x (if it exists) such that Ox = 1, we conclude that there is no such
number.

Because of these facts we must look upon division by zero as meaningless.

. x"=5x4+6
1.3. Simplify m
x*=5x+6 _(x=-3)(x-2) x-—
X2 —=2x=3 (x=3)(x+1) x+1
x = 3, the given fraction is undefined.

provided that the cancelled factor (x — 3) is not zero; i.e., x # 3. For

Rational and irrational numbers

14. Prove that the square of any odd integer is odd.

Any odd integer has the form 2m + 1. Since (2m + 1)> = 4m? + 4m + 1 is 1 more than the even integer 4n:>
+4m =2(2m? + 2m), the result follows.



1.5.

1.6.

1.7.

1.8.

1.9.
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Prove that there is no rational number whose square is 2.

Let p / g be a rational number whose square is 2, where we assume that p / g is in lowest terms; i.e., p and
¢ have no common integer factors except + 1 (we sometimes call such integers relatively prime).

Then (p / q)* = 2, p* = 2¢* and p? is even. From Problem 1.4, p is even, since if p were odd, p? would be
odd. Thus, p =2m.

Substituting p = 2m in p? = 24 yields ¢ = 2m?, so that ¢° is even and ¢ is even.

Thus, p and ¢ have the common factor 2, contradicting the original assumption that they had no common
factors other than +1. By virtue of this contradiction there can be no rational number whose square is 2.

Show how to find rational numbers whose squares can be arbitrarily close to 2.

We restrict ourselves to positive rational numbers. Since (1)>= 1 and (2)* = 4, we are led to choose rational
numbers between 1 and 2,e.g., 1.1, 1.2, 1.3,..., 1.9.

Since (1.4)> = 1.96 and (1.5)*> = 2.25, we consider rational numbers between 1.4 and 1.5, e.g., 1.41,
1.42,..,1.49.

Continuing in this manner we can obtain closer and closer rational approximations; e.g., (1.414213562)*
is less than 2, while (1.414213563) is greater than 2.

Given the equation ax" + a, X" + - - - + a, = 0, where ag, a,, . . . a, are integers and a, and a, # 0, show that
if the equation is to have a rational root p / g, then p must divide @, and ¢ must divide g, exactly.

Since p / g is a root we have, on substituting in the given equation and multiplying by ¢", the result is

ap"+ap g+ ap g+ +a, pqd"" +a,q =0 D
or dividing by p,
a n
a,p" +apq+---+a, _q"" = —% 2)

Since the left side of Equation (2) is an integer, the right side must also be an integer. Then, since p and g are
relatively prime, p does not divide ¢" exactly and so must divide a,,.

In a similar manner, by transposing the first term of Equation (1) and dividing by g, we can show that ¢
must divide aj,.

Prove that \/E + \/§ cannot be a rational number.

Ifx=~2+3, thenx*=5+26, x>~ 5=26, and, squaring, x* — 104> + 1 = 0. The only possible
rational roots of this equation are + 1 by Problem 1.7, and these do not satisfy the equation. It follows that
\/5 + \/5 , which satisfies the equation, cannot be a rational number.

Prove that between any two rational numbers there is another rational number.

The set of rational numbers is closed under the operations of addition and division (nonzero denominator).

atb . . . . .
Therefore, is rational. The next step is to guarantee that this value is between a and b. To this purpose,

assume a < b. (The proof would proceed similarly under the assumption b < a.) Then 2a < a + b; thus, a <
a+b

+
and a + b < 2b; therefore, atb <b.

Inequalities

1.10.

For what values of x is x + 3(2 — x) > 4—x?

x+32-x) >4-xwhenx+6-3x>4-x,6-2x>4-x,6-4 >2x—-x,and2 > x;ie.x < 2.
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1.11.

1.12.

1.13.

1.14.

For what values of x is x> — 3x =2 < 10 — 2x?

The required inequality holds when x* = 3x =2 — 10 + 2x < 0, x> —x — 12 < 0 or (x — 4)(x + 3) < 0. This
last inequality holds only in the following cases.

Casel: x-4>0andx+3<0;ie., x>4andx<-3.This is impossible, since x cannot be both greater than
4 and less than 3.

Case2: x—-4<0andx+3>0;ie., x<4andx>- 3. This is possible when — 3 < x < 4. Thus, the inequal-
ity holds for the set of all x such that — 3 < x < 4.

1
Ifa > 0and b > 0, prove that E (a+Db) > Nab .

The statement is self-evident in the following cases: (1) a = b, and (2) either or both of a and b zero. For
both a and b positive and a # b. the proof is by contradiction.

1 1
Assume to the contrary of the supposition that 5 (a +b) < vab , then 7 (a* +2ab + b*) < ab.

That is, a® — 2ab + b* = (a — b)* < 0. Since the left member of this equation is a square, it cannot be less
than zero, as is indicated. Having reached this contradiction, we may conclude that our assumption is incorrect
and that the original assertion is true.

Ifa,, a,,...,a,and b, b, . .. b, are any real numbers, prove Schwarz’s inequality:

(@ by +aby+ - +ab) < (@ +a s+ +a )0 + b+ + b))
For all real numbers A, we have
(@l +b)? + (@ A+ b’ +- -+ (ah+b,) >0
Expanding and collecting terms yields

APN? +2Ch + B? >0 (1)

where

A= +ady+- -+ d, B =b* + b+ -+ b

n

C=ab +ab,+---+ab, 2)

n

The left member of Equation (1) is a quadratic form in A. Since it never is negative, its discriminant, 4C?
— 4A’B?, cannot be positive. Thus,

CP-A’B’<0 or CP<A’R?

This is the inequality that was to be proved.

1 1
Prove that —+—+—+ . +—— <1 for all positive integers n > 1.
2 4 8 2"

Let
1 1 1 1
S =—+—+—+ ]
2 4 8 2"
Then
lSn: —+—+- +L+1
2 2n71 2n
Subtracting,
1 1 1
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Thus,
1
S =1-——x<1foralln.
n 2n71
Exponents, roots, and logarithms

1.15. Evaluate each of the following:
34 '38 _ 34+8 — 34+8—14 — 3-2 — 1 1

LT ¥ o
-107%)(4-107 -4 107°-10?
(b) \/%:\/%;%z\bsw‘g =/25-10™ =510 or 0.00005

(© log,,(Z)=x. Then (¢) =Z= (%)3 = (%)73 orx=-3
(d) (og,b)(log, a)=u. Then log, b = x, log, a =y, assuming a, b>0and a, b # 1.

Then a* = b, b* = a, and u = xy. Since (a*)’ = a® = b’ = a, we have a” = a' or xy = 1, the required value.

M
1.16. IfM>0,N>0,and a>0buta # 1, prove that log, W =log, M —log, N.

Letlog, M = x,log, N =y. Then a* =M, @’ = N and so

M
or logaW:x—yzloguM—logaN

Countability

1.17. Prove that the set of all rational numbers between 0 and 1 inclusive is countable.

Write all fractions with denominator 2, then 3, . . ., considering equivalent fractions such as —, —,
3 . .
g, ... no more than once. Then the 1-1 correspondence with the natural numbers can be accomplished as
follows:

Rational numbers

& el
& vl
n & vl
& ==
NS PAT
00 > ul-
O >

01
T3
12

V)
N

Natural numbers

Thus, the set of all rational numbers between 0 and 1 inclusive is countable and has cardinal number X,
(see Page 6).

1.18. If A and B are two countable sets, prove that the set consisting of all elements from A or B (or both) is also
countable.

Since A is countable, there is a 1-1 correspondence between elements of A and the natural numbers so that
we can denote these elements by a,, a,, as, . . .
Similarly, we can denote the elements of B by b, b,, bs, . . .

Case 1: Suppose elements of A are all distinct from elements of B. Then the set consisting of elements from
A or B is countable, since we can establish the following 1-1 correspondence:

AorB b

X
4

b, ...
7
6

2

S

[

N
w

a b a
ONBORN)
Natural numbers 1 2 3
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Case 2: If some elements of A and B are the same, we count them only once, as in Problem 1.17. Then the
set of elements belonging to A or B (or both) is countable.

The set consisting of all elements which belong to A or B (or both) is often called the union of A and B,
denoted by A U BorA +B.

The set consisting of all elements which are contained in both A and B is called the intersection of A and
B, denoted by A N B or AB. If A and B are countable, sois A N B.

The set consisting of all elements in A but not in B is written A — B. If we let [B be the set of elements
which are not in B, we can also write A —B=A B .If A and B are countable, so is A — B.

1.19. Prove that the set of all positive rational numbers is countable.

Consider all rational numbers x > 1. With each such rational number we can associate one and only one
rational number 1/x in (0, 1); i.e., there is a one-to-one correspondence between all rational numbers > 1 and
all rational numbers in (0, 1). Since these last are countable by Problem 1.17, it follows that the set of all ra-
tional numbers > 1 is also countable.

From Problem 1.18 it then follows that the set consisting of all positive rational numbers is countable, since
this is composed of the two countable sets of rationals between 0 and 1 and those greater than or equal to 1.

From this we can show that the set of all rational numbers is countable (see Problem 1.59).

1.20. Prove that the set of all real numbers in [0, 1] is noncountable.

Every real number in [0, 1] has a decimal expansion .a,a,a; . . . where ay, a,, . . . are any of the digits 0,
1,2,....9.

We assume that numbers whose decimal expansions terminate such as 0.7324 are written 0.73240000 . . . and
that this is the same as 0.73239999 . . .

If all real numbers in [0, 1] are countable we can place them in 1-1 correspondence with the natural num-
bers as in the following list:

1 < 0aqa,a,a,a,...

2 ¢« 0aya,apa,...

3 & 0a,a,a4a,,...

‘We now form a number

0.b,bybsb, . . .

where b, # ay,, b, # a5, b # as3, by # ayy, . . . and where all b’s beyond some position are not all 9’s.

This number, which is in [0. 1], is different from all numbers in the preceding list and is thus not in the
list, contradicting the assumption that all numbers in [0, 1] were included.

Because of this contradiction, it follows that the real numbers in [0, 1] cannot be placed in 1-1 correspond-
ence with the natural numbers; i.e., the set of real numbers in [0, 1] is noncountable.

Limit points, bounds, Bolzano-Weierstrass theorem

1 1 1
1.21. (a) Prove that the infinite set of numbers 1, 5 g , Z , ... 1s bounded. (b) Determine the least upper bound
(L.u.b.) and greatest lower bound (g.1.b.) of the set. (c) Prove that O is a limit point of the set. (d) Is the set a
closed set? (e) How does this set illustrate the Bolzano-Weierstrass theorem?

(a) Since all members of the set are less than 2 and greater than —1 (for example), the set is bounded; 2 is an
upper bound; —1 is a lower bound. 1
We can find smaller upper bounds (e.g., 3/2) and larger lower bounds (e.g., —E ).



(b)

(©

(d)
(e)
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Since no member of the set is greater than 1 and since there is at least one member of the set (namely, 1)
which exceeds 1 — € for every positive number €, we see that 1 is the L.u.b. of the set.

Since no member of the set is less than O and since there is at least one member of the set which is
less than O + € for every positive € (we can always choose for this purpose the number 1/n, where n is a
positive integer greater than 1/€), we see that O is the g.1.b. of the set.

Let x be any member of the set. Since we can always find a number x such that 0 < |x| <& for any posi-
tive number & (e.g., we can always pick x to be the number 1/n, where n is a positive integer greater than
1/8), we see that 0 is a limit point of the set. To put this another way, we see that any deleted & neighbor-
hood of 0 always includes members of the set, no matter how small we take & > 0.

The set is not a closed set, since the limit point 0 does not belong to the given set.

Since the set is bounded and infinite, it must, by the Bolzano-Weierstrass theorem, have at least one limit
point. We have found this to be the case, so that the theorem is illustrated.

Algebraic numbers

1.22.

1.23.

Prove that %/5 + \/g is an algebraic number.

Letx = %/5 + \/g . Then x — \/7 = %/5 . Cubing both sides and simplifying, we find x> + 9x -2 = 3 \/5

(x* + 1). Then, squaring both sides and simplifying, we find x® — 9x* — 4x* + 27x* + 36x — 23 = 0.

Since this is a polynomial equation with integral coefficients, it follows that %/5 + \/§ , which is a solu-

tion, is an algebraic number.

Prove that the set of all algebraic numbers is a countable set.

Algebraic numbers are solutions to polynomial equations of the form ay" +a, X" + - - - + a, = 0 where

ay, a, . . ., a, are integers.

LetP = | a, | + | a, | +o- 4+ | a, | + n. For any given value of P there are only a finite number of possible

polynomial equations and thus only a finite number of possible algebraic numbers.

Write all algebraic numbers corresponding to P =1, 2, 3,4, . . ., avoiding repetitions. Thus, all algebraic

numbers can be placed into 1-1 correspondence with the natural numbers and so are countable.

Complex numbers

1.24.

Perform the indicated operations:

(a)
(b)
©

(d)

(e)

®

4-20)+(-6+5)=4-2i-6+5i=4-6+(2+5)i=-2+3i
“7+30)-Q2-4)=-T+3i-2+4i=-9+7i

B-201+3))=3(1+3)-2i(1 +3))=3+9i-2i-6i°=3+9-2i+6=9+7i
-5+5i =—5+5i.4+3i=(—5+5i)(4+3i) =—20—15i+20i+15i2

4-3i  4-3i 4+3i 16 -9i° 1649
_ 3545 _5(T+i) _ T 1
25 25 55
i+t +7 it D -1+ @O+ G i-1—i+ 1 +i
1+i 1+i 1+
i 1—-i i—-# i+1 1 1,
= = =—+—i

T1til-i 1-2 2 2

13—4il14+3i 1=y3) +(=4)’ (4 +3)’ =(5)(5) =25
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|1 1| [1=3 1430 _|-6i]_ o[-0 V.3
®© 3 1o oo 192 10 VY 10 ) T

1.25. If z, and z, are two complex numbers, prove that | 212, | = | Z4 | |z2 | .
Letz, =x, +iy,,z, =x, +iy,. Then
|Z1Z2| = |(x1 +iy)(x, + i)’2)| = |x1x2 =0y, Tilxy, + Xy, )|
=0, = y) + O, + 500 =R 309+ x0y] + 0]
=G 30 43D =3+ 407 =[x +iv |, + i =z
1.26. Solve x* = 2x -4 = 0.

The possible rational roots using Problem 1.7 are +1, +2, and +4. By trial, we find x = 2 is a root. Then
the given equation can be written (x — 2)(x> + 2x + 2) = 0. The solutions to the quadratic equation

~b+~\b* —4 2++/4-
ax®> + bx + ¢ = 0 are x=# Fora =1, b =2, and ¢ = 2, this gives x=Tg=
a
24 -2x2i .
= =—1%i.
2 2

The set of solutions is 2, —1 + i, =1 —i.

Polar form of complex numbers

1.27. Express in polar form (a) 3 + 3i, (b) -1 + \/gi ,(c)-1,and (d)-2-2 \/gi . See Figure 1.4.
]
an
@ |\
3 R / [ 100 V3
45° 12? — \ 23 4
3 -1 -1
(a) (b) () (d)
Figure 1.4
(a) Amplitude ¢ = 45° = /4 radians. Modulus p = \BZ +32 =32
Then 3 +3i=p (cos ¢ +isin $p) = 3\/5 (cos /4 + i sin m/4) = 3\/5 P,
cis /4 = 3v2e™* _
165°
(b) Amplitude ¢ = 120° = 2r/3 radians. Modulus P
45°
p=+=1)? +(3)? =4 =2 Then -1 +3+/3 i =2(cos 2n/3 + i
, 285° V5
i sin 2m/3) = 2 cis 2n/3 = 2>, \
(¢c) Amplitude ¢ = 180° = &t radians. Modulus p = \[(—1)2 + (0)2 =1.
Then —1 = 1(cos T + i sin 7) = cis T = €.
P
(d) Amplitude ¢ = 240° = 4/3 radians. Modulus !
p =+(=2)% + (=24/3)> =4. Then 2243 = Figure 1.5

4(cos 47/3 + isin 4n/3) = 4 cis 4 /3 = 4e*.
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1.28.  Evaluate (a) (—1 + /31" and (b) (=1 + )"
(a) By Problem 1.27(b) and De Moivre’s theorem.

-1+ x/gi)'o =[2(cos 21/3 + i sin 21/3)]'° = 2'° (cos 20m/3 + i sin 207/3)
= 1024[cos(21/3 + 67) + i sin(21/3 + 6m)] = 1024(cos 21/3 + i sin 21/3)
= 1024 (—%+%«/§i]:—512+ 5124/3i

b)) -1+i= \/E (cos 135° + i sin 135°) = \/5 [cos(135° + k - 360°) + i sin (135° + k - 360°)]. Then

(—1+i)" :(ﬁ)l,{ms[m +3k-360 jﬂ.sin(ws +3k-360 ﬂ

The results for k =0, 1, 2 are
Q/E (cos 45° + i sin 45°).

Q/E (cos 165° + i sin 165°),

€2 (cos 285° + i sin 285°)
The results for k =3, 4, 5, 6, 7, . . . give repetitions of these. These complex roots are represented geo-

metrically in the complex plane by points P,, P,, P; on the circle of Figure 1.5.

Mathematical induction

1
1.29. Provethat 7 +22+33+42+... .+’ = gn(n +D2n+1).

The statement is true for n = 1, since 1> = % MA+H@2-1+1)=1.
Assume the statement is true for n = k. Then
PP+224+3% 4. 4+2= %k(k+l)(2k+l)
Adding (k + 1)* to both sides.
124+2243% 4+ 2+ (k+ 1) = ék(k+l)(2k+1)+(k+ l)2=(k+1)[ék(2k+1)+k+1]

= é(k+ DK + Tk +6) = é(k+ D(k+2)2k +3)

which shows that the statement is true for n = k + 1 ifit is true for n = k. But since it is true for n = 1, it follows
thatitistrue forn=1+1=2andforn=2+1=3,...;1ie., itis true for all positive integers n.

1.30. Prove that X" — y" has x — y as a factor for all positive integers n.

The statement is true for n =1, since x' —y' =x—y.
Assume the statement is true for n = k; i.e., assume that x* — y* has x — y as a factor. Consider

xk+l _yk+l =Xk+l _xky+xky_yk+l
=2 (= y) + 30 =
The first term on the right has x —y as a factor, and the second term on the right also has x —y as a factor because

of the previous assumption.
Thus, x¥**! — y**! has x — y as a factor if x* — y* does.
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Then, since x' — y' has x —y as factor, it follows that x*> — y* has x — y as a factor, x> — y* has x — y as a fac-
tor, etc.

1.31. Prove Bernoulli’s inequality (1 + x)"> 1 +nxforn=2,3,...if x>-1,x # 0.

The statement is true for n = 2, since (1 +x)>=1+2x + x> > 1 + 2x.
Assume the statement is true for n = k; i.e., (1 + x)*> 1 + kx.
Multiply both sides by 1 + x (which is positive, since x > —1). Then we have

T+ "' >SU+x0)(0+k)=1+Gk+Dx+k®>1+(k+ Dx

Thus, the statement is true for n = k + 1 if it is true for n = k.

But since the statement is true for n =2, it must be true forn =2+ 1 =3 ... and is thus true for all integers
greater than or equal to 2.

Note that the result is not true for n = 1. However, the modified result (1 + x)" > 1 + nx is true for
n=1,2,3,...

Miscellaneous problems

1.32. Prove that every positive integer P can be expressed uniquely in the form P = 2" + a,2" "' + a,2" 2+ - - +
a, where the a’s are 0’s or 1’s.

Dividing P by 2, we have P/2 = a2" '+ a,2" 2+ - +a, , +a,/2.

Then a,, is the remainder, O or 1, obtained when P is divided by 2 and is unique.

Let P, be the integer part of P/2. Then P, =a2" ' +a,2"*+-- - +a

Dividing P, by 2, we see that a
unique.

By continuing in this manner, all the a’s can be determined as 0’s or 1’s and are unique.

n—1+

is the remainder, O or 1, obtained when P, is divided by 2 and is

n—-1

1.33. Express the number 23 in the form of Problem 1.32.

The determination of the coefficient can be arranged as follows:

2)23

2)11 Remainder 1
2)5 Remainder 1
2)2 Remainder 1
2)1 Remainder 0
0 Remainder 1

The coefficientsare 1011 1. Check: 23=1-2*+0-2+1-22+1 2+ 1.
The number 10111 is said to represent 23 in the scale of two or binary scale.

1.34. Dedekind defined a cut, section, or partition in the rational number system as a separation of a/l rational numbers
into two classes or sets called L (the left-hand class) and R (the right-hand class) having the following properties:

I. The classes are non-empty (i.e. at least one number belongs to each class).
II. Every rational number is in one class or the other.

III. Every number in L is less than every number in R.

Prove each of the following statements:
(a) There cannot be a largest number in L and a smallest number in R.

(b) Itis possible for L to have a largest number and for R to have no smallest number. What type of number
does the cut define in this case?



(d)

(a)
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It is possible for L to have no largest number and for R to have a smallest number. What type of number
does the cut define in this case?

It is possible for L to have no largest number and for R to have no smallest number. What type of number
does the cut define in this case?

Let a be the largest rational number in L and b the smallest rational number in R. Then either a = b or
a<b.
We cannot have a = b, since, by definition of the cut, every number in L is less than every number in R.

1
We cannot have a < b, since, by Problem 1.9, E (a + b) is a rational number which would be greater than

a (and so would have to be in R) but less than b (and so would have to be in L), and, by definition, a rational
number cannot belong to both L and R.

(b)

(d)

e - . 2 . 2 .
As an indication of the possibility, let L contain the number — and all rational numbers less than —, while
R, contains all rational numbers greater than g In this case the cut defines the rational number g A

- .2 : .
similar argument replacing — by any other rational number shows that in such case the cut defines a ra-
tional number. 3

2
As an indication of the possibility, let L contain all rational numbers less than 5’ while R contains all

. 2 . . 2 .
rational numbers greater than g . This cut also defines the rational number — . A similar argument shows
that this cut always defines a rational number.

As an indication of the possibility, let L consist of all negative rational numbers and all positive rational
numbers whose squares are less than 2, while R consists of all positive numbers whose squares are greater
than 2. We can show that if a is any number of the L class, there is always a larger number of the L class,
while if b is any number of the R class, there is always a smaller number of the R class (see Problem
1.106). A cut of this type defines an irrational number.

From (b), (¢), and (d), it follows that every cut in the rational number system, called a Dedekind cut,

defines either a rational or an irrational number. By use of Dedekind cuts we can define operations (addition,
multiplication, etc.) with irrational numbers.

SUPPLEMENTARY PROBLEMS

Operations with numbers

1.35.

1.36.

1.37.

1
Givenx=-3,y=2,z=5,a= E,andb:— Z,evaluate:

(a)

xy—27" © 3a’b+ab’ d (ax +by)* +(ay —bx)*
2ab -1 2a*2b* +1 (ay +bx)* +(ax —by)’

Ans. (a) 2200 (b) 32 (c) -51/41 (d) 1

(2x-y)Q@y+2)(5x-2z)  (b)

Find the set of values of x for which the following equations are true. Justify all steps in each case.

(a)
(b)

Prove that

Hr-2)+32x—D}+2Qx+D=12(x+2)=2  (¢) x> +8x+7—-2x+2=x+1
3

1 1 1 1-x
8—x x—Z_Z @

x2=2x+5 5

Ans. (a)2(b)6,—4 (c)-1,1(d) —%

+ Y + S =0, giving restrictions if any.
(z=x)(x=y) (x=y)y-2) (y=2)z-x)
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Rational and irrational numbers

1.38.

1.39.

1.40.

1.41.

1.42.

1.43.

1.44.

1.45.

1.46.

Find decimal expansions for (a) % and (b) \/g .

Ans. (a) 0.428571 (b) 2.2360679 . . .

Show that a fraction with denominator 17 and with numerator 1, 2, 3, . . ., 16 has 16 digits in the repeating
portion of its decimal expansion. Is there any relation between the orders of the digits in these expansions?

Prove that (a) \/5 and (b) %/5 are irrational numbers.

Prove that (a) %/g - % and (b) \/5 + \/5 + \/g are irrational numbers.

Determine a positive rational number whose square differs from 7 by less than .000001.
Prove that every rational number can be expressed as a repeating decimal.

Find the values of x for which (a) 2x* — 5x> = 9x + 18 = 0, (b) 3x* + 4x> = 35x + 8 = 0, and (c) x* — 21x* +
4=0.

Ans. () 3,-2,312 (b)8/3,2+5  (¢) % 5+ 17), % -5+ /17)

If a, b, c, and d are rational and m is not a perfect square, prove that a + b M =c+d M if and only if
a=cand b=d.

1+V3+45 1245 -2V15+1443 -7

Prove that =
1-3++/5 11

Inequalities

1.47.

1.48.

1.49.

1.50.

1.51.

Find the set of values of x for which each of the following inequalities holds:
X x+3

x+2 3x+1

(a) l+izs, b x(x+2) <24, () |x+2 |< |x=5], @
x 2x= =

1 1
Ans. (a)0<x§ E (b) -6 éxé4(C)x<3/2(d)x>3,—1<x<—g,orx<—2

Prove (a) [x+y| <lxl + [yl @) [x+y+zl < x[+ [yl + |zl and © [x| -y| > [ x| - [yl

Prove that for all real x, y, z, x> + y* + 22 > xy + yz + 2.
If a® + b*=1and ® + d* = 1, prove that ac + bd < 1.

If x > 0, prove that x"+1 +

1 . S
" > x" + — where n is any positive integer.
n n
X X
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1.52.  Provethatforallreala # 0, |a + 1/a| > 2.

1.53. Show that in Schwarz’s inequality (Problem 1.13) the equality holds if and only if a, = kb,, p = 1, 2,
3,....,n, where k is any constant.

.. 1
1.54. If a,, a,, a; are positive, prove that 3 (a+ay+a3) > Ja aay .

Exponents, roots, and logarithms

4/3
1.55.  Evaluate: (a) 4% (b) %logl ,S(LJ (©) \/ (0.00004)(25,000) (d) 37222 () (_%) — (=278

128 (0.02)°(0.125)
Ans. (a) 64 (b) 7/4 () 50,000 (d) 1/25 (e) —7/144

1.56. Prove (a) log, MN =log,M + log, N and (b) log, M" = r log, M indicating restrictions, if any.

1.57. Prove b'°%¢ = a giving restrictions, if any.

Countability

1.58. (a) Prove that there is a one-to-one correspondence between the points of the interval 0 < x < l and -5 <
x < =3.(b) What is the cardinal number of the sets in (a)?

Ans. (b) C, the cardinal number of the continuum.

1.59. (a) Prove that the set of all rational numbers is countable. (b) What is the cardinal number of the set in (a)?

Ans. (b) R,

1.60. Prove that the set of (a) all real numbers and (b) all irrational numbers is noncountable.

1.61. The intersection of two sets A and B, denoted by A N B or AB, is the set consisting of all elements
belonging to both A and B. Prove that if A and B are countable, so is their intersection.

1.62. Prove that a countable sets of countable sets is countable.

1.63. Prove that the cardinal number of the set of points inside a square is equal to the cardinal number of the sets
of points on (a) one side and (b) all four sides. (c) What is the cardinal number in this case? (d) Does a
corresponding result hold for a cube?

Ans. (¢) C

Limit points, bounds, Bolzano-Weierstrass theorem

1.64. Given the set of numbers 1, 1.1,.9, 1.01, .99, 1.001,.999, . . ., (a) is the set bounded? (b) Does the set have
an Lu.b. and a g.1.b.? If so, determine them. (c) Does the set have any limit points? If so, determine them.
(d) Is the set a closed set?

Ans. (a) Yes (b) Lu.b. =1.1.g.1.Lb. = .9 (¢) 1 (d) Yes
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1.65.

1.66.

1.67.

1.68.

1.69.

Given the set —.9,.9, -.99, .99, —.999, .999, answer the questions in Problem 1.64.
Ans. (a) Yes (b) Lub. =1, glb.=-1(c) 1, -1 (d) No

Give an example of a set which has (a) three limit points and (b) no limit points.

(a) Prove that every point of the interval 0 <x < 1 is a limit point. (b) Are there limit points which do not
belong to the set in (a)? Justify your answer.

Let S be the set of all rational numbers in (0, 1) having denominator 2", n =1, 2, 3, . . . (a) Does S have any
limit points? (b) Is S closed?

(a) Give an example of a set which has limit points but which is not bounded. (b) Does this contradict the
Bolzano-Weierstrass theorem? Explain.

Algebraic and transcendental humbers

1.70.

1.71.

1.72.

-
NEFR

Prove that (a) (b) \/5 + \/5 + \/g are algebraic numbers.

Prove that the set of transcendental numbers in (0, 1) is not countable.

Prove that every rational number is algebraic but every irrational number is not necessarily algebraic.

Complex numbers, polar form

1.73.

1.74.

1.75.

Perform each of the indicated operations:
(@ 2(5-3)-3(-2+i)+531-3)

(b) (3-2i)

5 10
(©) +
3—-4i 4+3i

1-i )’
d -
@ [1+i)
2—4if

5+7i
(A+DQ2+3i)(4-20)

(e

®
(1+2i)*(1-i)
11 2 10 16 2
Ans. (@) 1 —=4i(b)-9-46i(c) ———=i(@d)-1(e) — () ———1i
(@ (b) ()5 5() ()37(f)5 5
al_|& 2 2 .
If z, and z, are complex numbers, prove (a) [—|=|—| and (b) ‘zl‘=|zl| , giving any restrictions.
Prove(a) |Zl+22| é |Z]| + |Zz ’(b) |Z]+Z2+Z3| é |le + |Z2+Z3| and(c) |Zl—Zz| z |Zl| - |Zz|~
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1.76.  Find all solutions of 2x* — 3x* — 7x*> — 8x + 6 = 0.
1
Ans. 3, —,—-1=x1i
2

1.77. Let z, and z, be represented by points P, and P, in the Argand diagram. Construct lines OP, and OP,, where
O is the origin. Show that z, + z, can be represented by the point P5, where OP; is the diagonal of a
parallelogram having sides OP, and OP,. This is called the parallelogram law of addition of complex
numbers. Because of this and other properties, complex numbers can be considered as vectors in two
dimensions.

1.78. Interpret geometrically the inequalities of Problem 1.75.

1.79.  Express in polar form (a) 3+/3 + 3i, (b) =2 — 2i, (c) 1 — ~/3 i, (d) 5, and (e) -5i.
Ans. (a) 6 cis T/6 (b) 22 cis 57/4 (¢) 2 cis 5/3 (d) 5 cis 0 (e) 5 cis 3m/2

12¢is 16°
1.80.  Evaluate (a) [2(cos 25° + i sin 25°)][5(cos 110° + i sin 110°)] and (b) c1s .

(3 cis 44°)(2 cis 62°)
Ans. (2)-5+2 +5 N2 (b) - 2i

1.81.  Determine all the indicated roots and represent them graphically: (a) (4\/5 + 4\/51')1 3. (b) (1),
(©) (N3 i) ", and (d) i".

Ans. (a) 2 cis 15°, 2 cis 135°, 2 cis 255°
(b) cis 36° cis 108°, cis 180° = —1, cis 252°, cis 324°
© 2 cis 110°, 32 cis 230° Y2 cis 350°
(d) cis 22.5° cis 112.5° cis 202.5°, cis 292.5°

1.82. Prove that -1 + \/g i is an algebraic number.

1.83. If z; = p, cis ¢, and z, = p, cis §,, prove (a) 7,2, = P, P, cis(9, + ¢, ) and (b) z,/z, = (p,/p,)cis (¢, — O,).
Interpret geometrically.

Mathematical induction
Prove each of the following.

1.84. 143+5+...+2n—-1)=n?

111 1 "
185, ——f— ...t _
1.3 3.5 5.7 Cn-DQ2n+1) 2n+1

1.86. a+(@+d)+@+2d)+---+[la+(n-1)d] = %n[2a+(n—l)d]

1 1 1 1 _ n(n+3)

1.87. + + +o+ =
1-2.3 2-3-4 3.4.5 nn+)(n+2) 4n+1)(n+2)
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1.88.

1.89.

1.90.

1.91.

1.92.

1.93.

1.94.

1.95.

n—1 =a(rn_1)’r¢1

r—1

a+ar+ar’+---+ar

1
13+23+33+--~+n3=an(n+1)2

5+ (dn—15""

15)+2(5)* +305° +- - +n(5)"" = T

2n—1

X +y2n—l

is divisibleby x + yforn=1,2,3, ...

(cos ¢ + i sin ¢)" = cos nd + i sin nd. Can this be proved if n is a rational number?

sin(n+1)x
L+cosx+cos2x+- - +cosny =———,x # 0,421, Hm, . ..

2sindx

1 1
cosyx—cos(n+3)x

sinx+sin2x+---+sinnx = ,xz20, X2, +4m ...

2sini x
(@+by'=d"+,Cid" ' b+ ,Coa" >+ -+ ,C, ab" " +b,

n(n—l)(n—2)...(n—r+1): n!

r! rl(n—r)!

where C = = C _ .Herep!=p(p-1)...1and0!is defined as

-1
¢, =Me=b
2!

1. This is called the binomial theorem. The coefficients ,C, =1, ,C, =n, , C, =1 are

n
called the binomial coefficients. ,C, is also written ( j
r

Miscellaneous problems

1.96.

1.97.

1.98.

1.99.

Express each of the following integers (scale of 10) in the scale of notation indicated: (a) 87 (two), (b) 64
(three) (c) 1736 (nine). Check each answer.

Ans. (a) 1010111 (b) 2101 (c) 2338

If a number is 144 in the scale of 5. what is the number in the scale of (a) 2 and (b) 8?

Prove that every rational number p/q between 0 and 1 can be expressed in the form

a a a
E:_1+_§+...+_':l+...
q 2 2 2
where the a’s can be determined uniquely as 0’s or 1’s and where the process may or may not terminate.
The representation 0.a,a, . . . a,, . . . is then called the binary form of the rational number. (Hint: Multiply both
sides successively by 2 and consider remainders.)

2
Express E in the scale of (a) 2, (b) 3, (¢) 8, and (d) 10.
Ans. (a) 0.1010101 . .. (b) 0.2 or 0.2000. . . . (c) 0.5252. ... (d) 0.6666 . . .



1.100.

1.101.

1.102.

1.103.

1.104.

1.105.

1.106.

1.107.

1.108.
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A number in the scale of 2 is 11.01001. What is the number in the scale of 10.

Ans. 3.28125

In what scale of notation is 3 + 4 = 12?

Ans. 5

In the scale of 12, two additional symbols, ¢ and e, must be used to designate the “digits” 10 and 11,
respectively. Using these symbols, represent the integer 5110 (scale of 10) in the scale of 12.

Ans. 2e5t

Find a rational number whose decimal expansion is 1.636363 . . .

Ans. 18/11

A number in the scale of 10 consists of six digits. If the last digit is removed and placed before the first digit,
the new number is one-third as large. Find the original number.

Ans. 428571

Show that the rational numbers form a field (see Page 3).

Using as axioms the relations 1 through 9 on Page 3, prove that (a) (-3)(0) = 0, (b) (-2)(+3) = -6,
and (¢) (-2) (-3) =6.

(a) If x is a rational number whose square is less than 2, show that x + (2 — x?)/10 is a larger such number.
(b) If x is a rational number whose square is greater than 2, find in terms of x a smaller rational number
whose square is greater than 2.

Illustrate how you would use Dedekind cuts to define (a) V5 + v/3, () V3 = v2, (¢) (/3 )(+/2), and
@ N2/43.



Sequences

Definition of a Sequence

A sequence is a set of numbers u,, u,, us, . . . in a definite order of arrangement (i.e., a correspondence with
the natural numbers or a subset thereof) and formed according to a definite rule. Each number in the sequence
is called a term; u,, is called the nth term. The sequence is called finite or infinite according as there are or
are not a finite number of terms. The sequence u,, u,, u, . . . is is also designated briefly by {u,,}.

EXAMPLES. 1. The setof numbers 2,7, 12, 17, ..., 32 is a finite sequence; the nth term is given by u,
2+5m-1)=5n-3,n=1,2,...,7.
2. The set of numbers 1, 1/3, 1/5, 1/7, . . . is an infinite sequence with nth term u, = 1/(2n — 1),
n=1,2,3,....

Unless otherwise specified, we shall consider infinite sequences only.

Limit of a Sequence

A number / is called the /imit of an infinite sequence u, u,, us, . . . if for any positive number € we can find
a positive number N depending on € such that | u,—1 | < € for all integers n > N. In such case we write lim
u, =1 "
EXAMPLE. Ifu,=3+ 1/n=3n+ 1)/n, the sequence is 4, 7/2, 10/3, . . . and we can show that lim u, = 3.
n—eo

If the limit of a sequence exists, the sequence is called convergent; otherwise, it is called divergent. A
sequence can converge to only one limit; i.e., if a limit exists, it is unique. See Problem 2.8.

A more intuitive but unrigorous way of expressing this concept of limit is to say that a sequence u,, u,,
Us, . .. has a limit / if the successive terms get “closer and closer” to /. This is often used to provide a “guess”
as to the value of the limit, after which the definition is applied to see if the guess is really correct.

Theorems on Limits of Sequences

If lim a,=A and lim b, =B, then

n—oo n—oo

1. lim (a,+b,) = lim a,+ lim b,=A+B

n—oo

2. lim (a,-b,) = lim a,- lim b,=A-B

n—»oc0 n—oo n—>0c0

3. lim (a,- b)) =(lim a,)( lim b,)=AB
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lim a,
4 timAor==_ A iy B0
w=b  limb B e

n—soo

If B=0and A #0, lim Gy does not exist.

n—yoo b

IfB=0and A =0, lim % may or may not exist.

5. lima’ =(lim a,)” = A”, for p = any real number if A” exists.

g
n—oo
lim“

6. lim p™ = p = p”, for p = any real number if p" exists.

n—oo

Infinity

We write lim a, = % if for each positive number M we can find a positive number N (depending on M) such

N—oco =300

that a, > M for all n > N. Similarly, we write lim a, = —° if for each positive number M we can find a

n—oo

positive number N such that a, < —M for all n > N. It should be emphasized that % and —% are not numbers
and the sequences are not convergent. The terminology employed merely indicates that the sequences diverge
in a certain manner. That is, no matter how large a number in absolute value that one chooses, there is an n
such that the absolute value of a,, is greater than that quantity.

Bounded, Monotonic Sequences

Ifu, < Mforn=1,2,3,..., where M is a constant (independent of n), we say that the sequence {u,} is
bounded above and M is called an upper bound. If u,, > m, the sequence is bounded below and m is called a
lower bound. a

If m < u, < M the sequence is called bounded. Often this is indicated by | u, | < P. Every convergent
sequence is bounded, but the converse is not necessarily true.

Ifu,,, > u,the sequence is called monotonic increasing; if u,,, > u, it is called strictly increasing. Simi-

larly, if u,,, < u, the sequence is called monotonic decreasing, while if u,,, <u, it is strictly decreasing.
EXAMPLES. 1. The sequence 1, 1.1, 1.11, 1.111, ... is bounded and monotonic increasing. It is also
strictly increasing.
2.  Thesequence 1,-1,1,-1, 1, ... is bounded but not monotonic increasing or decreasing.
3. The sequence -1, -1.5, -2, -2.5, -3, . . . is monotonic decreasing and not bounded. How-
ever, it is bounded above.

The following theorem is fundamental and is related to the Bolzano-Weierstrass theorem (Chapter 1, Page
7) which is proved in Problem 2.23.

Theorem Every bounded monotonic (increasing or decreasing) sequence has a limit.

Least Upper Bound and Greatest Lower Bound of a Sequence

A number M is called the least upper bound (1.u.b.) of the sequence {u,} ifu, < M,n=1,23, ... while at
least one term is greater than M — € for any € > 0.
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A number m is called the greatest lower bound (g.1.b.) of the sequence {u,} if u, > m,n=1,2,
3, ... while at least one term is less than m + € for any € > 0.
Compare with the definition of L.u.b. and g.1.b. for sets of numbers in general (see Page 6).

Limit Superior, Limit Inferior

A number [ is called the limit superior, greatest limit, or upper limit (lim sup or E) of the sequence {u,,}
if infinitely many terms of the sequence are greater than / — € while only a finite number of terms are greater
than [/ + €, where € is any positive number.

A number [ is called the limit inferior, least limit, or lower limit (lim inf or lim) of the sequence {u,} if
infinitely many terms of the sequence are less than [ + € while only a finite number of terms are less than
[ — €, where € is any positive number.

These correspond to least and greatest limiting points of general sets of numbers.

If infinitely many terms of {u,} exceed any positive number M, we define lim sup {u,} = . If infinitely
many terms are less than — M, where M is any positive number, we define lim inf {u,} = —cc.

If lim u, =%, we define lim sup {u,} = lim inf {u,} = .

n—yoo

If lim u,=—o, we define lim sup {u,} = lim inf {u,} =—o°.

n—yoco

Although every bounded sequence is not necessarily convergent, it always has a finite lim sup and lim
inf.

A sequence {u,} converges if and only if lim sup u,, = lim inf «,, is finite.

Nested Intervals

Consider a set of intervals [a,, b,], n=1, 2, 3, ..., where each interval is contained in the preceding one and
lim (a, - b,) =0. Such intervals are called nested intervals.
n—oo

We can prove that to every set of nested intervals there corresponds one and only one real number. This
can be used to establish the Bolzano-Weierstrass theorem of Chapter 1. (See Problems 2.22 and 2.23.)

Cauchy’s Convergence Criterion

Cauchy’s convergence criterion states that a sequence {u,} converges if and only if for each € > 0 we can
find a number N such that | u,—u, | < e for all p, ¢ > N. This criterion has the advantage that one need not
know the limit / in order to demonstrate convergence.

Infinite Series

Let u,, u,, us, . . . be a given sequence. Form a new sequence S, S,, S;, . . . where
Si=u, Ss=u+uy, Ss=uy+uy s, .+ S, Uy tus ot u

ne v e e

where S, called the nth partial sum, is the sum of the first n terms of the sequence {u,,}.
The sequence S|, S,, S5, . . . 1s symbolized by

wF Uy U= YU,
n=l1
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which is called an infinite series. If lim S, =S exists, the series is called convergent and S is its sum; other-

wise, the series is called divergen

n—oo
t.

Further discussion of infinite series and other topics related to sequences is given in Chapter 11.

SOLVED PROBLEMS

Sequences

2.1.

2.2,

Write the first five terms of each of the following sequences.

©

(d)

|

o {2
{_
{

(_1))1—1x2n—1
© { 2n—1)! }

135 7 9
(a) e s T T
58 11 14 17
2 2 2
(b) 139 73_3’ 75_3
1 -1 1 -1 1
(C) 1_’_’ > 5
272472462468 2-4.6-8-10
r1 11 1 11 1 1 11 1 1 1 1
d ——F——F—F— —F—F—F—, —F—F—F —+ —
22 42 4 82 4 8 162 4 8 16 32
X _.x3 .xs —X xg
@ L T

Notethatn!=1-2-3-4...n. Thus, 1I'=1,3!=1-2-3=6,5!=1-2-3-4-5=120, etc. We define
0l=1.

Two students were asked to write an nth term for the sequence 1, 16, 81, 256, . . . and to write the 5th term
of the sequence. One student gave the nth term as u, = n*. The other student, who did not recognize this
simple law of formation, wrote u, = 10n® — 35n + 50n — 24. Which student gave the correct 5th term?

If u,=n* thenu; = 1* =1, u, = 2* = 16, u; = 3* = 81, and u, = 4* = 256, which agrees with the first four
terms of the sequence. Hence, the first student gave the 5th term as us = 5* = 625.

If u, = 10n* = 350> + 50n — 24, then u, = 1, u, = 16, u; = 81, and u, = 256, which also agrees with the first
four terms given. Hence, the second student gave the 5th term as us = 601.
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Both students were correct. Merely giving a finite number of terms of a sequence does not define a unique
nth term. In fact, an infinite number of nth terms is possible.

Limit of a sequence

2.3.

24.

2.5.

2.6.

1
. (a) Write the 1st, S5th, 10th, 100th, 1000th, 10,000th and
dn+5

100,000th, terms of the sequence in decimal form. Make a guess as to the limit of this sequence as n — .
(b) Using the definition of limit, verify that the guess in (a) is actually correct.

A sequence has its nth term given by u,, =

(a) n=1 n=>5 n=10 n =100 n = 1000 n=10,000 n=100,000
22222 ..., 56000... .64444 ... 73827... 74881... .74988... .74998...
3
A good guess is that the limit is .75000 . . . = — . Note that it is only for large enough values of n that a

possible limit may become apparent.
(b) We must show that for any given € > 0 (no matter how small) there is a number N (depending on €) such
that

u, ——| <eforalln>N.

-1 3 -19 19
Now —— | = —|<E€ when ———<¢ or
dn+5 4| |4@n+5) 4(4n +5)

—4(4n+5)>l’ 4n+5>£, n>l E—5
19 € 4e 4\ 4¢

. 3
<eforalln> N, sothat lim = — and the proof is
n—sco

1
Choosing N = — (19/4€ —5), we see that
complete. 4 1 1
Note that if € = .001 (for example), N = Z (19000/4 -5)=1186 Z . This means that all terms of the

3
I/ln—z

sequence beyond the 1186th term differ from 3/4 in absolute value by less than .001.

. c .
Prove that lim —~ =0 where ¢ # 0 and p > 0 are constants (independent of 7).
n—e n

We must show that for any € > 0 there is a number N such that [e/m—0| <eforalln>N.

d A (k)" 4)"”
Now |—| <ewhen — <e¢;jie.,n’>—orn> | — .Choosing N=| — (depending on €), we
nP nP £ € 3
see that |c/n”| < eforalln> N, proving that lim (c¢/n”) =0.
. n n—oo
Prove that lim ﬂ = g
e S+310T 3 14+2:10" 2
We must show that for any € > 0 there is a number N such that |[———————| <€ forall n > N.
5+3-10" 3
1+2-10" 2 — 3
W —0—— = —7 <Swhen;<£;i.e.,when —(5+3-10")>1/¢,
5+3-10" 3| [3(5+3-10") 35+3-10") 7

1 1
3-10">7/3e-5, 10" > g (7/3e —=5) orn>log , { E (7/3e — 5)} = N, proving the existence of N and thus estab-

lishing the required result.
Note that the value of N is real only if 7/3e =5 > 0; i.e., 0 <e < 7/15. If € = 7/15, we see that

1+2-10" 2
142107 2 ¢ foratin>o0.
5+3-10" 3
Explain exactly what is meant by the statements (a) lim 3*"'=ccand (b) lim (1 —2n)=—x.

n—oo Nn—>oo
(a) If for each positive number M we can find a positive number N (depending on M) such that a, > M for all

n > N, then we write lim a, = .
n—eo

In this case, 3" > M when 2n—1)log 3 >log M; i.e.,n >%[1;)g ];I +1 ]: N.
0g
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(b) If for each positive number M we can find a positive number N (depending on M) such that a, < -M for
all n > N, then we write lim = —oc.
n—seo 1
In this case, 1 —-2n<-M when2n—-1>Morn> —(M + 1) = N.
It should be emphasized that the use of the notations % and —o for limits does not in any way imply con-
vergence of the given sequences, since ® and — are not numbers. Instead, these are notations used to describe
that the sequences diverge in specific ways.

Prove that lim ¥ =0if |x| < 1.
n—yoo

Method 1: We can restrict ourselves to x # 0, since if x = 0, the result is clearly true. Given € > 0, we must

show that there exists N such that |x” | <eforn>N. Now |x" | = |x |" < e whennlog, |x | <log,, €. Divid-

log,, €
10

(o]
, which is negative, yields n > ———
log,, |x|
Method 2: Let |x| = 1/(1 + p), where p > 0. By Bernoulli’s inequality (Problem 1.31), we have |x"| =
|x|"=1/(1 + p)"< 1/(1 + np) < e forall n > N. Thus, lim +"=0.

n—yeo

= N, proving the required result.

ing by log,, | x

Theorems on limits of sequences

2.8.

2.9.

2.10.

Prove that if lim u, exists, it must be unique.
n—oo
We must show thatif lim wu,=1/ and lim u,=1, then! =1,.
n—oo n—oo
By hypothesis, given any € > 0 we can find N such that

1 1
“n_ll|<§8 when n>N, un—lz|<§a when 1> N

Then
IL=L|=|t —u, +u, =L <|l —u|+|u, 1| <3e +5€ =¢

1.e., | -1 | is less than any positive € (however small) and so must be zero. Thus, /, = [,.

If im a,=Aand lim b,=B, prove that lim (a,+b,)=A+B.
n—eo n—eo n—eo
We must show that for any € > 0, we can find N > 0 such that | (a,+b,)—(A+B) | <eforalln>N. From

absolute value property 2, Page 4, we have

[@,+b)~A+B)| =l@,-2)+®,~-B| < la,~al + b, Bl (1)
By hypothesis, given € > 0 we can find N, and N, such that
|a, —A|<le for all n > N, )
2
1
bn—B|<—£ foralln> N, 3)
2

Then from Equations (1), (2), and (3),
|(a, +bn)—(A+B)|<%e +%s =¢ foralln>N

where N is chosen as the larger of N, and N,. Thus, the required result follows.

Prove that a convergent sequence is bounded.

Given lim a, = A, we must show that there exists a positive number P such that |a,, | < P for all n.

Now n—ee

|an|=|an —A+A|§|an —A|+|A|
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But by hypothesis we can find N such that | a,—A | <eforalln>N,i.e.,

la,| <e+ |A]  foralln>N
It follows that |an| < P for all n if we choose P as the largest one of the numbers a,, a,, . . ., ay,
€+ |A | .
2.11. If lim b,=B # 0, prove there exists a number N such that | b, | > % |B| forall n>N.
n—seo
Since B=B-b, + b,, we have:
1Bl < |B-b,] +15,] e))
Now we can choose N so that | B-b, | = | b,—B | < % | B | foralln> N, since lim b, = B by hypoth-
esis. n—yee
Hence, from Equation (1), B| <% |B| + |bn| or |bn| >% |B| for all n > N.
212. If lim a,=Aand lim b,=B, prove that lim a,b,=AB.
n—oo n—oo n—>oo
Using Problem 2.10, we have
a,b, — AB|=|a,(b, - B) + B(a, — A)|<|a,||b, - B|+|B]|a, — A]
(D

< Plb, = B|+(|B[+1)fa, -4

Butsince lim a,=Aand lim b,= B, given any € > 0 we can find N, and N, such that
n—oo Nn—>o0

bn—B|<28—Pforalln>Nl a forall n> N,

. _A|<;
2(1BI+1)

1 1
Hence, from Equation (1), | a,b,—AB | < 5 €+ E e =€ forall n > N, where N is the larger of N, and NV,.

Thus, the result is proved.

2.13. If lim a, = Aand lim b, = B #0, prove (a) limbL = % (b) lim G %

n—soo n—soo n n—seo bn
(a) We must show that for any given € > 0, we can find N such that

1 1| _|[B-b,

b, B| |B|b,

n

<eg foralln>N

1
By hypothesis, given any € > 0, we can find N,, such that | b,-B |< EBZ eforalln>N,.

(D

. 1
Also, since lim b, =B # 0, we can find N , such that |bn| > 5 | B| for all n > N, (see Problem

2.11). n—ee
Then if N is the larger of N, and N,, we can write Equation (1) as

1
b-B_ P
Bl ey
2

.1
b, B

=¢ foralln>N

and the proof is complete.
(b) From (a) and Problem 2.12, we have

o | >

lim % = lim| a - |=Tima - lim——=A.1=
n—eo bn n—eo b” n—eo n—eo bn B

This can also be proved directly (see Problem 2.41).
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Evaluate each of the following, using theorems on limits.

3n* —5n . 3-5/n 3+0
(a) lim =1lim =
n>e5p2 £2p—6 1= 54+2/n—6/n" 5+O+0

3
5
3 2
) lim n(n+2)_ 2n —lim n +n*+2n _ l+1/n+2/n2
noe | p41 n-+1] (n+1)(n +1) Hm I+1/mA+1/n%)
_1+40+0
1+0)-0+0)

Jn+1+n im 1
© Jfim (fn 1) =tim (Jn+ _I)Jﬁ+f N TS

. 3 +4 . 3=4/
(d) lim n " lim " >
noe 2p—1 noe2fn—1/n
Since the limits of the numerator and the denominator are 3 and 0, respectively, the limit does not exist.
3n* +4n  3n?

Since ﬁ > 2— === can be made larger than any positive number M by choosing n > N, we can
n-— n
2
write, if desired, lim M =
noe 2p—1
. (2n-3Y (. 2-3/n) (2Y 16
(e) lim =l lim——— | =|— | =—
n=e | 2n 47 n>=34+7/n 3 18
2 5
) lim 2n’ —4n® — lim 2/n4 4/n 7=9=
o= 3n +0* =10 = 3+1/n* -10/n" 3
. 1+2-10" . 107" +2 2 .
(g) lim h 0 =1lim 0" + =— (Compare with Problem 2.5.)

n=se 543.10" == 510" +3 3

Bounded monotonic sequences

2.15.

Prove that the sequence with nth u, = (a) is monotonic increasing, (b) is bounded above, (c) is

n+
bounded below, (d) is bounded, (e) has a limit.

(a) {u,} is monotonic increasing if u,,, > u,,n=1,2,3,... Now
2(n+1)—7>2n— 1fand0nly1f2 -3 > 2n=7
3n+1)+2=3n+2 2n+5 = 3n+2

or(2n—35) 3n+2) > @2n-7)(Bn+5),6n>—11n-10 > 6n>—11n-35,1i.e.,—10> —35, which is true. Thus,

by reversal of steps in the inequalities, we see that {u,} is s monotonic increasing. Actually, since —10 > -35, the

sequence is strictly increasing.

(b) By writing some terms of the sequence, we may guess that an upper bound is 2 (for example). To prove
this we must show that u, < 2.If 2n—"7)/(3n + 2) < 2,then2n -7 < 6n + 4 or —4n < 11, which is true.
Reversal of steps proves that 2 is an upper bound.

(c) Since this particular sequence is monotonic increasing, the first term —1 is a lower bound; i.e., u, > -1,
n=1,2,3,... Any number less than — 1 is also a lower bound.

(d) Since the sequence has an upper and a lower bound, it is bounded. Thus, for example, we can write
|un| < 2forall n.

(e) Since every bounded monotonic (increasing or decreasing) sequence has a limit, the given sequence has

a limit. In fact, 11m2n_7—1' 2=7/n g

noe3p+2 no=34+2/n 3
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2.16. A sequence {u,} is defined by the recursion formula u,,; /3u,, , u, = 1. (a) Prove that lim u, exists. (b)
Find the limit in (a). e

(a) The terms of the sequence are u; = 1, u, = [3uy =3"% uy= [3uy =374 .

The nth term is given by u, = 3/2+14+-+121-1 "45 can be proved by mathematical induction (Chapter 1).
Clearly, u,,, > u,. Then the sequence is monotonic increasing.

By Problem 1.14, u, < 3' =3, i.e., u, is bounded above. Hence, u, is bounded (since a lower bound is
ZEero). -

Thus, a limit exists, since the sequence is bounded and monotonic increasing.
(b) Letx =required limit. Since lim u,,, =lim \/% , we have x =~/3x and x = 3. (The other possibility,

n—oeo n—seo

x =0, is excluded, since u,, > 1.)

Another method:  lim 3"/2"/**/2" —im 32" =31im"™"*’ =3' =3

n—oo n—oeo n—oo

2.17. Verify the validity of the entries in the following table.

BOUNDED MONOTONIC MONOTONIC LIMIT

SEQUENCE INCREASING DECREASING EXISTS

2,19,18,1.7,...,2—(m-1)/10. .. No No Yes No

1,-1,1,=1,...,D)', ... Yes No No No

1 1 1 1

— =, =, ==, .., DY+ 1),... Yes No No Yes (0

T3 773 D" (n+ 1) )
2 2

.06, .60, .6060, . .., g (1 -=1/10M, ... Yes Yes No Yes (g)

—1,+2,-3,+4,-5,...,D"n, ... No No No No

n
2.18. Prove that the sequence with the nth term u, =| 1+ —) is monotonic, increasing, and bounded, and thus a
n

limit exists. The limit is denoted by the symbol e.

n—oo n

. 1Y
Note: lim (1 + —j =e, where e = 2.71828 - - - was introduced in the eighteenth century by Leonhart

Euler as the base for a system of logarithms in order to simplify certain differentiation and integration formu-
las.
By the binomial theorem, if 7 is a positive integer (see Problem 1.95),

n(n—l)xz+n(n—1)(n—2)x2+.“+n(n—1)~~~(n—n+1)x,,
! 31 n!

(I+x)"=1+nx+

Letting x = 1/n,

=141 =1+nl+ML2+...+n(n—1)~--(n—n+1)i
n n 2! P

n n! n
=1+1+l1—l +i 1—l 1—%
2! n 3! n n
+o.. _,_l[l_l)(l_g)...(l_n_l]
n! n n n

Since each term beyond the first two terms in the last expression is an increasing function of 7, it follows that
the sequence u, is a monotonic increasing sequence.
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It is also clear that

1+l <1+1+i+i+...+i<1+1+l+%+--~+%<3
n 2! 3l n! 2 2 2"

by Problem 1.14.
Thus, u,, is bounded and monotonic increasing, and so has a limit which we denote by e. The value of e =
271828 ...

. Y . . .
Prove that lim (1 +— | =e, where x — % in any manner whatsoever (i.e., not necessarily along the
X—>o0 X

positive integers, as in Problem 2.18).

n X n+l
Ifn=1argestinteger§x,thenn§x§n+land[1+ ! j 5(1+l) < (1+lj . Since
= = = n+l) = x )= n

! n+l n+l n
. 1 . 1 1
lim |1+ =lim| 1+ 1+ =eand lim 1+l =lim 1+l 1+l =e,
e n+1 e n+1 n+1 n—yes n n—ye n n

it follows that lim (1 + lj =e.

X—>o0 X

Least upper bound, greatest lower bound, limit superior, limit inferior

2.20.

2.21.

Find the (a) l.u.b., (b) g.L.b., (c) lim sup (H ), and (d) lim inf (lim) for the sequence 2, -2, 1,-1,1,-1, 1,
-1,....

(a) lu.b.=2, since all terms are less than equal to 2, while at least one term (the 1st) is greater than 2 — € for
any € > 0.

(b) g.l.b. =-2, since all terms are greater than or equal to —2, while at least one term (the 2nd) is less than
—2 + € for any € > 0.

(c) lim sup or lim = 1, since infinitely many terms of the sequence are greater than 1 — € for any € > 0
(namely, all 1’s in the sequence), while only a finite number of terms are greater than 1 + € for any € >0
(namely, the 1st term).

(d) liminforlim = -1, since infinitely many terms of the sequence are less than —1 + € for any € > 0 (namely,
all —1’s in the sequence), while only a finite number of terms are less than —1 — € for any € > 0 (namely,
the 2nd term).

Find the (a) L.u.b., (b) g.L.b., (c) lim sup (E ), and (d) lim inf (lim) for the sequences in Problem 2.17.

The results are shown in the following table.

SEQUENCE Lu.b. g.l.b. lim sup or lim lim inf or lim
2,19,18,1.7,..,2—(n-1/10. .. 2 none —0 —0
L-1,1,-1,..., D), ... 1 -1 1 -1
1 1 1 1 1 1
— = = = (D)"Y + 1), L — —— 0 0
23y s e 2 3
.6, .66, .660, . . ., 2 (1-1/10M, ... 2 6 2 2

3 3 3 3

-1,+2,-3,+4,-5,...,(=1)"n, ... none none +00 —0
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Nested intervals

2.22. Prove that to every set of nested intervals [a,, b,], n =1, 2, 3, . . . there corresponds one and only one real
number.

By definition of nested intervals, a,, , > a,, b,,,, < b,n=1,2,3,...and lim (a,-b,) =0.
= = n—oo

Then a; < a, < b, £ b, and the sequences {q,} and {b,} are bounded and, respectively, monotonic

increasing and decreasing s_equences and so converge to a and b.
To show that @ = b and thus prove the required result, we note that

b—a=0b-0b,)+b,—a,+(a,—a) (1)

|b—a| < |b—bn|+|bn—an|+|an—a| 2)

Now, given any € > 0, we can find N such that for all n > N

|b-b,| <e3, |b,—al <es, 3)

so that from Equation (2), [b—a | < €. Since € is any positive number, we must have b —a=0ora =b.

2.23. Prove the Bolzano-Weierstrass theorem (see Page 7).

Suppose the given bounded infinite set is contained in the finite interval [a, b]. Divide this interval into
two equal intervals. Then at least one of these, denoted by [a,, b,], contains infinitely many points. Dividing
[a,, b,] into two equal intervals, we obtain another interval—say, [a,, b,]—containing infinitely many points.
Continuing this process, we obtain a set of intervals [a,, b,], n = 1, 2, 3, . . ., each interval contained in the
preceding one and such that

by—a,=(b-a)2, b,—a,=(b,—a)2=b-a)2, ..., b,—a,=b-a)"

from which we see that lim (b, -a,) =0.
n—eo

This set of nested intervals, by Problem 2.22, corresponds to a real number which represents a limit point
and so proves the theorem.

Cauchy’s convergence criterion

2.24. Prove Cauchy’s convergence criterion as stated on Page 27.

Necessity. Suppose the sequence {u,} converges to [. Then, given any € > 0, we can find N such that

lu, 1| <e2forallp>Nand |u,~1| <e2forallg>N

Then, for both p > N and ¢ > N, we have

luy—uyl = [ w,~D+t-up) | < Tu,~1l+l1-u,| <e2+e2=e

Sufficiency. Suppose | u,—u, | <eforall p, ¢ > N and any € > 0. Then all the numbers uy, uy, ,, . . . lie in
a finite interval; i.e., the set is bounded and infinite. Hence, by the Bolzano-Weierstrass theorem there is at
least one limit point—say, a.

If a is the only limit point, we have the desired proof and lim u ,=a.

n—>c0
Suppose there are two distinct limit points—say, a and b—and suppose b > a (see Figure 2.1). By defini-
tion of limit points, we have b-a_ b-a
3 3
| u,—a | < (b — a)/3 for infinitely many values of p (1) + + + , +
a

| u,—b | < (b — a)/3 for infinitely many values of ¢ 2) Figure 2.1
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Then, since b —a = (b -u,) + (u,— u,) + (u, — a), we have
|b—a|=b—a§ |b—uq|+|up—uq|+|up—a| 3)

Using Equations (1) and (2) in (3), we see that | u,—u, | > (b — a)/3 for infinitely many values of p and
g, thus contradicting the hypothesis that | u,—u, | < e for p, ¢ > N and any € > 0. Hence, there is only one limit
point and the theorem is proved.

Infinite series

2.25. Prove that the infinite series (sometimes called the geometric series)
atar+ar’ +--- zztar"_1
n=l1

(a) convergesto a/(1 —r)if | r| < 1, and (b) diverges if | r| > 1.

Let S,=a+ar+ar+---+ar’!
Then rS,=ar+ar*+---+ar +ar"
Subtract (1-nS,=a —ar"

a(l—r")

or sn = 7
1-r

al-r")

(a) If |r| <1,lim §, =lim N IL by Problem 2.7.
n—oo n—oo —-r —r

(b) If |r| >1, lim §, does not exist (see Problem 2.44).
n—oo

2.26. Prove that if a series converges, its nth term must necessarily approach zero.
Since S, =u; +u,+---+u,and S, =u, +u,+---+u, , wehaveu,=S5,-S5,_;.
If the series converges to S, then

lim u, =lim (S, - S, ,)=lim S, ~lim S, , =S—S=0

n—eo n n—oo

2.27. Prove that the series 1-1+1—-14+1-1+---= 2 (=" diverges.
n=1

Method 1:  lim (-1)" # 0; in fact, it doesn’t exist. Then by Problem 2.26, the series cannot converge; i.e.,
it diverges. "7

Method 2: The sequence of partial sumsis 1,1 -1, 1 -1+1,1-1+1-1,...ie.,1,0,1,0, 1,0,
1, ... Since this sequence has no limit, the series diverges.

Miscellaneous problems

_ Uttt
2.28.  If lim u, =1, prove that lim ————* =1.
n—eo n—eo n
.V, 0, + D o
Letu, =v, +[. We must show that lim ———=—————"=0if limv, =0. Now

n—oo n n—oo
V4V, +o 4D, U HD, Y, +1)p+1 +V,,+ -0,
n n n

so that

o, +v, +--+v,

IUI +1‘)2 +“‘+Dp| + h)P+1|+|UP+2|+.”+h)n
n

<
= n

(e))

oo
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2.29.

2.30.

Since lim v, =0, we can choose P so that | v, | < €/2 forn> P. Then

n—yoo
|UP+1| +h’1>+2| +- "+h)n

eR2+e/2+---+€/2 (n—P)e/2 ¢
< = <=

(@)
n n n 2
After choosing P, we can choose N so that forn >N > P,
+0, +-+V,| &
I’Ul 2 P <= (3)

n 2
Then, using Equations (2) and (3), (/) becomes

v, +V, + -+

n

€ €
<_+§:8 forn>N

n

thus proving the required result.

Prove that lim(1 + n +n*)"" =1.

n—eo

Let (1 +n+n*)" =1+ u,, where u, = 0. Now, by the binomial theorem,

-1 -D(n-2
l+n+n’=1+u)" =1+nu, +n(n2' )u: +n(n 3)'(n ) St
—-D(n-2 6(n* + .
Then 1 + n + n? >l+wuz or 0< u: <M. Hence, lim uz =0 and
nn—1)(n-2) n—eo
lim u, =0. Thus, lim(1 + n+ n*)""" =lim(1 +u,) =1.
Prove that lim a_' =0 for all constants a.
n—epnl n
a
The result follows if we can prove that lim |— =0 (see Problem 2.38). We can assume a # 0.
n—e pl
o' u, _|a .
Letu, = - Then —— ="—. If n is large enough—say, n > 2 | a | —and if we call N = [2 | a | + 1],
n! u n

n-1
i.e., the greatest integer < 2|a| + 1, then
uN+1 <l MN+2 <l n

s e <
u 2 u 2 u

N N+1

u Nl LN . 1 N
Multiplying these inequalities yields —~ < (5) or u, < (5) u,. Since lim| — =0 (using

Problem 2.7), it follows that lim u,=0. Uy e\ 2
n—eo

SUPPLEMENTARY PROBLEMS

Sequences

2.31.

Write the first four terms of each of the following sequences:

\/; (_l)nxln—]
@ {n+1 R FIE W
o ] o el

n X +n

(2x)n—l
© {(Zn -1y }
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-x x =X x’
Ans. (a) £,_27£9_4 (d) T T P —
2 3 4 5 1 1-31-3-51:3:-5-7
(b) l _L l _L © cosx cos2x cos3x cosdx
1720731 41 X122 3 4
1 2x 4x* 8x°
(0)1—5,3—5,5—5,—5
7

2.32. Find a possible nth term for the sequences whose first 5 terms are indicated, and find the 6th term:

@ 222120 b L0L0L © 20202
5 8 11 14 17 3 4 5
Ans. @ SD@n=bho 12D o m#d) 1-CEDT
(Bn+2) 2 (n+5) 2

2.33. The Fibonacci sequence is the sequence {u,} where u,, =u,,,; + u, and u,, and u; = 1, u, = 1. (a) Find the

1
first 6 terms of the sequence.(b) Show that the nth term is given by u,, = (a" — b")/ \/g , Where a = E (1+
1
J5)andb= S a- J5).

Ans.(a)1,1,2,3,5,8
Limits of sequences
2.34. Using the definition of limit, prove that
4_23 -2 ) mz'“ﬁ =1 (¢) lim ”4nd ce (@) lim3IN_

n—eo n—e p

0

2.35.  Find the least positive integer N such that | (37 +2)/(n — 1) = 3| < e forall n> Nif (a) € = .01,
(b) € =.001 and (c) € = .0001.

Ans.(a) 502 (b) 5002 (c) 50,002

. 1
2.36. Using the definition of limit, prove that lim (2n — 1)/(3n + 4) cannot be E
n—eo

2.37. Prove that lim (—1)"n does not exist.
n—>o0

2.38. Prove that if lim | u, | =0, then lim u,=0.Is the converse true?
n—oo n—oo

2.39.  If lim u, =1 prove that (a) lim = cu, = cl where c is any constant, (b) lim «* =/ (c) lim u’, =P
n—oo n—seo N0 oo

where p is a positive integer, and (d) lim fu, = N ,1>0.

n—oo

2.40. Give a direct proof that lim a,/b,=A/Bif lim a,=Aand lim b,=B # 0.

n—eo n—eo n—eo

1/n n
241.  Prove that (a) lim 3" =1, (b) lim [g] =1and (c) lim [g] =0.
2.42. If »> 1, prove that lim /"= oo, carefully explaining the significance of this statement.
n—seo

2.43. If | r| > 1, prove that lim /" does not exist.
n—>c0
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2.44. Evaluate each of the following, using theorems on limits:

4-2n-3n" . 4-10" -=3-10™
lim ————— d) lim
@ e 222 +n @ n>e3.10"" +2.10>"!

() lim 3/% ) lim(Jn® +n—n)
n—oo n p— n—oo

2 p—
© lim¥2ont4 (f) lim(2" +3")""

n—eo 2n—-17

Ans.(a)-3/2 (b)-1/2 (c) \/5/2 (d-15 ()12 ()3

Bounded monotonic sequences

2.45. Prove that the sequence with nth term u, = u,= \/; /(n + 1). (a) is monotonic decreasing, (b) is bounded
below, (c) is bounded above, and (d) has a limit.

1 1 1 1 . . .
2.46. Ifu = + + + 4 , prove that lim u, exists and lies between 0 and 1.

l1+n 2+n 3+n n+n n—se

247.  Ifu = Ju +1,u =1, prove that lim u =%(1 +/5).

1 . .
2.48. fu,, = > (u,, + plu,) where p >0 and u; > 0, prove that lim u, = \/; . Show how this can be used to

n—>o0

determine ﬁ .

2.49. If u, is monotonic increasing (or monotonic decreasing), prove that S,/n, where S, = u; + u, + - - - + u,, is also
monotonic increasing (or monotonic decreasing).

Least upper bound, greatest lower bound, limit superior, limit inferior

2.50. Find the l.u.b., g.1.b., lim sup (E ), and lim inf (lim) for each sequence:

1 1 1
a)-1, —,——, —,...,=D)"/'Q2n-1),... ) 1,-3,5-7,...., )" @n=1),...
(@) 375 7 =1 ) (© =D ( )
2 3 4 5
b)) =, -, —,—-=,...,D" "+ DIn+2),... @1,4,1,16,1,36,..., 0"+ .
()3 1576 D™ ( )( ) (d
1
Ans.(a)g,—l,0,0 (b)1,-1,1,-1  (c) none, none, 4+, —  (d) none, 1, +o, 1

2.51. Prove that a bounded sequence {u,} is convergent if and only if lim u, = limu,.

Infinite series
2.52. Find the sum of the series Z(%j
n=l1

Ans. 2



2.53.

2.54.

2.55.

2.56.

CHAPTER 2 Sequences

Evaluate Y (=1)""/5".

n=l1

1
Ans. —
6

ProvethatL+L+L+L+-~-:Z;:1. Hint:;:l— ! .
1-2 2.3 34 4.5 mnn+1) nn+l) n n+l

Prove that multiplication of each term of an infinite series by a constant (not zero) does not affect the
convergence or divergence.

Provethattheseriesl+l+l+---+l+---diverges. Hint:LetSn=1+l+l+~--+1.Then
2 3 n 2 3 n

prove that | Son =S, | > 5, giving a contradiction with Cauchy’s convergence criterion.

Miscellaneous problems

2.57.

2.58.

2.59.

2.60.

2.61.

2.62.

2.63.

2.64.

2.65.

2.66.

IIA

b,foralln>N,and lim a,= lim b, =1 prove that lim u,=1.
n—oo n—oo n—oo

If lim a,= lim b,=0, and 0 is independent of n, prove that lim (a, cos n6) + b, sin n6) = 0. Is the
n—so0 n—so0 n—so0

result true when 6 depends on n?

1 . 1
Letu,=— {1+(-1)"},n=123,...1fS,=u, +u, + - - - + u,, prove that lim S,/n= —.
2 n—o0 2

Prove that (a) lim 27" and (b) lim (a+ n)p/"

n—oo n—oo

= 1 where a and p are constants.

If lim |un+1/un| = lal< 1, prove that lim u,=0.
n—oo Nn—>o0

p

If |a| <1, prove that lim n” a" =0 where the constant p > 0.

n—>oo

2" n!
Prove that lim o 0.

Prove that lim n sin 1/n = 1. (Hint: Let the central angel 0 of a circle be measured in radians.)
n—seo

Geometrically illustrate that sin 0 <0 <tan0,0< 0 <.

Let 6 = 1/n. Observe that since n is restricted to positive integers, the angle is restricted to the first quad-
rant.

. 1
If {u,} is the Fibonacci sequence (Problem 2.33), prove that lim u,,,/u, = > 1+ \/g ).
—Soo

n

Prove that the sequence u, = (1 + 1/ny", n=1,2,3,...is a monotonic decreasing sequence whose limit is
e. (Hint: Show that u,/u, , < 1.)

n—



CHAPTER 2 Sequences

2.67.

2.68.

2.69.

2.70.

2.71.

2.72.

2.73.

Ifa, > b,foralln>Nand lim a,=A, lim b, =B, prove thatA > B.
- n—eo n—eo -

If |un| < |1),, and lim v, =0, prove that lim u,=0.
- n—>co n—seo

Prove that liml 1+l+l+---+l =0.
noe g 2 3 n

Prove that [a,, b,], where a, = (1 + 1/n)" and b, = (1 + 1/n)"*! is a set of nested intervals defining the number e.
Prove that every bounded monotonic (increasing or decreasing) sequence has a limit.

Let {u,} be a sequence such that u,,,, = au,,, | + bu, where a and b are constants. This is called a second-
order difference equation for u,. (a) Assuming a solution of the form u, = 7" where r is a constant, prove that
r must satisfy the equation > — ar — b = 0. (b) Use (a) to show that a solution of the difference equation
(called a general solution) is u, = Ar"; + Br",, where A and B are arbitrary constants and r, and r, are the two
solutions of 7 — ar — b = 0 assumed different. (c) In case r; = r, in (b), show that a (general) solution is u, =
(A + Bn)r',.

Solve the following difference equations subject to the given conditions: (a) u,, , = U, | + U, u; =1, u, =1
(compare Problem 2.34); (b) u,,, , =2 t,, | + 3u,,u 5 = 5; (C) U,,n = 4y, y, 4ty =2, u, = 8.

Ans. (a) Same as in Problem 2.34,  (b) u, =2(3)"' + (=1)"! () u,=n-2"
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Functions, Limits,
and Continuity

The notions described in this chapter historically followed the introduction of differentiation and integration.
These concepts were established, developed, and applied in the 1700s on a strong mechanical basis but a
weak theoretical foundation. In the 1800s, the theoretical inadequacies were resolved with the mathematical
invention of limits. Precise definitions of derivatives and integrals were formulated. Many mathematicians,
including Bolzano, introduced rigorous proofs free of geometry. Elegant notation, such as the € — 8 form of
Weierstrass, became available. As a bonus, clear definitions of irrational numbers were made. Also, unex-
pected properties of infinite sets of real numbers were found by Cantor and other mathematicians.

This chapter sets forth the notion of the limit of a function, concepts that followed, and how these ideas
made possible the rigorization of analysis.

Functions

A function is composed of a domain set, a range set, and a rule of correspondence that assigns exactly one
element of the range to each element of the domain.

This definition of a function places no restrictions on the nature of the elements of the two sets. However,
in our early exploration of the calculus, these elements are real numbers. The rule of correspondence can take
various forms, but in advanced calculus it most often is an equation or a set of equations.

If the elements of the domain and range are represented by x and y, respectively, and f symbolizes the
function, then the rule of correspondence takes the form y = f(x).

The distinction between f and f(x) should be kept in mind. f denotes the function as defined in the first
paragraph. y and f(x) are different symbols for the range (or image) values corresponding to domain values
x. However, a common practice that provides an expediency in presentation is to read f(x) as “the image of
x with respect to the function £ and then use it when referring to the function. (For example, it is simpler to
write sin x than “the sine function, the image value of which is sin x.””) This deviation from precise notation
appears in the text because of its value in exhibiting the ideas.

The domain variable x is called the independent variable. The variable y representing the corresponding
set of values in the range, is the dependent variable.

Note: There is nothing exclusive about the use of x, y, and f to represent domain, range, and function.
Many other letters are employed.

There are many ways to relate the elements of two sets. (Not all of them correspond a unique range value
to a given domain value.) For example, given the equation y* = x, there are two choices of y for each positive
value of x. As another example, the pairs (a, b), (a, ¢), (a, d), and (a, e) can be formed, and again the corre-
spondence to a domain value is not unique. Because of such possibilities, some texts, especially older ones,
distinguish between multiple-valued and single-valued functions. This viewpoint is not consistent with our
definition or modern presentations. In order that there be no ambiquity, the calculus and its applications re-
quire a single image associated with each domain value. A multiple-valued rule of correspondence gives rise
to a collection of functions (i.e., single-valued). Thus, the rule y* = x is replaced by the pair of rules y = —x'"?
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and the functions they generate through the establishment of domains. (See the following section on graphs
for pictorial illustrations.)

EXAMPLES.

1.

If to each number in =1 < x < 1 we associate a number y given by x°, then the interval —1
< x < 1is the domain. The rule y = x* generates the range —1 < y < 1. The totality is a

function f.
1 1Y 1
The functional image of x is given by y = f(x) = x*. For example,f[—gj = [—5] = §
1
is the image of —5 with respect to the function f.

The sequences of Chapter 2 may be interpreted as functions. For infinite sequences, con-
sider the domain as the set of positive integers. The rule is the definition of u,, and the

1
range is generated by this rule. To illustrate, let u, = — withn =1, 2, .. .. Then the range
n
1 1
contains the elements 1, 5 g , Z , . ... If the function is denoted by f, then we may write

1
fim=—.
n

As you read this chapter, reviewing Chapter 2 will be very useful.
With each time 7 after the year 1800 we can associate a value P for the population of the
United States. The correspondence between P and ¢ defines a function—say, F—and we
can write P = F(¢).
For the present, both the domain and the range of a function have been restricted to sets of
real numbers. Eventually this limitation will be removed. To get the flavor for greater gen-
erality, think of a map of the world on a globe with circles of latitude and longitude as co-
ordinate curves. Assume there is a rule that corresponds this domain to a range that is a
region of a plane endowed with a rectangular Cartesian coordinate system. (Thus, a flat
map usable for navigation and other purposes is created.) The points of the domain are ex-
pressed as pairs of numbers (6, 0), and those of the range by pairs (x, y). These sets and a
rule of correspondence constitute a function whose independent and dependent variables
are not single real numbers; rather, they are pairs of real numbers.

Graph of a Function

A function festablishes a set of ordered pairs (x, y) of real numbers. The plot of these pairs [x, f{x)] in a co-

ordinate system is the graph of f. The result can be thought of as a pictorial representation of the function.
For example, the graphs of the functions described by y=x* -1 < x < l,and y*’=x,0<x < 1,y > 0

appear in Figure 3.1. o o a

) }-‘2 =x,yz0
(@) (b)
Figure 3.1
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Bounded Functions

If there is a constant M such that f(x) < M for all x in an interval (or other set of numbers), we say that fis

bounded above in the interval (or the set) and call M an upper bound of the function.
If a constant m exists such that f(x) > m for all x in an interval, we say that f(x) is bounded below in the
interval and call m a lower bound. B

If m < f(x) < Min aninterval, we call f(x) bounded. Frequently, when we wish to indicate that a function
is bounded, we write | f(x)| < P.

EXAMPLES. 1. f(x)=3+xisboundedin—1 < x < 1. An upper bound is 4 (or any number greater than

4). A lower bound is 2 (or any number less than 2).
2. f(x) =1/xis not bounded in 0 < x < 4, since, by choosing x sufficiently close to zero, f(x)
can be made as large as we wish, so that there is no upper bound. However, a lower bound

1 1
is given by Z (or any number less than Z ).

If f(x) has an upper bound, it has a least upper bound (1.u.b.); if it has a lower bound, it has a greatest
lower bound (g.1.b.). (See Chapter 1 for these definitions.)

Monotonic Functions

A function is called monotonic increasing in an interval if for any two points x, and x, in the interval x; < x,,
f(x) < f(xy). If (f(x)) <f(x,), the function is called strictly increasing.

Similarly, if f(x,) > f(x,) whenever x, < x,, then f(x) is monotonic decreasing, while if f(x,) > f(x,), it is
strictly decreasing.

Inverse Functions, Principal Values

Suppose y is the range variable of a function f with domain variable x. Furthermore, let the correspondence be-
tween the domain and range values be one-to-one. Then a new function £, called the inverse function of f, can
be created by interchanging the domain and range of f. This information is contained in the form x = f~'(y).

As you work with the inverse function, it often is convenient to rename the domain variable as x and use
y to symbolize the images; then the notation is y = f ~!(x). In particular, this allows graphical expression of
the inverse function with its domain on the horizontal axis.

Note: f~' does not mean f to the negative one power. When used with functions, the notation f ' always
designates the inverse function to f.

If the domain and range elements of fare not in one-to-one correspondence (this would mean that distinct
domain elements have the same image), then a collection of one-to-one functions may be created. Each of
them is called a branch. It is often convenient to choose one of these branches, called the principal branch,
and denote it as the inverse function f ~'. The range values of f that compose the principal branch, and hence
the domain of f~!, are called the principal values. (As will be seen in the section on elementary functions, it
is common practice to specify these principal values for that class of functions.)

EXAMPLE. Suppose fis generated by y = sin x and the domain is —¢ < x < . Then there are an infinite

number of domain values that have the same image. (A finite portion of the graph is illustrated in Figure 3.2(a).
In Figure 3.2(b) the graph is rotated about a line at 45° so that the x axis rotates into the y axis. Then the vari-
ables are interchanged so that the x axis is once again the horizontal one. We see that the image of an x value is
not unique. Therefore, a set of principal values must be chosen to establish an inverse function. A choice of a

branch is accomplished by restricting the domain of the starting function, sin x. For example, choose — E <

T
x < —
=2

. Then there is a one-to-one correspondence between the elements of this domain and the images in
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—1 < x < 1. Thus, f~! may be defined with this interval as its domain. This idea is illustrated in Figure 3.2(c)
and (d). With the domain of f~! represented on the horizontal axis and by the variable x, we write y = sin™! x,

-1 <x< L

Ifx=- %, then the corresponding range value is y = — % .
Note: In algebra, b~' means % and the fact that bb~" produces the identity element 1 is simply a rule of

algebra generalized from arithmetic. Use of a similar exponential notation for inverse functions is justified
in that corresponding algebraic characteristics are displayed by £~! [f(x)] = x and f[f ~'(x)] = x.

y

J/

- -mf2
y=sinx —w<y<om —n\
(a) (b)
¥ ¥
x x
-nl2 =x=ml2 -1=x=<1
y=sinx y=sin"!x
) (d)
Figure 3.2

Maxima and Minima

The seventeenth-century development of the calculus was strongly motivated by questions concerning ex-
treme values of functions. Of most importance to the calculus and its applications were the notions of local
extrema, called the relative maximum and relative minimum.

If the graph of a function were compared to a path over hills and through valleys, the local extrema would
be the high and low points along the way. This intuitive view is given mathematical precision by the follow-
ing definition.
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Definition If there exists an open interval (a, b) containing ¢ such that f(x) < f(c) for all x other than c in
the interval, then f(c) is a relative maximum of f. If f(x) > f(c) for all x in (a, b) other than c, then f(c) is a
relative minimum of f. (See Figure 3.3.)

Functions may have any number of relative extrema. On the other hand, they may have none, as in the
case of the strictly increasing and decreasing functions previously defined.

Definition If c is in the domain of f and for all x in the domain of the function f(x) < f(c); then f(c) is an
absolute maximum of the function £. If for all x in the domain f(x) > f(c), then f(c) is an absolute minimum
of f. (See Figure 3.3.) B

Note: If defined on closed intervals, the strictly increasing and decreasing functions possess absolute
extrema.

Absolute extrema are not necessarily unique. For example, if the graph of a function is a horizontal line,
then every point is an absolute maximum and an absolute minimum.

Note: A point of inflection is also represented in Figure 3.3. There is an overlap with relative extrema in
representation of such points through derivatives that will be addressed in the problem set of Chapter 4.

Absolute
maximum

Point of
Relative Relative inflection
maximum maximum

Relative Relative
| minimum | minimum

Absolute
minimum

Figure 3.3

Types of Functions

It is worth realizing that there is a fundamental pool of functions at the foundation of calculus and advanced
calculus. These are called elementary functions. Either they are generated from a real variable x by the fun-
damental operations of algebra, including powers and roots, or they have relatively simple geometric inter-
pretations. As the title “elementary functions” suggests, there is a more general category of functions (which,
in fact, are dependent on the elementary ones). Some of these will be explored later in this book. The elemen-
tary functions are described as follows.

1.  Polynomial functions have the form
f@=axX"+ax""+-- +a, x+a, (D
where q, . . ., a, are constants and 7 is a positive integer called the degree of the polynomial if a, # 0.

The fundamental theorem of algebra states that in the field of complex numbers every polynomial
equation has at least one root. As a consequence of this theorem, it can be proved that every nth-degree
polynomial has n roots in the complex field. When complex numbers are admitted, the polynomial
theoretically may be expressed as the product of n linear factors; with our restriction to real numbers,
it is possible that 2k of the roots may be complex. In this case, the k factors generating them will be
quadratic. (The corresponding roots are in complex conjugate pairs.) The polynomial x* — 5x* + 11x
— 15 = (x - 3) (x> — 2x + 5) illustrates this thought.
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Algebraic functions are functions y = f(x) satisfying an equation of the form

o) Y +p () Y+ p () Y+ p(x) =0 2)

where py(x) , . .., p,(x) are polynomials in x.

If the function can be expressed as the quotient of two polynomials, i.e., P(x)/Q(x) where P(x) and
Q(x) are polynomials, it is called a rational algebraic function; otherwise, it is an irrational algebraic
function.

Transcendental functions are functions which are not algebraic; i.e., they do not satisfy equations of
the form of Equation (2).

Note the analogy with real numbers, polynomials corresponding to integers, rational functions to
rational numbers, and so on.

Transcendental Functions

The following are sometimes called elementary transcendental functions.

1.
2.

Exponential function: f(x) = a*, a # 0, 1. For properties, see Page 4.

Logarithmic function: f(x) = log, x, a # 0, 1. This and the exponential function are inverse functions.
Ifa=e=2.71828 ..., called the natural base of logarithms, we write f(x) = log, x = In x, called the
natural logarithm of x. For properties, see Page 4.

Trigonometric functions (also called circular functions because of their geometric interpretation with
respect to the unit circle):

. sin x 1 COS X
sin x, cos x,tan x = =

CoS X sin x Ccos X

,cotx =

tanx sinx
The variable x is generally expressed in radians (7 radians = 180°). For real values of x, sin x and
cos x lie between —1 and 1 inclusive.

The following are some properties of these functions:

sin®x+cos’x=1 1+tan® x =sce’x

sin(x £ y)=sinxcosytcosxsiny

cos(xty)=cosxcosy+sinxsiny
tan x £ tany

tan(x £ y) = —
Y l+tanxtany

1+cot’ x =csc’ x
sin(—x) = —sin x

cos(—x) =cosx

tan(—x) = —tan x

4.  Inverse trigonometric functions. The following is a list of the inverse trigonometric functions and

their principal values:
(a)y=sin"'x, (-m/2 <y < W2)
(byy=cos'x,(0<y<m
(c)y=tan x, (-2 <y < T/2)

(d)y=csc' x=sin"" 1/x, (-2 < y < /2)
(e)y=sec!x=cos" 1/x, (0 <y < m)

(Hy=cotlx=m/2—tan! x, (0O <y <)

5. Hyperbolic functions are defined in terms of exponential functions as follows. These functions may be
interpreted geometrically, much as the trigonometric functions but with respect to the unit hyperbola.

(a) sinhx=5"—¢
X+ —X
(b) coshx = ¢ e
(¢) tanh x = sinhx e'—e

coshx e +e™”

(d) csch x =

(e) sech x = =

(f) cothx =

2
sinhx e —e
1 2

—X

coshx e +e”

coshx e'+e™"

sinhx e'—e”
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The following are some properties of these functions:

cosh? x —sinh®> x = 1 1 —tanh® x = sech® x coth’x — 1 =csch’®x
sinh (x = y) = sinh x cosh y + cosh x sinh y sinh (—x) = —sinh x
cosh (x = y) = cosh x cosh y + sinh x sinh y cosh (—x) = cosh x

h x + tanh
tanh(xt y) = tanh x = tanh y tanh (-x) = —tanh x

1xtanh x tanh y
6. Inverse hyperbolic functions. If x = sinh y, then y = sinh™ x is the inverse hyperbolic sine of x. The
following list gives the principal values of the inverse hyperbolic functions in terms of natural loga-
rithms and the domains for which they are real.
1 P+l }
x 70

(a) sinh™ x =1n(x+vx*+1), allx (d) csch”'x=1n [—+

X [ x|

X

I+4/1-x"
(b) cosh™ x =In(x+Vx> —1), x >1 (e) sech™'x=1In [—XJ,O <x<l1

x|>l

X —

(o tanh'x=%ln[i+x} x| <1 0] coth1x=%ln(—x+1}

Limits of Functions

Let f(x) be defined and single-valued for all values of x near x = x, with the possible exception of x = x, itself
(i.e., in a deleted & neighborhood of x,). We say that the number [ is the limit of f(x) as x approaches x, and

write lim f(x)=/if for any positive number e (however small) we can find some positive number & (usually
X=X,

depending on €) such that |f(x) -1 | < € whenever 0 < |x - X | < d. In such a case we also say that f(x) ap-
proaches [ as x approaches x, and write f(x) — [ as x — Xx,,.
In words, this means that we can make f(x) arbitrarily close to / by choosing x sufficiently close to x,,.
xif x#2 .
EXAMPLE. Letf(x) = 0if 5 Then as x gets closer to 2 (i.e., x approaches 2), f(x) gets closer to 4. We
if x=

thus suspect that lim f(x) = 4. To prove this we must see whether the preceding definition of limit (with [ = 4)
x—2

is satisfied. For this proof, see Problem 3.10.

Note that lim f(x) = f(2); i.e., the limit of f(x) as x — 2 is not the same as the value of f(x) at x = 2, since
x—2

f(2) = 0 by definition. The limit would, in fact, be 4 even if f(x) were not defined at x = 2.
When the limit of a function exists, it is unique; i.e., it is the only one (see Problem 3.17).

Right- and Left-Hand Limits

In the definition of limit, no restriction was made as to how x should approach x,. It is sometimes found
convenient to restrict this approach. Considering x and x, as points on the real axis where x, is fixed and x is
moving, then x can approach x,, from the right or from the left. We indicate these respective approaches by
writing x — x, + and x — x—.
If lim +f(x)=/,and lim f(x)=1[, wecall [, and [, respectively, the right- and left-hand limits of f
X=X, X=X _

at x, and denote them by f(x, +) or f(x, + 0) and f(x, —) or f(x, — 0). The €, & definitions of limit of f(x) as
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X = X, + or x = x,— are the same as those for x — x,, except for the fact that values of x are restricted to x >
X, OF X < X, respectively.
We have lim f(x)=/ifand only if lim f(x)= lim fs(x)=1
+ X=X,

X=X, X=X,

Theorems on Limits

If lim f(x)=Aand lim g(x)= B, then
X=X,

X=X,

1. lim (f(x)+gx)= lim f(x)+ lim g(x)=A+B

XX,

2. lim (f(x)-g)= lim f(x)— lim gx)=A-B

3. lim (f(x)g(x))z[lim f(x)]( lim g(x)]:AB

X=X, X=X, X=X,

lim f(x)
4, qimdW =TT A ey
=0 g(x)  lim g(x) B

Similar results hold for right- and left-hand limits.

Infinity

It sometimes happens that as x — x,, f(x) increases or decreases without bound. In such case it is customary

to write lim f(x) =+ or lim f(x) =—%, respectively. The symbols +% (also written %) and — are read
X=X, X=X,

“plus infinity” (or “infinity””) and “minus infinity,” respectively, but it must be emphasized that they are not
numbers.

In precise language, we say that lim f(x) = 0 if for each positive number M we can find a positive
X=X,

number § (depending on M in general) such that f(x) > M whenever 0 < |x - X | < 0. Similarly, we say that

lim f(x) = - if for each positive number M we can find a positive number & such that f(x) < — M whenever
XX,
0< | X=X, | < 3. Analogous remarks apply in case x — x, + or x — x, —.
Frequently we wish to examine the behavior of a function as x increases or decreases without bound. In
such cases it is customary to write x — + % (or ®) or x — —%, respectively.

We say that lim f(x) =/, or f(x) = [ as x = +o, if for any positive number € we can find a positive
X—>+oo0

number N (depending on € in general) such that | Jx) =1 | < € whenever x > N. A similar definition can be for-

mulated for lim f(x).
X—>—oo

Special Limits

1. Lm2r lim -0

=0 x x=0 X

2. 1im(1+lj =e lim(+x0)"" =¢

X—eo
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3. lim &L=y imX =L oy
x—0 X x—l ln X
Continuity

Let f be defined for all values of x near x = x, as well as at x = x, (i.e., in a 3 neighborhood of x,). The func-

tion fis called continuous at x = x, if lim f(x) = f(x,). Note that this implies three conditions which must
X=X,

be met in order that f(x) be continuous at x = x:

1. lim f(x) = must exist.

XX,
2. f(x,) must exist; i.e., f(x) is defined at x,,.
3. I=flxy).

In summary, lim f(x) is the value suggested for fat x = x,, by the behavior of fin arbitrarily small neigh-
X=X,

borhoods of x,. If, in fact, this limit is the actual value, f(x,), of the function at x,, then f is continuous
there.

Equivalently, if fis continuous at x,,, we can write this in the suggestive form lim f(x) =f( lim x).
X=X, X=X,

X, x#2

EXAMPLES. 1. If f(x)= { then from the example on Page 45 lim f(x) = 4. But f(2) = 0.
x—2

b x:

Hence, lim f(x) # f(2) and the function is not continuous at x = 2.
x—2
2. Iff(x)=x*forall x, then lim f(x) =f(2) =4 and f(x) is continuous at x = 2.
x—2

Points where ffails to be continuous are called discontinuities of f and f'is said to be discontinuous at these
points.

In constructing a graph of a continuous function, the pencil need never leave the paper, while for a dis-
continuous function this is not true, since there is generally a jump taking place. This is, of course, merely a
characteristic property and not a definition of continuity or discontinuity.

Alternative to the preceding definition of continuity, we can define f as continuous at x = x, if for any

e > 0 we can find 6 > 0 such that | f(x0) — fxp) | < € whenever |x - X, | < 3. Note that this is simply the
definition of limit with / = f(x,) and removal of the restriction that x # x,,.

Right- and Left-Hand Continuity

If fis defined only for x > x,, the preceding definition does not apply. In such case we call f continuous (on

the right) at x = x, if lim f(x) = f(x,), i.e., if f(x, +) = f(x,). Similarly, fis continuous (on the left) at x = x,

X=X,

if lm  f(x) =f(x), i.e., f(xo —) =f(x,). Definitions in terms of € and J can be given.
X=X,

Continuity in an Interval

A function fis said to be continuous in an interval if it is continuous at all points of the interval. In particular,

if fis defined in the closed interval a < x < b or [a, b], then fis continuous in the interval if and only if lim
F(0) =f(xp) fora<xg<b, lim f(x)=f(a),and lim f(x)=f(b). N
X=X, x—b-
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Theorems on Continuity

Theorem 1 If fand g are continuous at x = x;, so also are the functions whose image values satisfy the

relations f(x)+ g(x), f(x)—g(x), f(x)g(x), and oAt ))
g(x

continuity in an interval.

the last only if g(x,) # 0. Similar results hold for

Theorem 2 Functions described as follows are continuous in every finite interval: (a) all polynomials; (b)
sin x and cos x; and (¢) a*, a > 0.

Theorem 3 Let the function f be continuous at the domain value x = x,,. Also suppose that a function g,
represented by z = g(y), is continuous at y,, where y = f (x) (i.e., the range value of f corresponding to x, is a
domain value of g). Then a new function, called a composite function, f(g), represented by z = g[f(x)], may
be created which is continuous at its domain point x = x,,. (One says that a continuous function of a continu-
ous function is continuous.)

Theorem 4 If f(x) is continuous in a closed interval, it is bounded in the interval.

Theorem 5 If f(x) is continuous at x = x, and f(x;) > 0 [or f(x,) < 0], there exists an interval about x = x
in which f(x) > 0 [or f(x) < 0].

Theorem 6 If a function f(x) is continuous in an interval and either strictly increasing or strictly decreasing,
the inverse function f ~!(x) is single-valued, continuous, and either strictly increasing or strictly decreasing.

Theorem 7 If f(x) is continuous in [a, b] and if f(a) = A and f(b) = B, then corresponding to any number
C between A and B there exists at least one number c in [a, b] such that f(¢) = C. This is sometimes called
the intermediate value theorem.

Theorem 8 If f(x) is continuous in [a, b] and if f(a) and f(b) have opposite signs, there is at least one
number ¢ for which f(c) = 0 where a < ¢ < b. This is related to Theorem 7.

Theorem 9 If f(x) is continuous in a closed interval, then f(x) has a maximum value M for at least one
value of x in the interval and a minimum value m for at least one value of x in the interval. Furthermore, f(x)
assumes all values between m and M for one or more values of x in the interval.

Theorem 10 If f(x) is continuous in a closed interval and if M and m are, respectively, the least upper
bound (l.u.b.) and greatest lower bound (g.1.b.) of f(x), there exists at least one value of x in the interval for
which f(x) = M or f(x) = m. This is related to Theorem 9.

Piecewise Continuity

A function is called piecewise continuous in an interval a < x < b if the interval can be subdivided into a finite

number of intervals in each of which the function is continuous and has finite right- and left-hand limits. Such
a function has only a finite number of discontinuities. An example of a function which is piecewise continuous
ina < x < b1is shown graphically in Figure 3.4. This function has discontinuities at x;, x,, x5, and x,,.

- e

|

Figure 3.4
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Uniform Continuity

Let f be continuous in an interval. Then, by definition, at each point x, of the interval and for any € > 0, we
can find & > 0 (which will in general depend on both € and the particular point x,) such that | Jx) = fixy) | <
€ whenever |x— Xo | <&.1f we can find & for each € which holds for all points of the interval (i.e., if & depends

only on € and not on x,), we say that f'is uniformly continuous in the interval.
Alternatively, fis uniformly continuous in an interval if for any € > 0 we can find & > 0 such that | Jix)

—flx,) | < e whenever x| — X, | <& where x, and x, are any two points in the interval.

Theorem If fis continuous in a closed interval, it is uniformly continuous in the interval.

Functions

3.1.

3.2,

SOLVED PROBLEMS

Let f(x) = (x—2) (8 — x) for 2 <x< 8. (a) Find f(6) and f(~ 1). (b) What is the domain of definition of
f(x)? (c) Find f(1 - 2¢) and give the domain of definition. (d) Find f[ f(3)], f[.f(5)]. (¢) Graph f(x).

(@)

(b)
()

(d)

(e

X

fx) 0 5 8 9 8 5 0 275 275

(2.5, 2.75), (7.5, 2.75). These points are only a few of the infi- 7
nitely many points on the required graph shown in the adjoining
Figure 3.5. This set of points defines a curve which is part of a

f(6)=(6-2)(8-6)=4-2=8
f(= 1) is not defined since f(x) is defined only for2 < x < 8.

The set of all x such that2 < x < 8.

S =20 = {(1 =20) =2} {8 = (1 - 20} =~ (1 + 20) (7 + 21) where  is such that 2 < 1-2r < 8:ie.,

=72 <t<-1/72. ;

- - x)
fB)=GB-2)B8-3)=5f1fB]=f5=6-)@8-5) =9. -
f(5) =9 so that f[ A5)] =f(9) is not defined. 8
The following table shows f{x) for various values of x. t—,j

2 3 4 5 6 7 8 25 75

Plot points (2, 0), (3, 5), (4, 8), (5, 9), (6, 8), (7,5), (8,0), 27

parabola.

T

T T T T T 11 x
2 4 6 8

Figure 3.5

Let g(x) = (x—2) (8 — x) for 2 < x < 8. (a) Discuss the difference between the graph of g(x) and that of f(x) in
Problem 3.1. (b) What are the l.u.b. and g.1.b. of g(x)? (c) Does g(x) attain its l.u.b. and g.L.b. for any value of
x in the domain of definition? (d) Answer parts (b) and (c) for the function f(x) of Problem 3.1.

(a)

(b)
(©

(d)

The graph of g(x) is the same as that in Problem 3.1 except that the two points (2, 0) and 8, 0) are missing,

since g(x) is not defined at x =2 and x = 8.

The lL.u.b. of g(x) is 9. The g.L.b. of g(x) is 0.

The l.u.b. of g(x) is attained for the value of x = 5. The g.1.b. of g(x) is not attained, since there is no value

of x in the domain of definition such that g(x) = 0.

As in (b), the Lu.b. of f(x) is 9 and the g.Lb. of f(x) is 0. The l.u.b. of f(x) is attained for the value x = 5

and the g.1.b. of f(x) is attained at x =2 and x = 8.

Note that a function, such as f(x), which is continuous in a closed interval attains its l.u.b. and g.Lb. at
some point of the interval. However, a function, such as g(x), which is not continuous in a closed interval need
not attain its L.u.b. and g.1.b. See Problem 3.34.



3.3.

34.

3.5.

CHAPTER 3 Functions, Limits, and Continuity

Let

1, if x is a rational number

f(x)={

0, if x is an irrational number

2
(a) Find f (—),f(— 5), f(1.41423), f( \/E ). (b) Construct a graph of f(x) and explain why it is misleading by
itself.

2
@ f (Ej

f(=5) = 1 since -5 is a rational number

2
=1 since g is a rational number

f(1.41423) =1 since 1.41423 is a rational number

(2

(b) The graph is shown in Figure 3.6. Because the sets of both rational 1
numbers and irrational numbers are dense, the visual impression is
that there are two images corresponding to each domain value. In ac-
tuality, each domain value has only one corresponding range value.

=0 since «/2 is an irrational number S(x)

Figure 3.6
Referring to Problem 3.1: (a) Draw the graph with axes interchanged,
thus illustrating the two possible choices available for definition of £~!. (b) Solve for x in terms of y to
determine the equations describing the two branches, and then interchange the variables.

(a) The graph of y = f(x) is shown in Figure 3.5 of Problem 3.1(a). By interchanging the axes (and the vari-
ables), we obtain the graphical form of Figure 3.7. This figure illustrates that there are two values of y
corresponding to each value of x, and, hence, two branches. Either may be employed to define f .

(b) We have y = (x — 2)(8 —x) or x> — 10x + 16 + y = 0. The solution of this quadratic equation is

y="'
x=5% 49—y s 44
After interchanging variables
y=5%49—x o] d
In Figure 3.7, AP represents y = 5 + /9 — x , and BP designates 15
y=5-4/9 — x . Either branch may represent f .

Note: The point at which the two branches meet is called a branch
point.

I L L L L

T
2 4 6 &

Figure 3.7

(a) Prove that g(x) =5 + /9 — x is strictly decreasing in 0 < x < 9. (b) Is it monotonic decreasing in this
interval? (c) Does g(x) have a single-valued inverse?

(a) g(x) is strictly decreasing if g(x;) > g(x,) whenever x; < x,. If x; <x,, the 9 —x; > 9 —x,, \/9—x; >

JI—xy ,and 5+ |9 —x; >5+ /9 —x,, showing that g(x) is strictly decreasing.

(b) Yes, any strictly decreasing function is also monotonic decreasing, since if g(x;) > g(x,) it is also true that
g(x,) > g(x,). However, if g(x) is monotonic decreasing, it is not necessarily strictly decreasing.

() Ify=5+ 9—x,theny-5=4/9—x or, squaring, x =— 16 + 10y - y* = (y = 2) (§ —y) and x is a

single-valued function of y; i.e., the inverse function is single-valued.

In general, any strictly decreasing (or increasing) function has a single-valued inverse (see Theorem 6,
Page 52).
The results of this problem can be interpreted graphically using Figure 3.7.
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3.6.

3.7.

Construct graphs for the following functions:

@ f(x)= {O,

xsinl/x, x>0

(b) f(x) = [x] = greatest integer < x

(a) The required graph is shown in Figure 3.8. Since | x sin 1/x]| < | x

, the graph is included between y =

x and y = —x. Note that f(x) =0 when sin 1/x=0orl/x=,mn,m=1,2,3,4, ..., 1ie., where x = 1/rn, 1/27,
1/3m, . . . The curve oscillates infinitely often between x = 1/n and x = 0.

(b) The required graph is shown in Figure 3.9. If 1 < x <2, then [x] = 1. Thus, [1.8] = I, [V2] = 1,

[1.99999] = 1. However, [2] = 2. Similarly, for 2 < x <3, [x] =2, etc. Thus, there are jumps at the integers.

The function is sometimes called the staircase function or step function.

(a) Construct the graph of f(x) = tan x. (b) Construct the graph of some of the infinite number of branches
available for a definition of tan™! x. (c) Show graphically why the relationship of x to y is multivalued. (d)
Indicate possible principal values for tan™! x. (e) Using your choice, evaluate tan™!(— 1).

fix) .

n 127 / I/ )
X

Figure 3.8

(a) The graph of f(x) = tan x appears in Figure 3.10.

y=f(x)=tanx

= =a2

Figure 3.10

Six) ] P

Figure 3.9

7 Nx)=tan"x

Figure 3.11

(b) The required graph is obtained by interchanging the x and y axes in the graph of (a). The result, with axes

oriented as usual, appears in Figure 3.11.

(c) In Figure 3.11, any vertical line meets the graph in infinitely many points. Thus, the relation of y to x is
multivalued and infinitely many branches are available for the purpose of defining tan™ x.

(d) To define tan™" x as a single-valued function, it is clear from the graph that we can do so only by restrict-
ing its value to any of the following: —7/2 < tan™ x < 7/2, /2 < tan™! x < 37/2, etc. We agree to take the

first as defining the principal value.

Note that no matter which branch is used to define tan™! x, the resulting function is strictly increasing.
(e) tan"'(—1) = —m/4 is the only value lying between —m/2 and 7t/2; i.e., it is the principal value according to

our choice in (d).
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\/;+1

3.8. Show that f(x) =
x+1

\/;+1

If y= T then (x + )y —1= Jx or, squaring, (x + 1)%* — 2(x + 1)y + 1 —x =0, a polynomial equa-
X+

, x #—1, describes an irrational algebraic function.

tion in y whose coefficients are polynomials in x. Thus, f(x) is an algebraic function. However, it is not the
quotient of two polynomials, so that it is an irrational algebraic function.

1
3.9. If f(x) =coshx = E (¢ + ™), prove that we can choose, as the principal value of the inverse function,

cosh™ x =In(x + \lxz -1),x>1

1
Ify= 5 (€ + ™), e —2ye* + 1 =0. Then, using the quadratic formula, e* =

Thus,len(yi\[yz—l).
+4/y° -1 1
Since y—+/y> =1 =(y—+/y* =1) YINY = we can also write x =+ In(y + \/yz—l)
D
or cosh™ y =+ In(y + \[yz -1).

Choosing the + sign as defining the principal value and replacing y by x, we have cosh™! x = In(x +

DEWI A P

2

< y2 —1). The choice x > 1 is made so that the inverse function is real.
Limits

X2, x#2 .
, prove that lim f(x) =4.

0, X = x—2

310.  If(a)f(x)=x*and (b) f(x)= {

(a) We must show that, given any € > 0, we can find 8 > 0 (depending on € in general) such that |x2 -4 | <e
when 0 < |x-2| <.
Choose & < 1 so that 0 < |x—2| <lorl<x<3,x# 2.Then |x2—4| = |(x—2)(x+2)| = |x—2|
|x+2| <5|x+2| < 59.
Take & as 1 or €/5, whichever is smaller. Then we have |x2 -4 | < € whenever 0 < |x -2 | < 9, and the
required result is proved.
It is of interest to consider some numerical values. If, for example, we wish to make |x2 -4 | < .05,
we can choose & = €/5 = .05/5 = .01. To see that this is actually the case, note that if 0 < |x -2 | < .01,
then 1.99 <x < 2.01 (x # 2), and s0 3.9601 < x> < 4.0401, —.0399 < x* — 4 < .0401, and certainly [2—4]

< .05 (x* # 4). The fact that these inequalities also happen to hold at x = 2 is merely coincidental.
If we wish to make |x2 -4 | < 6, we can choose & = 1, and this will be satisfied.

(b) There is no difference between the proof for this case and the proof in (a), since in both cases we exclude
x=2.

o 2xt—6x X7+
3.11. Prove that lim il X+ 3 =
x—1 x_l

-8.

2xt —6x +x7+3
We must show that for any € > 0 we can find & > 0 such thatI al oy

—(—8)| <& when 0 <
x—1

2x* —6x° +x7 +3 B 2x* —4x* =3x=-3)(x-1)
x—1 x—1
on cancelling the common factor x — 1 # 0.

=2x"—4x*-3x-3

| x—1| <8. Since x # 1, we can write
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3.12.

3.13.

3.14.

Then we must show that for any € > 0, we can find 8 > 0 such that |2x® — 4x2 3x + 5| <€ when 0 <
|x— 1 | < 8. Choosing & < 1,wehave 0 <x<2,x # 1.

Now |26 -4 -3x+5| = [x—1 | |22 -2x=5] <8]22-2x-5| <&( 22| + [2x|+5) <8 +4+5)
8 = 178. Taking § as the smaller of 1 and €/17, the required result follows.

[x—=31 -
Let f(x)= x_3 5 )
0, x=3

(a) Graph the function. (b) Find lim, ;,, (c) Find lim f(x). (d) Find lim f(x).
x—3+ x—3

(a) Forx>3,|x_3|= x=3 =1.
x-3 x-3
Forx>3,|x_3l=ﬂ=l.
x=3 x=3 )
Then the graph, shown in Figure 3.12, consists of the S(x)
lines y =1, x> 3; y=-1, x < 3; and the point (3, 0).
(b) Asx — 3 from the right, f(x) — 1;i.e., lim f(x)=1, t
x—=3+ 1
as seems clear from the graph. To prove this we must l
show that given any € > 0, we can find 8 > 0 such that ¥ 20) *
| #(x) = 1| < € whenever 0 <x— 1 <. | ’
Now, since x > 1, f(x) = 1 and so the proof consists in the l
triviality that | 1-1 | < ewhenever 0 <x—1<9.
(¢) Asx— 3 from the left, f(x) > — 1;ie., lim f(x)=—1. Figure 3.12

A proof can be formulated as in (b). x—3-

(d) Since lim f(x) # lim f(x),# lim f(x)does not exist.
x—3+ x—3— x—3

Prove that lim xsin 1/x=0.
x—0

We must show that given any € > 0, we can find & > 0 such that |xsin 1/x— 0] <€ when0< |x-0]
<d.
If0 < |x| <8, then |xsin 1/x|= |x[Isin 1/x < Ixl <8, since |sin 1/x| < 1 forall x # 0.

Making the choice = €, we see that |x sin 1/x | < e when 0 < |x | < 8, completing the proof.

Evaluate lim ———.
x>0+ ] 47

As x — 0 + we suspect that 1/x increases indefinitely, e increases indefinitely, e

1 + """ approaches 1; thus, the required limit is 2.
To prove this conjecture we must show that, given € > 0, we can find 6 > 0 such that

-1 approaches 0, and

2
—~——2|<¢ when 0<x<3d
I+e "
Now
2 |2-2-2e| 2
|1+e“”x | I+e'" | e’ +1

Since the function on the right is smaller than 1 for all x > 0, any 8 > 0 will work when e > 1. If
1/x
e +1 1 2

>— " >——1,l>In %—1 ;or0<x<;:8
€ € b € In(2/¢e —-1)

0<e <1,then%<s when
e’ +1
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3.15.  Explain exactly what is meant by the statement lim

7 =°° and prove the validity of this statement.
=l (x=1)

The statement means that for each positive number M, we can find a positive number & (depending on M

in general) such that

;4>4 when O<lx-11<d
(x-1)
To prove this, note that >Mwhen0<(x—1)4<i0r0< |x—1| < —1 .
’ (x-D? M ImM

Choosing & =1/ \/4 M , the required results follows.

. sin®
3.16. Present a geometric proof that lim =1.
650 0

Construct a circle with center at O and radius OA = OD = 1, as in Figure 3.13. Choose point B on OA
extended and point C on OD so that lines BD and AC are perpendicular to OD.
It is geometrically evident that

Area of triangle OAC < Area of sector OAD < Area of triangle OBD

that is,

lsinecose< l6< l tan 6
| 2 2 2
Dividing by E sin 0,

. < 1
sin®  cosO

cosO <

or .
sin© 1
<

0 cosO
sin©

As 0 — 0, cos 0 — 1, and it follows that im——=1.
60 0

cosO <

tan ¢

Figure 3.13

Theorems on limits

3.17. If lim f(x) exists, prove that it must be unique.
X=X,

We must show thatif lim f(x)=1/ and lim f(x) =1, then!l, =1,.
XX, XX,

By hypothesis, given any € > 0 we can find 8 > 0 such that

lro -1, ] <er2 when 0<|x-x]<5

lfo) - 1,] <er2 when 0< |x—x,| <5



CHAPTER 3 Functions, Limits, and Continuity

Then by the absolute value property 2 on Page 4,
-6l =1 -fo+f@ -5 < [h-f@l+ [f0-Ll<er+en=e

-1 | is less than any positive number € (however small) and so must be zero. Thus, /, = [,.

i.e.,

3.18. If lim g(x)=B # 0, prove that there exists & > 0 such that

X=X,
|g(x)|>%|B| for O<|x—x0|<8

Since lim g(x) = B, we can find & > 0 such that |g(x)—B| <% |B| for 0 < |x—x0| <d.

X=X,

Writing B = B — g(x) + g(x), we have

1
1Bl < [B-gw ]+ [gwl <3 | Bl +] gl

ie., |B| <%|B| +| g, from which | g(x)| >%|B|.

3.19. Given lim f(x)=Aand lim g(x)=B, prove (a) lim [f(x)+gx)]=A+B,(b) lim f(x)g(x)=AB,

X=X, X=X, X=X, X=X,
(c) limL=lifB¢O, and (d) limM=éifB¢0.
-x o(x) B —x o(x) B

(a) We must show that for any € > 0 we can find 8 > 0 such that
[f(x)+gx)]-(A+B)|<e  when  0<|x—x)]|<d
Using absolute value property 2, Page 4, we have
[F) + g1 - @+ B)| = [[f0) - A1+ [gw) - BI| < |fe-al + g0 - Bl ¢h)
By hypothesis, given € > 0 we can find 3, > 0 and 8 , > 0 such that
lfo -Al <en2 when 0< |x—x,| <3, )

| g(x) - B| <er2 when 0< lx-xl <3, 3)

Then, from Equations (1), (2), and (3),
|[f(x)+g(x)]—(A+B)|<e/2+e/2=e when 0<|x—xo|<8

where & is chosen as the smaller of 8, and §,.
(b) We have

| f)g00 - AB| = | f(0)lg(x) - B] + Blf(x) - Al 4)

| le -8l + Bl [fx)-Al

IIA

lfeo | g - Bl + (1Bl + 1) [ f(x) - Al

IIA

Since lim f(x) = A, we can find 8, such that |f(x) —A| < 1for0< [x—x,| <8, ie, A—1<f(x)<A

X=X,

+ 1, so that f(x) is bounded, i.e., | f(x) | < P where P is a positive constant.

Since lim g(x) = B, given € > 0, we can find 8, > 0 such that | gx)-B | <e2Pfor0< |x - X | <9,

X=X,
. €
Since lim f(x)=A, given € >0, we can find 8; > O such that | f(x)—A|<———— forO<lx—x)l < d,.
X=X, 2(1B1+1)

Using these in Equation (4), we have
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€
|f(x)g(x)—AB|<P§+(|B|+l)m—£

for0< |x - X | <&, where & is the smaller of d,, 8, 9,, 85, and the proof is complete.

(c) We must show that for any € > 0 we can find 8 > 0 such that

| 1 1| _lgw-BI_
le(x) B| IBlgx)l

By hypothesis, given € > 0, we can find §, > 0 such that

€ when O<lx—x,1<d 5)

|g(x)—B|<%Bze when O<|x—x0|<81

By Problem 3.18, since lim g(x) =B # 0, we can find J, > 0 such that
x—0

1

|g(x)|>5 |B| when 0<|)c—x0|<82

Then, if & is the smaller of §, and J,, we can write
1 1 -B 1B%

L _Ts-Bl 5 e
g(x) B| IBlig(x)l |BI-;IBI
and the required result is proved.
(d) From parts (b) and (c),

tim 29~ fim £(x)-

1 . 1
X=X g(x) X=X g(x) X=X X=X g(x) B

whenever 0O<lx—x,1<d

This can also be proved directly (see Problem 3.69).

These results can also be proved in the cases x — xy+, x = X, —, X — %, x — —©.

Note: In the proof of (a) we have used the results | fx)—A | < €/2 and | gx)-B | < €/2, so that the final result
would come out to be | fx)+gx)—(A+B) | < €. Of course, the proof would be just as valid if we had used 2e (or
any other positive multiple of €) in place of €. A similar remark holds for the proofs of (), (c), and (d).

3.20. Evaluate each of the following, using theorems on limits.
(@) lxiirg(x2 —6x+4) = %{11)1% X+ %{11)1% (—6x)+ lxlir% 4
= (lxilr% x)(lxiir% x)+ (EE_ 6)(1}12 x)+ Llirzl 4
=22 +(-0)2)+4=—4

In practice, the intermediate steps are omitted.

i @F3@x=D  IOHI I 2.-3) 3

(b)

>l x? 43x -2 liml(x2+3x—2) —4 2
3 01
2——+—
2 4 _ 2 1 P 4
© hm# —lim X x"
x> 6xt +x° =3x o e 3
x x

lim2+lim_—3+limi4
_xoe x—oe0 D X0

_2
6

1
lim 6+ lim 1 +lim > 3

X—>o0 X x X—eo -~
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by Problem 3.19.

Jad+h-2 o Nath-2 Jarh+2

() LmX2rT2 -
h—0 h h—0 h [4+h+2
PPN s, SRS NGRS U S
0 p(NA+h+2 0J4+h+2 242 4
@ 1im 22X — fim 2y = 1im 2 im Jx =10 =0.
x>0+ \/; x>0+ X x—>0- X x>0+

Note that in (c), (d), and (e) if we use the theorems on limits indiscriminately we obtain the so-called
indeterminate forms %2/ and 0/0. To avoid such predicaments, note that in each case the form of the limit is
suitably modified. For other methods of evaluating limits, see Chapter 4.

Continuity

(Assume that values at which continuity is to be demonstrated are interior domain values unless otherwise
stated.)

3.21.  Prove that f(x) = x? is continuous at x = 2.

Method 1: By Problem 3.10, lim f(x) =/(2) =4 and so f(x) is continuous at x = 2.
x—2

Method 2: We must show that, given any € > 0, we can find 8 > 0 (depending on €) such that | Jx)—f(2) |
= |x2 -4 | < € when |x -2 | < 3. The proof patterns are given in Problem 3.10.

xsinl/x, x#0 .
3.22. (a) Prove that f(x) = 5 is not continuous at x = 0. (b) Can we redefine f(0) so that f(x)
b x =

is continuous at x = 0?
(a) From Problem 3.13, lirr(} f(x) =0. But this limit is not equal to f(0) = 5, so f(x) is discontinuous at x = 0.

(b) By redefining f(x) so that f(0) = 0, the function becomes continuous. Because the function can be made
continuous at a point simply by redefining the function at the point, we call the point a removable discon-
tinuity.

2xt —6x +x* 43
3.23. Is the function f(x) = s al 1 a continuous at x = 1?
X—
f(1) does not exist, so f(x) is not continuous at x = 1. By redefining f(x) so that (1) = lin} f(x) =-8 (see
xX—>

Problem 3.11), it becomes continuous at x = 1; i.e., x = 1 is a removable discontinuity.

3.24. Prove that if f(xx) and g(x) are continuous at x = x,, so also are (a) f(x), + g(x), (b) f(x)g(x), and

© L5 fix )20,
g(x)

These results follow at once from the proofs given in Problem 3.19 by taking A = f(x ;) and B = g(x,)) and
rewriting 0 < |x - X, | <das |x - X | <9, i.e., including x = x,.

3.25. Prove that f(x) = x is continuous at any point x = x;,.
We must show that, given any € > 0, we can find 8 > 0 such that |f(x) —f(x) | = |x- x0| < € when

| x - Xo | <. By choosing 8 = €, the result follows at once.

3.26. Prove that f(x) = 2x* + x is continuous at any point x = x,,.



3.27.

3.28.
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Since x is continuous at any point x = x, (Problem 3.25), so also is x - x = x%, x> - x = x°, 2x°, and, finally,

2x* + x, using the theorem (Problem 3.24) that sums and products of continuous functions are continuous.

Prove that if f(x) =+/x —5 for5 < x < 9, then f(x) is continuous in this interval.
If x, is any point such that 5 < x, <9, then lim f(x) = lim /x—=5 =[xy =5 = f(xy). Also,

X=X, X=X,
lim Jx—=5=0=f(5)and lim \/x—5=2 f(9). Thus the result follows.
x—5+ x—9—
Here we have used the result that lim \/ fx) = \/ lim f(x)= \/ f(xp) if f(x) is continuous at x,. An
X=X, X=X,

€, & proof, directly from the definition, can also be employed.

For what values of x in the domain of definition is each of the following functions continuous?

(@ f(x)=

x> =1
(b) f(x)=1tcosx
3+sinx
1
© fx)=

@ fe=10"1032
—1(x=3)?
© f(x):{lo . x#3
R x=3

x—lxl

) fx)=

x—lxl
@ fx)= X
2, x=0

, x<0

(h) f(x)=xcscx= s .

sSin x

(i) f(x)=xcscx, f(0)=1.

(a) All x except- x =t 1(where the denominator is zero)
(b) Allx

() Allx>-10

(d) All x # 3 (see Problem 3.55)

(e) All x, since 1}£r31 fx) =13

xX+x

M x>0, f)=2"2=0. Ifx<0, f(x) = =2. Atx =0, f(x) is undefined. Then f(x) is con-
X

tinuous for all x except x = 0.

(g) Asin (f), f(x) is continuous for x < 0. Then, since
tim 22 i 2P i 2 =2 = £(0)

x—=0- X x—0-  x x—=0-

it follows that f(x) is continuous (from the left) at x = 0.
Thus, f(x) is continuous for all x < 0, i.e., everywhere in its domain of definition.
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(h) All x except 0,=m,t2r,+3m, ...

(i) Since limxcscx =lim—
x—=0 x=0 81N X

+3m, . . . [compare (h)].

=1= f(0), we see that f(x) is continuous for all x except +m, +2m,

Uniform continuity
3.29.  Prove that f(x) = x* is uniformly continuous in 0 < x < 1.

Method 1:  Using definition.

We must show that, given any € > 0, we can find & > 0 such that |x2 - x% | < € when |x - Xy | < 0, where
& depends only on € and not on x, where 0 < x, < 1.

If x and x, are any points in 0 < x < 1, then

|x2—x(2)| = |x+x0| |x—x0| <2|x—x0|
Thus, if |x—x,| <8, it follows that | x> —x*, | <28. Choosing & = €/2, we see that | x* —x2| < e when |x —x, |

< 8, where 8 depends only on € and not on x, Hence, f(x) = x* is uniformly continuous in 0 < x < 1.
This can be used to prove that f(x) = x? is uniformly continuous in 0 < x < 1.

Method 2: The function f(x) = x? is continuous in the closed interval 0 < x < 1. Hence, by the theorem on
Page 48, it is uniformly continuous in0 < x < l and thusinO<x< 1.

3.30. Prove that f(x) = 1/x is not uniformly continuous in 0 < x < 1.

Method 1: Suppose f(x) is uniformly continuous in the given interval. Then, for any € > 0 we should be able
to find J, say, between 0 and 1, such that | Jx) = f(x,) | < e when |x - X | < d for all x and x, in the interval.

Let x=0 and x, =i. Then |x - x,| =[0 _S = §5<s.
1+¢ I+e| 1+4¢
+
However, LB :‘1—1—8 =E>8 (since 0 <d < 1).
x x| |6 O 5

Thus, we have a contradiction, and it follows that f(x) = 1/x cannot be uniformly continuous in 0 <x < 1.
Method 2: Let x, and x,, + & be any two points in (0, 1). Then,
I
X, Xx,+90 | x,(x, +0)

I f(x)—f(x,+0 1=

can be made larger than any positive number by choosing x, sufficiently close to 0. Hence, the function cannot
be uniformly continuous.

Miscellaneous problems
3.31. If y = f(x) is continuous at x = x,, and z = g(y) is continuous at y =y, where y, = f(x,), prove that z = g{f(x)}
is continuous at x = x;,
Let h(x) = g{f(x)}. Since, by hypothesis, f(x) and g(y) are continuous at x, and y,, respectively, we have
lim £(x) = f(lim x) = f(x,)

gglvl gly)= g(}im ) =g(y,) = glf(xy)}

Then
lim h(x) = lim g{£(x)} = gllim f(0)} = g{f(x,)} = h(x,)

which proves that 4(x) = g{f(x)} is continuous at x = x,,.



3.32.

3.33.

3.34.
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Prove Theorem 8§, Page 52.

Suppose that f(a) < 0 and f(b) > 0. Since f(x) is continuous, there must be an interval (a, a + h), h > 0, for
which f(x) < 0. The set of points (a, a + i) has an upper bound and so has a least upper bound, which we call
c. Then f(c¢) < 0. Now we cannot have f(c) < 0, because if f(c) were negative we would be able to find an
interval about ¢ (including values greater than c) for which f(x) < O; but since c is the least upper bound, this
is impossible, and so we must have f(c) = 0 as required.

If f(a) > 0 and f(b) < 0, a similar argument can be used.

(a) Given f(x) = 22> — 3x + 7x — 10, evaluate f(1) and f(2). (b) Prove that f(x) = O for some real number x
such that 1 < x < 2. (¢c) Show how to calculate the value of x in (b).

(@ f()=201P°=3(1)*+7(1)-10=—-4,£(2) =22)° - 3(2)* + 7(2) - 10 = 8.

(b) If f(x) is continuous in a <x< b and if f(a) and f(b) have opposite signs, then there is a value of x be-
tween a and b such that f(x) = 0 (Problem 3.32).

To apply this theorem, we need only realize that the given polynomial is continuous in 1 < x < 2, since we have
already shown in (@) that f(1) < 0 and f(2) > 0. Thus, there exists a number ¢ between 1 and 2 such that f(c) = 0.
(c) f(1.5) =2(1.5)> = 3(1.5)* + 7(1.5) — 10 = 0.5. Then, applying the theorem of (bh) again, we see that
the required root lies between 1 and 1.5 and is “most likely” closer to 1.5 than to 1, since f(1.5) =
0.5 has a value closer to O than f(1) = —4 (this is not always a valid conclusion but is worth pursuing
in practice).

Thus, we consider x = 1.4. Since f(1.4) = 2(1.4)* — 3(1.4)> + 7(1.4) — 10 = —0.592, we conclude that there
is a root between 1.4 and 1.5 which is most likely closer to 1.5 than to 1.4.
Continuing in this manner, we find that the root is 1.46 to 2 decimal places.

Prove Theorem 10, Page 52.

Given any € > 0, we can find x such that M — f(x) < € by definition of the L.u.b. M.

1
——— > —, so that ————— 1is not bounded and, hence, cannot be continuous in view of
M- f(x) e M — f(x)

Theorem 4, Page 52. However, if we suppose that f(x) # M, then, since M — f(x) is continuous, by hypothesis

Then

1 . . . ..
we must have M—f() also continuous. In view of this contradiction, we must have f(x) = M for at least
—f(x

one value of x in the interval.
Similarly, we can show that there exists an x in the interval such that f(x) = m (Problem 3.93).

SUPPLEMENTARY PROBLEMS

Functions

3.35.

3.36.

Give the largest domain of definition for which each of the following rules of correspondence supports the
the construction of a function.

@ {J3—x)R2x+4) (b)) x-2/x*-4) (c) +fsin3x (d)log,o(x* —3x* —4x + 12)

Ans.(@)-2 < x < 3(b)allx # +2(c) 2mn/3 < x < @m+ D3, m=0,=1,£2,. . . (d)x>3,-2<x<2

3x+1

If f(x)= > x # 2, find:

X —
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3.37.

3.38.

3.39.

3.40.

3.41.

3.42.

3.43.

@ S5fED- 2];(0) +3/5)

0 L0-10)

2
1
(b) {f(—a} (©f(2x=3) (d)f(x) +f(4/x), x # 0

h#0 () f({ f(0)}

6x -8 5

X0, 2.2 (@) 2 x£0.2 (0 10x+1
2x-5 2 2

,h20,2 () ——, x#-5,2
x+5

61 1
Ans. (a) 2 (b) —
@ e ®55© 2h—4

If f(x) = 2x%, 0 < x < 2, find (a) the L.u.b. and (b) the g.1.b. of f(x). Determine whether f(x) attains its Lu.b.
and g.1.b.

Ans. (a) 8 (b) 0

Construct a graph for each of the following functions.

(@ fx)= |x ,—3<x<3 (03] X~ [x] where [x] = greatest integer < x
Srs X =
(b) J‘(JC)=2—M,—ESXS2 (g) f(x) = cosh x
. SAs
0, x<0
© fx)= % x=0 ) flry=02
1, x>0
‘ —X, —2§x§O . X
d fx)= x 0<x<2 (i) f<x)_(x—l)(x—2)(x—3)
22
(@) f(x)=xsin l/x,x # 0 ¢ feo="22
X

Construct graphs for (a) x¥a® + y 2/b* = 1, (b) x¥*/a* — y*Ib* = 1, (¢) y* = 2px, and (d) y = 2ax — x°, where a, b,
and p are given constants. In which cases, when solved for y, is there exactly one value of y assigned to each
value of x, thus making possible definitions of functions f and enabling us to write y = f(x)? In which cases
must branches be defined?

(a) From the graph of y = cos x, construct the graph obtained by interchanging the variables and from which
cos™! x will result by choosing an appropriate branch. Indicate possible choices of a principal value of cos™
x. Using this choice, find cos™'(1/2) — cos™ }(=1/2). Does the value of this depend on the choice? Explain.

Work parts (a) and (b) of Problem 3.40 for (a) y = sec™' x and (b) y = cot™" x.

Given the graph for y = f(x), show how to obtain the graph for y = f(ax + b), where a and b are given
constants. Illustrate the procedure by obtaining the graphs of (a) y = cos3x, (b) y = sin(5x + n/3), and
(c) y = tan(m/6 — 2x).

Construct graphs for (a) y = e 1l ,(b)y=1In |x ,and (c) y = eI sin x.



3.44.

3.45.

3.46.

3.47.

3.48.

3.49.

3.50.

Limits

3.51.
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Using the conventional principal values on Pages 45 and 46, evaluate:

(a) sin™ (—\/5 12) () sin! x + cos™ ' x, —1 <x<l
(b) tan”'(1) - tan"'(=1) (g) sin™ (cos 20,0 < x < W2
(© cot'(1//3) - cot(-1/~/3) () sin™ (cos 2x), W2 < x < 3m/2
(d) cosh™ /2 (i) tanh (csch™! 3x), x # 0

(e) €1 (25/7) (j) cos(2 tan™! x?)

Ans. (a) — /3 () m/2
(b) /2 (g) /2 - 2x
(c) -m/3 (h) 2x - 3m/2
[x]
(@ In(1 + +/2) (i) ———
x\/9x2 +1
3 1-xt
© 5 W

Evaluate (a) cos{m sinh(In 2)} and (b) cosh ™! {coth(ln 3)}.
Ans. (2) = V272 (b) In 2

(a) Prove that tan™! x + cot™! x = /2 if the conventional principal values on Pages 45 and 46 are taken. (b) Is
tan”! x + tan™" (1/x) = /2 also? Explain.

+
If f(x) = tan”" x, prove that f(x)+ f(y)= f(lx—y } discussing the case xy = 1.
Xy
Prove that tan”! @ — tan™! b = cot™ b — cot™ a.

Prove the identities: (a) 1 — tanh? x = sech? x, (b) sin 3x = 3 sin x — 4 sin® x, (c) cos 3x =4 cos® x — 3 cos x,

1 1
(d) tanh 5 x = (sinh x)/(1 + cosh x), and (e) In |csc X — cotx| =In |tan 5 X | .

Find the relative and absolute maxima and minima of (a) f(x) = (sin x)/x, f(0) = 1 and (b) f(x) = (sin® x)/x?,
f(0) = 1. Discuss the cases when f(0) is undefined or f(0) is defined but # 1.

Evaluate the following limits, first by using the definition and then by using theorems on limits.

Jx -2

(@ lim (2—3x+2) (@) Lim
x—3 x4 4 — x
4 p—
(b) lim (© lim &FH 16
x—-1 2x — 5 h—0 h
2 —
© lim > —4 f) lim x

X2 x —2 =l x 41
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3.52.

3.53.

3.54.

3.55.

3.56.

3.57.

3.58.

3.59.

3.60.

3.61.

3.62.

1 1 1
Ans.(a)2 (b)- — 4 (d)-— 32 ) —
ns. (a) (b) 7 (© (d) 4 (e ( >

3x—-1, x<0
Let f(x)=140, x=0.
2x+5, x>0
(a) Construct a graph of f(x). Evaluate (b) lim f(x), (c) lim f(x),(d) lim f(x),(e) lim f(x), and
x—2 x—-3 x—0+ x—0-

(f) lim f(x), justifying your answer in each case.
x—=0

Ans. (b) 9(c)-10 (d)5 (e)-1 (f) does not exist

, where f(x) is the function of Problem 3.52.

SO 134t iy LD =10

Evaluate (a) lim
h 0- h

—0+

Ans. (a)2(b) 3

(a) If f(x) = x? cos 1/x, evaluate lim f(x), justifying your answer. (b) Does your answer to (a) still remain
x—0

the same if we consider f(x) = x* cos 1/x, x # 0, f(0) = 2? Explain.

Prove that lim 107Y¢~32 =0, using the definition.

x—3
1+107"* 1 . . .
Let f(x)=————,x#0, f(0)=—. Evaluate (a) lim f(x),(b) lim f(x),and (c) lim f(x),
2-107"" 2 x—0+ x—0— x—0

justifying answers in all cases.

1
Ans. (a) E (b) =1 (c) does not exist.

. lxl . Ixl
Find (a) hron 2 and (b) 111})1 i. Mlustrate your answers graphically.
x>0+ x x—0- y

Ans.(a) 1 (b)-1
If f(x) is the function defined in Problem 3.56, does lim f( |x | ) exist? Explain.
x—0

Explain exactly what is meant when you write:

i : .2 2
(a) lim _=—» (b) lim (I-e"™=—= (c) lim x+5_2
=3 (x —3) x—0+ iom 3x—2 3
Prove that (a) lim 10~ =0and (b) lim —>* =0,
X0 Yo ¥ 0

Explain why (a) lim sin x does not exist and (b) lim e sin x does not exist.

X—>o0 X—>oo
3x +1xl . . . .
If f(x)=————, evaluate (a) lim f(x) (b) lim f(x), (¢) lim f(x), (d) lim f(x), and
Tx—51xl X—oo X—>—o0 x—0+ x—0—

(e) limf(x).
x—0 1 1
Ans. (a)2 (b) g (©)2 (d) g (e) does not exist



3.63.

3.64.

3.65.

3.66.

3.67.

3.68.

3.69.

3.70.

CHAPTER 3 Functions, Limits, and Continuity

If [x] = largest integer < x, evaluate (a) lim {x—[x]} and (b) lim {x-[x]}.
- x—2+ x—2—

Ans. (2) 0 and (b) 1

If lim f(x)=A, prove that (a) lim {f(x)}>=A%and (b) lim 3/f(x)= JA. What generalizations of
XX, X=X,

X=X,
these do you suspect are true? Can you prove them?

If lim f(x),=A and lim g(x), = B, prove that (a) lim {f(x)—gx)} =A-Band(b) lim {af(x)+
XX,

X=X, X=X,

bg(x)} = aA + bB, where a, b = any constants.

If the limits of f(x), g(x), and &(x) are A, B, and C respectively, prove that (a) lim {f(x) + g(x) + h(x)} =
X=X,
A+ B+ Cand(b) lim f(x)g(x)h(x) = ABC. Generalize these results.

X=X,

Evaluate each of the following using the theorems on limits.
. 2x* =1 2-3x
(a) lim -
=12 | Bx+2)(5x—-3) x —5x+3

Gx —1)(2x +3)
m--———--—7
== (5x —3)(4x +5)

© lim 3x 3 2x
xo—e | x—1  x+1

@ lim L2
=lx—1lx+3 3x+5

Ans. (a) =8/21 (b) 3/10 (¢) 1 (d) 1/32

I8+h -2
h

(b)

Evaluate lim . (Hint: Let 8 + h = x>.)
h—0

Ans. 1/12
. . . A
If lim f(x)=Aand lim g(x)=B # 0, prove directly that lim fx) =—.
X—X, XX, =% g(x) B
. in 3
Given lim SIS _ 1, evaluate:
x—0 X
. sin3x . 6x—sin2x
(@ lim —— (e) lim —————
>0y =0 2x 4+ 3 sin 4x
. 1l—cosx . COS ax —cos bx
(b) lim ——— (f) lim —————
x—0 X x—0 X
1= .o 1=-2 + 2
© lim c;)s X (@) lim cos x2 cos 2x
x—0 X x—0 X
. . 3sinmx—sin3mx
(d) lim (x-3)cscmx (h) lim 3
x—=3 1=l X

Ans.(a)3 (b)0 (c) % (d)-1/m (e) %

® % B -a’) (-1 (4
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) )c_l ) —ax __ —bx ) )r_bx
3.71. If lim ¢ =1, prove that (a) lim £ e - b—a, (b)lim a =In ﬂ, a,b>0,and
x—0 X x—0 X x—0 X b
. tanh
(c) lim anh ax =a.
x—0 X

3.72. Prove that lim f(x)=/if and only if lim f(x)=1L

XX, x>,

Continuity
In the following problems, assume the largest possible domain unless otherwise stated.

3.73. Prove that f(x) = x> — 3x + 2 is continuous at x = 4.

3.74. Prove that f(x) = 1/x is continuous (a) at x =2 and (b) in 1 <x< 3.

3.75. Investigate the continuity of each of the following functions at the indicated points:
3

@ F=S% a0 f0)=0: x=0 (o) f(x)zxz_i;x;tl f(2)=3 x=2
7

® f0 =xlxlix=0 @ f(x):{smnx, 0< x<1; i1
In 1<x<2

Ans. (a) discontinuous, (b) continuous, (c) continuous, (d) discontinuous

3.76. If [x] = greatest integer < x, investigate the continuity of f(x) = x — [x] in the interval (a) 1 <x <2 and
b1 <x<2.

3.77. Prove that f(x) = x° is continuous in every finite interval.

3.78. If f(x)/g(x) and g(x) are continuous at x = x,,, prove that f(x) must be continuous at x = x,,.

3.79. Prove that f(x) = (tan™' x)/x, f(0) = 1 is continuous at x = 0.

3.80. Prove that a polynomial is continuous in every finite interval.

3.81. If f(x) and g(x) are polynomials, prove that f(x)/g(x) is continuous at each point x = x, for which g (x,) # 0.

3.82. Give the points of discontinuity of each of the following functions.

X
(a) f(x)—m © f()=(x=3)6-x), 3<x<6
1

(b) fx)=x2sin 1/x,x # 0,£(0)=0 @ f(x)=—
1+ 2sin x
Ans. (a) x =2, 4 (b) none (c) none (d) x = 71/6 = 2mm, 117/6 + 2mn, m=0, 1,2, . ..
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Uniform continuity

3.83.

3.84.

3.85.

3.86.

Prove that f(x) = x is uniformly continuous in (a) 0 < x <2 (b) 0 < x < 2 and (c) any finite interval.

Prove that f(x) = x° is not uniformly continuous in 0 < x < <.

If a is a constant, prove that f(x) = 1/x? is (a) continuous in a < x < ® if a > 0, (b) uniformly continuous in
a <x<%ifa>0,and (c) not uniformly continuous in 0 <x < 1.

If f(x) and g(x) are uniformly continuous in the same interval, prove that (a) f(x) + g(x) and (b) f(x) g(x) are
uniformly continuous in the interval. State and prove an analogous theorem for f(x)/g(x).

Miscellaneous problems

3.87.

3.88.

3.89.

3.90.

3.91.

3.92.

3.93.

Give an “e, §” proof of the theorem of Problem 3.31.

(a) Prove that the equation tan x = x has a real positive root in each of the intervals ©/2 < x < 3m/2, 3n/2 < x
<52, Sm2 <x<Tm/2, . ..

(b) Illustrate the result in (a) graphically by constructing the graphs of y = tan x and y = x and locating their
points of intersection.

(c) Determine the value of the smallest positive root of tan x = x.

Ans. (c) 4.49 approximately

Prove that the only real solution of sin x = xis x = 0.

(a) Prove that cos x cosh x + 1 = 0 has infinitely many real roots. (b) Prove that for large values of x, the
roots approximate those of cos x = 0.

x* sin(1/x) _

Prove that lim 0.

x>0 sin x

Suppose f(x) is continuous at x = x,, and assume f(x,)) > 0. Prove that there exists an interval (x, — &, x, + h),
where h > 0, in which f(x) > 0. (See Theorem 5, page 52.) (Hint: Show that we can make | Jx) = f(x) |

< %f(xo)- Then show that f(x) > f(x) — | /)~ fGig) | > %f(xo) >0,

(a) Prove Theorem 10, Page 52, for the greatest lower bound m (see Problem 3.34). (b) Prove Theorem 9,
Page 52, and explain its relationship to Theorem 10.



CHAPTER 4

Derivatives

The Concept and Definition of a Derivative

Concepts that shape the course of mathematics are few and far between. The derivative, the fundamental
element of the differential calculus, is such a concept. That branch of mathematics called analysis, of which
advanced calculus is a part, is the end result. There were two problems that led to the discovery of the de-
rivative. The older one of defining and representing the tangent line to a curve at one of its points had con-
cerned early Greek philosophers. The other problem of representing the instantaneous velocity of an object
whose motion was not constant was much more a problem of the seventeenth century. At the end of that
century, these problems and their relationship were resolved. As is usually the case, many mathematicians
contributed, but it was Isaac Newton and Gottfried Wilhelm Leibniz who independently put together organ-
ized bodies of thought upon which others could build.

The tangent problem provides a visual interpretation of the derivative and can be brought to mind no mat-
ter what the complexity of a particular application. It leads to the definition of the derivative as the limit of
a difference quotient in the following way. (See Figure 4.1.)

Tangent line

Secant lines

Figure 4.1

Let P, (x,) be a point on the graph of y = f(x). Let P(x) be a nearby point on this same graph of the func-
tion f. Then the line through these two points is called a secant line. Its slope, m,, is the difference quotient

_f)-flx) _Ay
* X — X, Ax

ey

where Ax and Ay are called the increments in x and y, respectively. Also this slope may be written

_f(x() +h)_f(x0)
mg = 3

2

where i = x — x, = Ax. See Figure 4.2.
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T X
Xo

a Xo Xo

Figure 4.2 Figure 4.3

We can imagine a sequence of lines formed as 4 — 0. It is the limiting line of this sequence that is the natu-
ral one to be the tangent line to the graph at P,,.
To make this mode of reasoning precise, the limit (when it exists), is formed as follows:

f’(x) = lim f(x() + h) - f(x())

h—0 h

(3a)

As indicated, this limit is given the name f”(x,). It is called the derivative of the function f at its domain
value x,,. If this limit can be formed at each point of a subdomain of the domain of £, then fis said to be dif-
ferentiable on that subdomain and a new function f” has been constructed.

This limit concept was not understood until the middle of the nineteenth century. A simple example il-
lustrates the conceptual problem that faced mathematicians from 1700 until that time. Let the graph of f'be
the parabola y = x?; then a little algebraic manipulation yields

2x,h+
m =———
‘ h

Newton, Leibniz, and their contemporaries simply let 2 = 0 and said that 2x,, was the slope of the tangent line

=2x,+h (3b)

at P,. However, this raises the ghost of a % form in the middle term. True understanding of the calculus is in the

comprehension of how the introduction of something new (the derivative, i.e., the limit of a difference quotient)
resolves this dilemma.

Note 1: The creation of new functions from difference quotients is not limited to f”. If, starting with f”,
the limit of the difference quotient exists, then f” may be constructed, and so on.

Note 2: Since the continuity of a function is such a strong property, one might think that differentiability
followed. This is not necessarily true, as is illustrated in Figure 4.3.

The following theorem puts the matter in proper perspective.

Theorem: If fis differentiable at a domain value, then it is continuous at that value.
As indicated, the converse of this theorem is not true.

Right- and Left-Hand Derivatives

The status of the derivative at endpoints of the domain of f, and in other special circumstances, is clarified
by the following definitions.
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The right-hand derivative of f(x) at x = x, is defined as
f:(x()) = lim f(-x() + h) - f(x())

h—0+ h

&)

if this limit exists. Note that in this case h(= Ax) is restricted only to positive values as it approaches zero.
Similarly, the left-hand derivative of f(x) at x = x,, is defined as

f/(x ): llm f(x() +h)_f(xo)

h—0— h

(6)

if this limit exists. In this case / is restricted to negative values as it approaches zero.
A function f'has a derivative at x = x, if and only if £/ (x,) = f(x)-

Differentiability in an Interval

If a function has a derivative at all points of an interval, it is said to be differentiable in the interval. In par-
ticular, if fis defined in the closed interval a <x< b—i.e. [a, b]—then f'is differentiable in the interval if

and only if f’(x,) exists for each x, such that a < x, < b and if both f’(a) and f” (b) exist.
If a function has a continuous derivative, it is sometimes called continuously differentiable.

Piecewise Differentiability

A function is called piecewise differentiable or piecewise smooth in an interval a < x < bif f’(x) is piecewise

continuous. An example of a piecewise continuous function is shown graphically on Page 47.
An equation for the tangent line to the curve y = f(x) at the point where x = x,, is given by

y =f(xo) =" (xp)(x — Xo) (7

The fact that a function can be continuous at a point and yet not be differentiable there is shown graphi-
cally in Figure 4.3. In this case there are two tangent lines at P, represented by PM and PN. PN. The slopes
of these tangent lines are f’(x,) and f ] (x,), respectively.

Differentials

Let Ax = dx be an increment given to x. Then

Ay = f(x + Ax) - f(x) ®)

is called the increment in y = f (x). If f (x) is continuous and has a continuous first derivative in an interval,
then

Ay =f'(x) Ax + eAx = f'(x)dx + dx 9)
where € — 0 as Ax — 0. The expression
dy =f’(x)dx (10)

is called the differential of y or f(x) or the principal part of Ay. Note that Ay # dy, in general. However, if
Ax = dx is small, then dy is a close approximation of Ay (see Problem 4.11). The quantities dx (called the
differential of x) and dy need not be small.

Because of the definitions given by Equations (8) and (10), we often write

fEHAN-f() _ Ay
Ax A—-0 A x

d , .
d_z:f(x)zggno an
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It is emphasized that dx and dy are not the limits of Ax and Ay as A x — 0, since these limits are zero, whereas
dx and dy are not necessarily zero. Instead, given dx, we determine dy from Equation (10); i.e., dy is a de-
pendent variable determined from the independent variable dx for a given x.

Geometrically, dy is represented in Figure 4.1, for the particular value x = x, by the line segment SR,
whereas Ay is represented by OR.

The geometric interpretation of the derivative as the slope of the tangent line to a curve at one of its points
is fundamental to its application. Also of importance is its use as representative of instantaneous velocity in
the construction of physical models. In particular, this physical viewpoint may be used to introduce the notion
of differentials.

Newton’s second and first laws of motion imply that the path of an object is determined by the forces
acting on it and that, if those forces suddenly disappear, the object takes on the tangential direction of the
path at the point of release. Thus, the nature of the path in a small neighborhood of the point of release be-
comes of interest. With this thought in mind, consider the following idea.

Suppose the graph of a function fis represented by y = f(x). Let x = x, be a domain value at which f” exists
(i.e., the function is differentiable at that value). Construct a new linear function

dy = f"(xo) dx

with dx as the (independent) domain variable and dy the range variable generated by this rule. This linear
function has the graphical interpretation illustrated in Figure 4.4.

.1‘

Dl = £ de

dx

r=fx)

0(0,0)

Figure 4.4

That is, a coordinate system may be constructed with its origin at P, and the dx- and dy-axes parallel to
the x- and y-axes, respectively. In this system our linear equation is the equation of the tangent line to the
graph at P,,. It is representative of the path in a small neighborhood of the point, and if the path is that of an
object, the linear equation represents its new path when all forces are released.

dx and dy are called differentials of x and y, respectively. Because the preceding linear equation is valid
at every point in the domain of fat which the function has a derivative, the subscript may be dropped and we
can write

dy =f'(x) dx
The following important observations should be made. & = f'(x) = lim Jx+ A0 = f0 lim ﬁ,
dx Ax—0 Ax Ax—=0 A x
thus ﬂis not the same thing as ﬂ
dx Ax

On the other hand, dy and Ay are related. In particular, AlimO % = f’(x) means that for any € > 0O there
x> x

exists & > 0 such that —¢ < % - ? < ¢ whenever |Ax| < 8. Now dx is an independent variable and the
X X

axes of x and dx are parallel; therefore, dx may be chosen equal to Ax. With this choice,

—eAx <Ay —dy < eAx
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or
dy —eAx < Ay <dy + eAx

From this relation we see that dy is an approximation to Ay in small neighborhoods of x, dy is called the
principal part of Ay.

The representation of f” by % has an algebraic suggestiveness that is very appealing and appears in much
X

of what follows. In fact, this notation was introduced by Leibniz (without the justification provided by knowl-
edge of the limit idea) and was the primary reason his approach to the calculus, rather than Newton’s, was
followed.

The Differentiation of Composite Functions

Many functions are a composition of simpler ones. For example, if fand g have the rules of correspondence u
= x> and y = sin u, respectively, then y = sin x> is the rule for a composite function F = g(f). The domain of F
is that subset of the domain of F' whose corresponding range values are in the domain of g. The rule of com-

posite function differentiation is called the chain rule and is represented by ? =& ﬂ[F "(x)=g' (W) f'(x)).
X

In the example, du dx
ﬂ _ d(sin x*)
dx  dx

The importance of the chain rule cannot be too greatly stressed. Its proper application is essential in the
differentiation of functions, and it plays a fundamental role in changing the variable of integration, as well
as in changing variables in mathematical models involving differential equations.

=cos x’(3x*dx)

Implicit Differentiation

The rule of correspondence for a function may not be explicit. For example, the rule y = f(x) is implicit to
the equation x> + 4xy° + 7xy + 8 = 0. Furthermore, there is no reason to believe that this equation can be
solved for y in terms of x. However, assuming a common domain (described by the independent variable x),
the left-hand member of the equation can be construed as a composition of functions and differentiated ac-
cordingly. (The rules for differentiation are listed here for your review.)

In this example, differentiation with respect to x yields

2x+4 y5+5xy4ﬂ +7 y+xﬂ =0
dx d

Observe that this equation can be solved for ? as a function of x and y (but not of x alone).
x

Rules for Differentiation

If f, g, and h are differentiable functions, the following differentiation rules are valid.

1. 4 {f(x)+gx)}= d f(x)+ 4 g =Ff(x)+g'x) (Addition rule)
dx dx dx
d d d ’ ,

2. E{f(x)—g(x)}—af(x)—ag(x)—f(x)—g(x)

3. 4 [Cf(x)}=C 4 f(x)=Cf’(x) where C is any constant
dx dx
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4 L me) = f0) L g+ 0L £ = F0g () +g(0)f (1) (Product rule)
dx dx dx

d d
8(x)— f(x)— f(x)—g(x) / /
i {f(x)} S " 8OF =S L0 (Quotient rule)
dx | g(x) [e(0)F [g(0)T
6.  If y = flu) where u = g(x), then
dy _dy du_ o du_
I du dr S (w) Iy F{gx)}g(x) (12)
Similarly, if y = f(u) where u = g(v) and v = h(x), then
dy _dy du do (13)
dx du dv dx

The results (/2) and (/3) are often called chain rules for differentiation of composite functions.
These rules probably are the most misused (or perhaps unused) rules in the application of the calculus.

7.  Ify=f(x)and x = f~'(y), then dy/dx and dx/dy are related by

Ll = ! (14)
dx dx/dy
8.  Ifx=f(r) and y = g(), then
ﬂzdy/dtzg(t) (15)

dx dx/dr  f(1)

Similar rules can be formulated for differentials. For example,

d{f(x) + gx)} =df(x) + dg(x) = f'()dx + g'(x)dx = {f'(x) + g'(x) }dx

d{f(0)g(0)} = f)dgx) + df(x) = {f(0)g'(x) + g(x) f'(x) }dx

Derivatives of Elementary Functions

In the following we assume that u is a differentiable function of x; if u = x, du/dx = 1. The inverse functions
are defined according to the principal values given in Chapter 3.

L Lo=0 16, Leorty=——1
dx dx 1+ u? dx
if 1
2. iu"=nu”’lﬂ 17. isec’1u=+;ﬂ +.1 “>
dx dx dx “u u2_1dx —ifu<—1
d . du d 4 _ 1 du| —ifu>1
3. —sinu =cosu— 18. —csC U=F———=—1
dx dx dx unu? —1 dx (Hifu<-1
4. icosuz—sinuﬂ 19. isinhuzcoshu@
dx dx dx dx
5. itanu =sec’ uﬂ 20. icoshu =sinh uﬂ
dx dx dx x
6. icotuz—csczu@ 21. itanhuzsechzu@
dx dx dx dx
7. isecu=seeutanuﬂ 22. icothu=—csch2uﬂ
dx dx dx dx
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8. icscuz—cscucotu@ 23. isechuz—sech utanhuﬂ
x dx dx dx
1
9. ilogau:Mﬂ a>0,a#1 24. icschu:—cschucothuﬂ
dx u dx dx dx
10. ilogeuzilnuzl@ 25. isinh_1u= L du
dx d u dx dx 14542 dx
1 L gt ng ™ 26, Loosh =L
dx dx dx W21 dx
12, Lgugudn 27 Lanh = 12@’ lul < 1
dx dx dx 1-u” dx
13 Lgnty-—L & 28 Loohu=—1 zﬂ, lal > 1
1—,2 dx dx 1—u” ax
14. icos_luz— ! @ 29. isech_1u=;@
dx 1—y2 dx dx uN1—y2 dx
15. itan_lu=;ﬂ 30. icsch_1u=—;ﬂ
dx 14542 dx dx uNu? +1 dx

Higher-Order Derivatives

If f(x) is differentiable in an interval, its derivative is given by f”(x), y" or dy/dx, where y = f(x). If " (x) is also

2
differentiable in the interval, its derivative is denoted by f”(x), y” or % ? % Similarly, the nth de-
X X

n

rivative of f(x), if it exists, is denoted by f ™ (x), y™ or g f , where n is called the order of the derivative.
X

Thus, derivatives of the first, second, third, . . . orders are given by f’(x), f"(x), f” (x),....

Computation of higher-order derivatives follows by repeated application of the differentiation rules given
here.

Mean Value Theorems

These theorems are fundamental to the rigorous establishment of numerous theorems and formulas. (See

Figure 4.5.) y

Figure 4.5

1. Rolle’s theorem. If f(x) is continuous in [a, b] and differentiable in (a, b) and if f(a) = f(b) = 0, then
there exists a point & in (a, b) such that f'(§) = 0.
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Rolle’s theorem is employed in the proof of the mean value theorem. It then becomes a special case
of that theorem.

2. The mean value theorem. If f(x) is continuous in [a, b] and differentiable in (a, b), then there exists
a point § in (a, b) such that

f)—-f(a)
b—a
Rolle’s theorem is the special case of this where f(a) = f(b) = 0.

=f'€) a<€<b (16)

The result (16) can be written in various alternative forms; for example, if x and x, are in (a, b),
then

F) =f(x) +f(E)x—x,) & between x, and x (17)
We can also write result (16) with b = a + h, in which case § = a + 0h, where 0 <0 < 1.

The mean value theorem is also called the law of the mean.

3. Cauchy’s generalized mean value theorem. If f(x) and g(x) are continuous in [a, b] and differen-
tiable in (a, b), then there exists a point & in (a, b) such that

fO-f@ _ Q) e, )
gb)-gla) £'E)
where we assume g(a) # g(b) and f’(x), g’(x) are not simultaneously zero. Note that the special case
g(x) = x yields (16).

LHospital’s Rules

f(x)

If lim fix)=Aand lim g(x) =B, where A and B are either both zero or both infinite, lim ——= is often
XX, X=X, X=X g(X)

called an indeterminate of the form 0/0 or oo/, respectively, although such terminology is somewhat mis-

leading since there is usually nothing indeterminate involved. The following theorems, called L’Hospital’s

rules, facilitate evaluation of such limits.

1. If f(x) and g(x) are differentiable in the interval (a, b) except possibly at a point x, in this interval, and
if g’(x) # 0 for x # x,, then

tim L& = jjm L&

xox g(x)  xox g'(x)

(19)

whenever the limit on the right can be found. In case f”(x) and g’(x) satisfy the same conditions as f(x)
and g(x) given above, the process can be repeated.
2. If lim f(x)=oand lim g(x) =, the result (/9) is also valid.
X—)XO x—)xo
These can be extended to cases where x — % or —=, and to cases where x;, = a or x, = b in which only
one-sided limits, such as x — a+ or x — b—, are involved.
Limits represented by the indeterminate forms 0 - o, ® (0% 1%, and o — % can be evaluated on replacing
them by equivalent limits for which the aforementioned rules are applicable (see Problem 4.29).
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Applications

Relative Extrema and Points of Inflection

See Chapter 3, where relative extrema and points of inflection are described and a diagram is presented. In
this chapter such points are characterized by the variation of the tangent line and then by the derivative, which
represents the slope of that line.

Assume that f has a derivative at each point of an open interval and that P, is a point of the graph of f as-
sociated with this interval. Let a varying tangent line to the graph move from left to right through P,. If the
point is a relative minimum, then the tangent line rotates counterclockwise. The slope is negative to the left
of P, and positive to the right. At P, the slope is zero. At a relative maximum a similar analysis can be made
except that the rotation is clockwise and the slope varies from positive to negative. Because f” designates the
change of f’, we can state the following theorem. (See Figure 4.6.)

Relative minimum Relative maximum

Yy [ X
N

Counterclockwise Clockwise
rotating tangent rotating tangent

Figure 4.6

Theorem Assume that x, is a number in an open set of the domain of f at which f” is continuous and f” is
defined. If f'(x,) = 0 and f”(x,) # 0, then f(x,) is a relative extreme of f. Specifically:

(@) Iff”(x,) >0, then f(x,) is a relative minimum.
(b) Iff”(x,) <0, then f(x,) is a relative maximum.

(The domain value x, is called a critical value.)
This theorem may be generalized in the following way. Assume existence and continuity of derivatives as
needed and suppose that f’(x,) = f”(x,) = . .. f %D (x,) = 0 and f ®" (x,) # O (p a positive integer). Then:

(a) fhas a relative minimum at x, if f " (x,) > 0.
(b) fhas a relative maximum at x, if £ (x,) < 0.

(Notice that the order of differentiation in each succeeding case is two greater. The nature of the intermediate
possibilities is suggested in the next paragraph.)

It is possible that the slope of the tangent line to the graph of fis positive to the left of P,, zero at the point,
and again positive to the right. Then P, is called a point of inflection. In the simplest case this point of inflec-
tion is characterized by f(x;) = 0, f”(x;) =0, and f” (x,) # 0.

Particle Motion

The fundamental theories of modern physics are relativity, electromagnetism, and quantum mechanics. Yet
Newtonian physics must be studied because it is basic to many of the concepts in these other theories, and
because it is most easily applied to many of the circumstances found in everyday life. The simplest aspect of
Newtonian mechanics is called kinematics, or the geometry of motion. In this model of reality, objects are
idealized as points and their paths are represented by curves. In the simplest (one-dimensional) case, the
curve is a straight line, and it is the speeding up and slowing down of the object that is of importance. The
calculus applies to the study in the following way.

If x represents the distance of a particle from the origin and ¢ signifies time, then x = f(f) designates the
position of a particle at time ¢. Instantaneous velocity (or speed in the one-dimensional case) is represented
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change in distance

by & = lim fa+An (the limiting case of the formula change in in time for speed

dt  Aar=0 At change in time

when the motion is constant). Furthermore, the instantaneous change in velocity is called acceleration and
2

represented by ax .

dr?
Path, velocity, and acceleration of a particle will be represented in three dimensions in Chapter 7, on vec-
tors.

Newton’s Method

It is difficult or impossible to solve algebraic equations of higher degree than two. In fact, it has been proved
that there are no general formulas representing the roots of algebraic equations of degree five and higher in
terms of radicals. However, the graph y = f (x) of an algebraic equation f (x) = O crosses the x axis at each single-
valued real root. Thus, by trial and error, consecutive integers can be found between which a root lies. Newton’s
method is a systematic way of using tangents to obtain a better approximation of a specific real root. The pro-
cedure is as follows. (See Figure 4.7.)

y=fx
Tangent line at (xg, f(xy))
v =[xg) =S "(xg) (x - xp)

Figure 4.7

Suppose that fhas as many derivatives as required. Let » be a real root of f(x) = 0; i.e., f(r) = 0. Let x, be
a value of x near —for example, the integer preceding or following r. Let f’(x,) be the slope of the graph of
y =f(x)at Py[x,, f (xy)]. Let Q,(x;, 0) be the x-axis intercept of the tangent line at P; then

O_f(xo)

0
where the two representations of the slope of the tangent line have been equated. The solution of this relation
for x, is

= f’(xo)

_ f (xo)

f I(xo)
Starting with the tangent line to the graph at P,[x,, f(x,)] and repeating the process, we get
_ J(xp) — S(xp) _ S (xp)

Fa) 0 ) )

X1 =X

Xy =X

and, in general,

k=0
Under appropriate circumstances, the approximation x,, to the root r can be made as good as desired.
Note: Success with Newton’s method depends on the shape of the function’s graph in the neighborhood
of the root. There are various cases which have not been explored here.
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SOLVED PROBLEMS

Derivatives

41, (@) Letf(x)= i rx

x # 3. Evaluate f’(2) from the definition.

@) =1 2
F@ " S0 1—h hsol_h

Note: By using rules of differentiation we find

1mf(2+h)_f(2)=liml(5+h—5]=1' 1 6h . 6 _
—0 h h—0 h

G- x)7(3+x) (3+x) G- _B-nO®-G+nEhH_ 6

(3 - x)? B-x)7 GB-x7°

fx) =

at all points x where the derivative exists. Putting x = 2, we find f”(2) = 6. Although such rules are often useful,
one must be careful not to apply them indiscriminately (see Problem 4.5).

(b) Letf(x) = 4/2x —1 . Evaluate f’(5) from the definition.

9+2h -3
75) = f(5+h) IO _ im
h—0 h
\/9+2h 3 J9+2h+3 i 9F2h-9 2 1
g h Jor2n+3 m0h(Jo+2h+3 }HO\/9+2h+3 3

By using rules of differentiation we find f(x)—d—(2 - )1/2 (2 —1)_1/2 —(2 -1=
x

(2x =172, Then f(5)=9""2 =—

4.2. (a) Show directly from definition that the derivative of f(x) = x> is 3x°.
d 1
(b) Show from definition that — \/; )=—F7.
dx 2x
x+h) - f(x) 1
@) f(x+h) f():—[(x+h)3—x3]
h h
=%[x3 +3x%h +3xh* + h*1 - x*1=3x" +3xh + h?
Then
For= i D= 10y,
- «/ +h
o lim LEED = @ ~Jx
h—0 h h—0

The result follows by multiplying numerator and denominator by /x + i — \/; and then letting 7 — 0.

4.3. If f(x) has a derivative at x = x,,, prove that f(x) must be continuous at x = x,.
+h) -
flxg+ )= flxg)= 1o ;l S (%) h, h#0

Then

f(x() +h)_f(x())
h

li +h)— =1 -lim h=f’ -0=0
hlgz)f(xo )= f(xy) hlir}) hl—rﬂ) S(xy)



4.4.

4.5.

4.6.
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since f’(x,) exists by hypothesis. Thus,
lim f(xy+h)—f(x) =0 or lim f(xy+ h) =1 (x)
h—0 h—0

showing that f(x) is continuous at x = X,

xsinl/x, x#0
0, x=0"

Let f(x) ={

(a) Isf(x) continuous at x = 0? (b) Does f(x) have a derivative at x = 0?

(a) By Problem 3.22(b), f(x) is continuous at x = 0.

) F(0)=lim 2O =SO SO =FO _pp AsinlT=0 e Gin L
h—0 h h—0 h h—0 h h—0 h

which does not exist.

This example shows that even though a function is continuous at a point, it need not have a derivative at
the point; i.e., the converse of the theorem in Problem 4.3 is not necessarily true.

It is possible to construct a function which is continuous at every point of an interval but has a derivative no-
where.

Let f(x) = x*sinl/x, x#0
, x=0
(a) Isf(x) differentiable at x = 0? (b) Is f”(x) continuous at x = 0?
2 .
@ f(0)=tlim LSO AsinlTh=0 0 yGnlog
h—0 h h—0 h h—0

by Problem 3.13. Then f(x) has a derivative (is differentiable) at x = 0 and its value is 0.

(b) From elementary calculus differentiation rules, if x # 0,

’ d 2 . 1 2 d . 1 . 1 d 2
x)=—/| x“sin— |=x~ —|sin— [+|sin — |— (x
F dx( x) dx( x) [ x)dx( )

1 1 .1 1 1
=x’ [cos—J(——2]+(sm —](Zx) =-cos —+ 2x sin —
X X X X X

. , . 1 1 . . .
Since lim f’(x) = lim [—cos —+ 2x sin —] does not exist (because lim cos 1/x does not exist). f”(x)
x—0 x—0 X X x—0

cannot be continuous at x = 0 in spite of the fact that /’(0) exists.

This shows that we cannot calculate f’(0) in this case by simply calculating f’(x) and and putting x = 0,
as is frequently supposed in elementary calculus. It is only when the derivative of a function is continuous at
a point that this procedure gives the right answer. This happens to be true for most functions arising in elemen-
tary calculus.

Present an “e, 8 definition of the derivative of f(x) at x = x,,.

f(x) has a derivative f(x,) at x = x, if, given any € > 0, we can find & > 0 such that

| fxg +h) = fxp)
h

— f(xp)|<e when 0<|h|<8
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Right- and left-hand derivatives

4.7.

4.8.

4.9.

Letf(x)= |x | . (a) Calculate the right-hand derivatives of f (x) at x = 0. (b) Calculate the left-hand derivative
of f(x) at x = 0. (c) Does f (x) have a derivative at x = 0? (d) Illustrate the conclusions in (a), (b), and (c)
from a graph.

soon_ o SO =FO =0 h
(a) f+(0) h 1111(}+ h - h140+ h hlgl()l+ h =l
since |h| =—htforh>0.
hl -0 _
(b) 1/(0)= f(h) SO _ o =0 ok
h—0- h h—=0- h

since || =—h for h <O0. y

(c) No. The derivative at 0 does not exist if the right- and left-

hand derivatives are unequal. J S P
Y =
(d) The required graph is shown in Figure 4.8. Note that the ‘
slopes of the lines y = x and y = —x are 1 and —1, respec-
tively, representing the right- and left-hand derivatives at *
x = 0. However, the derivative at x = 0 does not exist.
Figure 4.8

Prove that f(x) = x* is differentiable in 0 < x < 1.

Let x,, be any value such that 0 < x, < 1. Then

0 — 2 _ 2
Frg) = lim L0 W =S G0) ) o ¥ AT 200 _ o 0 4y =2,
h—0 h h—0 h h—0
At the endpoint x = 0,
2
£1(0) = w lim u: lim A=0
+ h—0+ h h—0+
At the end point x = 1,
2
)= —f(”h) SO _ iy WX =T iy 24wy =
O h—0— h h—0—

Then f(x) is differentiable in 0 < x < 1. We may write f(x) = 2x for any x in this interval. It is customary

to write f7 (0) =f7(0) and f”(1) = f’(1) in this case.

Find an equation for the tangent line to y = x? at the point where (a) x = 1/3 and (b) x = 1.
(a) From Problem 4.8. f’(x,) = 2x, so that f’(1/3) = 2/3. Then the equation of the tangent line is
1 1 . 2 1
y—=f(xg) = fxp)(x—x,) or y__=_( ) 1~e-sy:§x_§

(b) Asinpart (a),y—f(1)=f'(Dx-1ory—1=2(x~-1),i.e,y=2x-1.
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Differentials

4.10. Ify=f(x) = x> —6x, find (a) Ay, (b) dy, and (c) Ay — dy.

(@) Ay=f(x+Ax)—f(x) = {(x + Ax)’ =6(x + Ax)} — {x’ — 6x}
=x° + 3x% Ax + 3x(Ax)? + (Ax)® — 6x — 6Ax — x> + 6x
= (3x2 = 6) Ax + 3x(Ax)* + (Ax)?

(b) dy = principal part of Ay = (3x* — 6)Ax = (3x> — 6)dkx, since by definition Ax = dkx.

Note that f’(x) = 3x> — 6 and dy = (3x> — 6)dXx, i.e.; dy/dx = 3x* — 6. It must be emphasized that dy and dx
are not necessarily small.

(c) From (a) and (b), Ay — dy = 3x(Ax)* + (Ax)® = eAx, where € = 3xAx + (Ax)>.

— 0 as Ax — 0. Hence, Ay — dy is an infinitesimal of higher

Ay —
Note that e — 0 as Ax — 0; i.e., dey

order than Ax (see Problem 4.83).
In case Ax is small, dy and Ay are approximately equal.

4.11. Evaluate %/E approximately by use of differentials.
If Ax is small, Ay = f(x + Ax) — f(x) = f’(x) Ax approximately.
Letf(x) = %/; . Then m - %/7 = % 3 Ax (where = denotes approximately equal to).
If x =27 and Ax = -2, we have

7-2-327= % QNP =2),  ie,3f25-3=-2/27

Then 3/25 =3 —2/27 or 2.926.
It is interesting to observe that (2.926)° = 25.05, so the approximation is fairly good.

Differentiation rules: differentiation of elementary functions

4.12. Prove the formula di {f(x) gx)}=f(x) di g(x)+ g(x) di f(x),, assuming f and g are differentiable.
by by X

By definition,
f(x+Ax) g (x+Ax)— f(x) g(x)
Ax
i SEAD) (8 (x+ AX) - g0} +800) (f(x + Ax) - f(x))
Ax—0 Ax

glx+Ax) - g(x)}+ lim ¢(x) {f(x +Ax) - f(x)}
Ax Ax—0 Ax

() g} = lim
dx Ax—0

= lim f(x +Ax){
Ax—0
d d
= f(x) . g(x) + g(x) . f(x)

Another method:
Let u = f(x), v = g(x). Then Au = f(x + Ax) — f(x) and A v = g(x + Ax) — g(x); i.e., f(x + Ax) = u + Au,
g(x 4+ Ax) =v + Av. Thus,

. (u+Auw) + Av) —uo uAv +vAu + AuAv
= lim = lim

li

—uv
dx Ax—0 Ax Ax—0 Ax
. Av Au  Au dav du
=lim|u—+v—+—AV |Zu—+v—
A0 Ax dx dx

where it is noted that Av — 0 as Ax — 0, since v is supposed differentiable and thus continuous.
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dy dy d
4.13. If y = f(u) where u = g(x), prove that d_y = d—yd—u assuming that fand g are differentiable.
x u dx

Let x be given an increment Ax # 0. Then, as a consequence, « and y take on increments Au and Ay, re-
spectively, where

Ay =f(u + Au) - f(u), Au = g(x + Ax) — g(x) (1)
Note that as Ax — 0, Ay — 0 and Au — 0.
. Ay dy
If Au # 0, let us write € = —— — —— so thate — 0 as Au — 0 and
u du
d
Ay=—yAu +€ Au 2
du
If Au = 0 for values of Ax, then Equation (1) shows that Ay = O for these values of Ax. For such cases, we

define € = 0.
It follows that in both cases. Au # 0 or Au = 0, Equation (2) holds. Dividing Equation (2) by Ax # 0 and
taking the limit as Ax — 0, we have

ﬂzlimgzlim ﬂﬂ+eﬂ :ﬂ.limﬂ+lime.ﬁmM
dx Ax—0 Ax A0\ du Ax Ax du M—0 Ax Ax—0 Ax—0 Ax (3)
_dydu o dudy du
du dx dx du dx

d . d .
4.14. Given d—(sm X)=COoSX andd—(cos Xx) =—sin x, derive the following formulas:
x x

1

(a) i(tan x)=sec’ x (b) i(sin"1 x) =
dx dx 1-x

2

d . . d
cosx—(sinx) — sinx—
jz d dx

d d ( sinx
(a) —(tanx) = — X
dx (tan ) dx [cosx cos’ x
_(cosx)(cosx)—(sinx)(—=sinx) 1 ,

= x
cos® x cos® x

(b) Ify =sin™' x, then x = sin y. Taking the derivative with respect to x,

dy dy 1 1 1
l=cosy— or —= = =
dx dx cosy \/l—sinzy \/l—x2

We have supposed here that the principal value —/2 < sin™' x < 7/2 is chosen so that cos y is positive,

thus accounting for our writing cos y = 4/1 — sin’ y rather than cos y = +4/1 — sin’ y.

d Io d
4.15. Derive the formula d—(loga u) = ﬁd—u(a >0,a #1), where u is a differentiable function of x.
X u dx

Consider y = f(u) = log,u. By definition,
ﬂ - lim fu+Au)— f(u) — lim log, (u + Au) —log, u

du -0 Au Au—0 Au
u/ Au
1 + A 1 A
= lim —log, e B Y —log, 1+22
A0 Ay u A0y u

Since the logarithm is a continuous function, this can be written



4.16.

4.17.

4.18.
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ul Au
1 A 1
—loga{lim (1+—uj }:—logae
u Au—0 u u

by Problem 2.19, with x = u/Au.
_log, e du
dx’

Then by Problem 4.13, di(loga u)
X

Calculate dy/dx if (a) xy> — 3x2 = xy + 5 and (b) ¢” + y In x = cos 2x.

(a) Differentiate with respect to x, considering y as a function of x. (We sometimes say that y is an implicit
function of x, since we cannot solve explicitly for y in terms of x.) Then

Ly - L3y =L+ 95) or G+ (5D —6x = (WG + (D) +0
dx dx dx dx

where y” = dy/dx. Solving,
¥ = (6x =y +)/Gxy’ - x)
d o . 4d d , y , :
(b) —(e”)+—In)=—/(cos2x). e (xy’+y)+—=+(Inx)y’ =—2sin2x.
dx dx dx X
Solving,
_ 2xsin2x + xye” +y

’

y =

x*e” +xInx

If y = cosh(x? — 3x + 1), find (a) dy/dx and (b) d*y/dx>.

(a) Lety = cosh u, where u = x> — 3x + 1. Then dy/dx = sinh u, du/dx = 2x — 3, and

D _ D A Ginhuy(2x - 3) = (2x - 3)sinh(x” — 3x + 1)
dx du dx
2 2 ¥
(b) d2’=i day =i sinhuﬂ =sinhud—?+COShu du
dx*  dx\dx ) dx dx dx dx

= (sinh )(2) + (cosh u)(2x — 3)? = 2 sinh(x*> = 3x + 1) + (2x — 3)> cosh(** = 3x + 1)

If x*y + y* =2, find (a) y" and (b) y” at the point (1, 1).
(a) Differentiating with respect to x, x>y’ + 2xy + 3y*y’ = 0 and

—2xy 1
= —=——at (1,1
g x>+ 3xy 2 D
i —2xy ) _ 3 x* + 3y2 )2xy" +2y) — 2xy)(2x + 6yy”)
dx| x> +3y? (x> +3y%)

d
b ”=_ 7 =
() y dx(y)

1 3
Substituting x=1,y=1,and y’ = —E, we find y” = —g.

Mean value theorems

4.19.

Prove Rolle’s theorem.

Case 1: f(x)=0in [a, b]. Then f’(x) = 0 for all x in (a, D).

Case 2: f(x) # Oin [a, b]. Since f(x) is continuous, there are points at which f(x) attains its maximum and
minimum values, denoted by M and m, respectively (see Problem 3.34).

Since f(x) # 0, at least one of the values M, m is not zero. Suppose, for example, M # 0 and that f(§) =
M (see Figure 4.9). For this case, f(§ + h) < f(§).
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fx)

M
a 3 b
Figure 4.9
If h > O,thenwgo and
i LG M- fE) _ )
h—0+ h -
If h<O, thenMEOmd
Ilggl_f@“‘hz—f@);o ?)

But, by hypothesis, f(x) has a derivative at all points in (a, b). Then the right-hand derivative (/) must
be equal to the left-hand derivative (2). This can happen only if they are both equal to zero, in which case
/(&) =0 as required.

A similar argument can be used in case M =0 and m # O.

4.20. Prove the mean value theorem.

Define F(x)= f(x)— f(a)—(x—a)

Then f(a) =0 and f(b) = 0.

Also, if f(x) satisfies the conditions on continuity and differentiability specified in Rolle’s theorem, then
F(x) satisfies them also.

fb) - f(a)
, .

Then, applying Rolle’s theorem to the function F(x), we obtain
’ ’ b) - a , b) — a
F(&):f(i)——f() f()zo, a<&<b or f(&)z—f() oA ), a<&<b
b—-a b—-a
4.21. Verify the mean value theorem for f(x) = 2x> = 7x + 10,a=2,b = 5.

f(2)=4,f(5) =25, f'(€) = 4E — 7. Then the mean value theorem states that 4§ — 7 = (25 - 4)/(5-2) or § =
3.5. Since 2 < i < 5, the theorem is verified.

4.22. If ”(x) = 0 at all points of the interval (a, b), prove that f(x) must be a constant in the interval.

Let x, < x, be any two different points in (a, b). By the mean value theorem for x; < § < x,,

fx 2)—fz(xl) = (E)=0
X —X

Thus f(x,) = f(x,) = constant. From this it follows that if two functions have the same derivative at all points
of (a, b), the functions can differ only by a constant.

4.23. If f”(x) > 0 at all points of the interval (a, b), prove that f(x) is strictly increasing.

Let x, < x, be any two different points in (a, b). By the mean value theorem for x; < § < x,,
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f(xz)if(-xl) :f’(&) >O

X, =X

Then f (x,) > f (x,) for x, > x|, and so f (x) is strictly increasing.

1

4.24. (a) Prove that lb;bi <tan"'b—tan"' a < b;i if a<b.
+

+a
3 4 1
(b) Show thatE +—<tan'—< T +—.
4 25 3 4 6
(a) Letf(x) = tan"'x. Since f’(x) = 1/(1 + x?) and f’(§) = 1/(1 + £ %), we have by the mean value theorem
tan”' b —tan™' 1
an an"'a _ _ a<t<b
b—a 1+§
Since &> a, 1/(1 + £2) < 1/(1 + @?). Since & < b, 1/(1 + £2) > 1/(1 + b?). Then
1 tan"' b —tan"' a 1
2 < < 2
1+b b—-a 1+a

and the required result follows on multiplying by b — a.

(b) Letb =4/3 and a = 1 in the result of (a). Then, since tan* 1 = /4, we have

3 44 r 1 nT 3 44 w1
—<tan ——tan  1<— o —+—<tan —<—+—
25 3 6 4 25 3 4 6

4.25. Prove Cauchy’s generalized mean value theorem.

Consider G(x) = f(x) — f(a) — o{ g(x) — g(a)}, where o is a constant. Then G(x) satisfies the conditions of
Rolle’s theorem, provided f(x) and g(x) satisfy the continuity and differentiability conditions of Rolle’s theo-
b)—
rem and if G(a) = G(b) = 0. Both latter conditions are satisfied if the constant o0 = %.
8b)—gla
Applying Rolle’s theorem, G'(§) = 0 for a < < b, we have
’ b _
SQ_IO-S@ ¢,
g€ g -gla)

F€)-ag’€)=0 or
as required.

L'Hospital’s rule

4.26. Prove L'Hospital’s rule for the case of the “indeterminate forms” (a) 0/0 and (b) oo/ce.
(a) We shall suppose that f(x) and g(x) are differentiable in a <x < b and f(x,) = 0, g(x,) = 0, where a < x, < b.

By Cauchy’s generalized mean value theorem (Problem 4.25),

f) _ @)= f(x) _ f1E)
gx) g —glx,) £E€)

X, <& <x

Then
tim LD i L€y S
xX—oxp+ g(_x) xX—oxp+ g (&) x—oxy+ g (_x)
since as x — xg+, & — x+.
Modification of this procedure can be used to establish the result if x — x, —, x — Xy, x — %, or x — —*.

(b) We suppose that f(x) and g(x) are differentiable ina<x<b,and lim f(x)=o, lim g(x) = where
a<x,<b. x—x,+ xX—x,+
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Assume x; is such that a < x, < x < x; < b. By Cauchy’s generalized mean value theorem,

fx) = f(x) _ (S
gx)—glx) g

x<€ <y,

Hence,
S = f(x) _J . I-f(x)/ f(x) _ (S
gx)—g(x) glx) 1-gx)/gx) g'E&

from which we see that

F)_fE) 1-gx g

== (D
gx) g€ 1-f(x)f(x)
Let us now suppose that lim f,(x) = L and write Equation (1) as
ot g (x)
[0 (@)1=t ), (1= o
g(x) g 1= f(x)f(x) L= f(x)f(x)

We can choose x; so close to x, that | f©gE -L | <e. Keeping x, fixed, we see that

1- / . .
lim M =1 sincel lim f(x); = and lim g(x)=o
x-x+| ] _f(xl)/f(_x) X=Xy + X=Xy +
Then taking the limit as x — x,+ on both sides of (2), we see that, as required,

lim L9 —f = fjm L&)
XX+ g(x) oxt g ()C)

Appropriate modifications of this procedure establish the result if x = x;, —, x = x;, x = %, or x — —%.

2x
. -1 . l+4cosm
427, Evaluate (a) lim < and (b) lim — "%
=0 x =1yt =2x+1

All of these have the “indeterminate form™ 0/0.

2x 2x
. -1 .2
(a) lim ¢ —lim=—=2
x—0 X x—=0 1
. l+cosm . —msinT . —m’+cosmx T’
) lim2 COSTX _ lim sinx _ lim COSTX _
ol x*=2x+1 1 2x-2 x—l 2 2

Note: Here L'Hospital’s rule is applied twice, since the first application again yields the “indeterminate
form” 0/0 and the conditions for L’Hospital’s rule are satisfied once more.

3xP—x+5

4.28. Evaluate (a) lim ————— and (b) lim e
o 5x° —6x—3 X—>00
All of these have or can be arranged to have the “indeterminate form™ oo/o°.
. 3x*—x+5 . 6x-—1 .. 6 3
(@ lim———— =lim =lim—=—
i 5x° —6x—=3 == 10x+6 =10 5
2
. - . .2 .2
() lim x?¢™ = lim Y —lim ),C:hm—:O
x—eo x—e0 oF x—e0 o x—e0 ¥
429.  Evaluate lim x’Inx.
x—0+ 5
. .0 . 1/ .=
lim x°In x = lim n)Zc=hm x3 lim =0
x—=0+ xs0+ 1/X x=0+ =D [ x° x-0+ D

The given limit has the “indeterminate form” 0 - %. In the second step the form is altered so as to give the
indeterminate form /o, and L’Hospital’s rule is then applied.



4.30.

4.31.

4.32.

4.33.
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Find lim (cos x)"/ %

x—0

Since lim cosx=1and lim 1/x* = o, the limit takes the “indeterminate form” 1.
x—0 x—0

Let F(x) = (cos x)'2. Then In F(x) = (In cos x)/x%, to which L’Hospital’s rule can be applied. We have

. Incosx . (—sinx)/(cosx) . —sinx . —Cos X 1
lim — =1lim =lim =lim - =——.
=0 x x=0 2x x=02xCO0SX x50 —2x sinx +2cosx 2

. 1 . .
Thus, 11113 In F(x) = —5. But since the logarithm is a continuous function, hna In F(x) = ln(hn(} F(x)).
Then Red X X

. 1 . . 2 _
ln(hn(} F(x))= 5 or hrré F(x)= 11n(} (cos x)"'* =e'?
If F(x) = (e* - 5x)", find (@) lim F(x) and (b) lim F(x).
x—0 x—0
The respective indeterminate forms in (a) and (b) are «° and 1*.
3x
-5 . .
Let G(x) =In F(x) = M. Then lim G(x) and lim G(x) assume the indeterminate forms
X X—>00 x—0
oo/oe and 0/0, respectively, and L’Hospital’s rule applies. We have
) 1 3x ) 3x _ ) 3x ) 27 3x
(a) llmu=hm33€ 5=11m 936 =1lim 83‘ =3
x>0 X A x—0 37 —§ x—e Qg X
Then, as in Problem 4.30, lim (e* —5x)"" = ¢’
X—>o0
. In(* -5 . 3¢ =5
(b) lim n (e x) =lim f =2
x—0 X x=0 o X Sx

Suppose the equation of motion of a particle is x = sin(c,? + ¢,), where ¢, and ¢, are constants (simple
harmonic motion). (a) Show that the acceleration of the particle is proportional to its distance from the
origin. (b) If ¢, = 1, ¢, = m, and # > 0, determine the velocity and acceleration at the endpoints and at the

midpoint of the motion.
2

dx d"x .
(a) 7 ¢, cos(ct +c,), p =¢] sin(ct +¢,)=—cix
1 1

This relation demonstrates the proportionality of acceleration and distance.

(b) The motion starts at 0 and moves to —1. Then it oscillates between this value and 1. The absolute value of
the velocity is zero at the endpoints, and that of the acceleration is maximum there. The particle coasts
through the origin (zero acceleration), while the absolute value of the velocity is maximum there.

Use Newton’s method to determine \/5 to three decimal points of accuracy.

\/?_) is a solution of x*> — 3 = 0, which lies between 1 and 2. Consider f(x) = x> — 3, then f’(x) = 2x. The
graph of f crosses the x axis between 1 and 2. Let x, = 2. Then f(x,) = 1 and f’(x,) = 1.75. According to the
J(x)

Newton formula, x, = x, ~ =2-.25=1.75.
1 (xy)
Then x, = x, — jj:,((x' )) =1.732. To verify the three-decimal-point accuracy, note that (1.732)* = 2.9998
xl

and (1.7333)* = 3.0033.



CHAPTER 4 Derivatives

Miscellaneous problems

4.34.  Ifx=g(f) and y = f(¢) are twice differentiable, find (a) dy/dx and (b) d*y/dx>.
(a) Letting primes denote derivatives with respect to 7, we have

dy _dyldt _ f'(t)

= if &) #0
& avd g 1D

d(fm) d(fo
b Lr_d(d)_d(f0dgw)_d\gw
dx* dx\dx ) dx| g dx/dt g
_1 {g'(t)f ‘O-f ’(t)g”(t)} _§Of - 1g"®) i ¢ %0
40 [T [s®T
{e”ﬂ , x#0 , ,
4.35. Let f(x)= 0 Prove that (a) f’(0) = 0 and (b) f”(0) = 0.
, X #

Al — 1'
(a) f+(0) hg(r)l+ h—0+ h h—=0+ |
If h = 1/u, using L’Hospital’s rule this limit equals

_ ~Un? -’
L1 iy €220 ©

lim ue™ =1lim u/e” =lim 12ue” =0

Similarly, replacing # — 0+ by 2 — 0- and u — % by u — —, we find f"(0) = 0. Thus, f7(0) =f7(0) = 0,
and so f"(0) = 0.

’ ’ ~1/n? -3 —1/n? 4
£ = fim LT = i £ 282~ im 24—~ 1im 25 =0
e
by successive applications of L’Hospital’s rule.
Similarly, f”(0) = 0 and so f”(0) = 0.
In general, f™(0)=0forn=1,23, ...
4.36. Find the length of the longest ladder which can be carried around the 4 ) 0
corner of a corridor whose dimensions are indicated in Figure 4.10, if T |
it is assumed that the ladder is carried parallel to the floor. a p‘%ﬂ& 6 I
The length of the longest ladder is the same as the shortest l ! o
straight-line segment AB (Figure 4.10), which touches both outer walls U
and the corner formed by the inner walls. SN\ 0
As seen from Figure 4.10, the length of the ladder AB is L = a sec e
0+ bcscH. B
L is a minimum when dL/d® = a sec 6 tan 0 — b csc 6 cot 6 = 0;

S p——
23 L 1203
Jah +b
i.e., asin® © = b cos® O or tan® = 3/b/a . Then sec® = ———

a” Figure 4.10
a2/3 2/3

and cosO = S so that L = a sec® + b cscB = (a** + b*3)*2.

Although it is geometrically evident that this gives the minimum length, we can prove this analytically by
showing that d °L/d® 2 for © = tan™' 3/b/a is positive (see Problem 4.78).



CHAPTER 4 Derivatives

SUPPLEMENTARY PROBLEMS

Derivatives

4.37. Use the definition to compute the derivatives of each of the following functions at the indicated point: (a) (3x
—4)2x+3),x=1, (b) ¥ =32+ 2x = 5,x =2, (c) Vx, x=4,and (d) Yy6x -4, x=2.

1 1
Ans. 17/25, (b) 2, —, () —
ns. (a) (b) (6)4()2

d d 3+ 6
4.38.  Show from definition that (a) ——x* = 4x° and (b) —————— = —— x#3
dx dc3—-x (B-x)
x’sinl/x, x#0 . . .
4.39. Let f(x) = 0 0 Prove that (a) f(x) is continuous at x = 0. (b) f(x) has a derivative at x = 0,
> X =

and (c) f”(x) is continuous at x = 0.
xe, x#0
4.40. Let f(x) = ’ . Determine whether f(x) (a) is is continuous at x = 0, and (b) has a derivative at
x=0. 0, x=0

Ans. (a) Yes (b) Yes, O

4.41. Give an alternative proof of the theorem in Problem 4.3, using “e, 8" definitions.
4.42. If f(x) = ', show that f’(x,) = " depends on the result lhirré(eh -D/h=1.
-l

4.43. Use the results lhirré(sin h)y/h=1. lhirré(l —cos h)/h =0 to prove that if f(x) = sin x, f’(x,;) = cosx,.

Right-and left-hand derivatives

4.44. Let f(x) =x |x| . (a) Calculate the right-hand derivative of f(x) at x = 0. (b) Calculate the left-hand derivative
of f(x) at x = 0. (c) Does f(x) have a derivative at x = 0? (d) Illustrate the conclusions in (a), (b), and (c) from
a graph.

Ans. (a) 0 (b) 0 (c) Yes, O

4.45. Discuss the (a) continuity and () differentiability of f(x) = x” sin 1/x, f(0) = 0, where p is any positive
number. What happens in case p is any real number?

2x-3, 0<x<2 o _ o _
) — . Discuss the (a) continuity and (b) differentiability of f(x) in 0 <xZ 4.
x° -3, 2<x<4

446. Letf(x)= {

4.47. Prove that the derivative of f(x) at x = x, exists if and only if /7 (x,) =f" (x).

4.48. (a) Prove that f(x) = x> — x> + + 5x — 6 is differentiable in a < x < b, where a and b are any constants.

(b) Find equations for the tangent lines to the curve y = x> — x*> + 5x — 6 at x = 0 and x = 1. Illustrate by
means of a graph. (c) Determine the point of intersection of the tangent lines in (b). (d) Find f”(x), f”(x),

7. f™M), .
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Ans. (b)y=5x-6,y=6x—-7(c) (1, 1) (d) 3x> - 2x +5,6x-2,6,0,0,0, . ..

4.49. If f(x) = x* |x , discuss the existence of successive derivatives of f(x) at x = 0.

Differentials

4.50.  Ify=f(x)=x+ l/x, find (a) Ay, (b) dy, (c) Ay — dy, (d) (Ay — dy)/Ax, and (e) dy/dx.

Ax 1 (Ax)* Ax 1
Ans. () Ax——— (b)| 1-— |Ax L
NZ;e:(aA)x = (¥ +AY) ( )( X ) O (x+Ax)  x*(x+Ax) =

451, Iff(x) = x + 3x, find (a) Ay, (b) dy, (c) Ay/Ax, (d) dy/ dx, and (e) (Ay — dy)/Avx, if x = 1 and Ax = .01.
Ans. (a) .0501, (b) .05, (c) 5.01, (d) 5, (e) .01

4.52. Using differentials, compute approximate values for each of the following: (a) sin 31°, (b) In(1.12), (c) /36 .
Ans. (a) 0.515, (b) 0.12, (c¢) 2.0125

4.53. If y = sin x, evaluate (a) Ay and (b) dy. (c) Prove that (Ay — dy)/Ax — 0 as Ax — 0.

Differentiation rules and elementary functions

4.54. Prove the following:
@ S0+ g0} F00 + g0

d d d
(b) E{f(x)—g(x)}— Ef(X) - Eg(X)

d {f(X)} _ 80 ()~ fF()g' )

© e [¢o]

, 8(x)#0.

d .
4.55.  Evaluate (a) %{x3 ln(x2 —2x+ 5)} at x = 1 and (b) E{smz@x +7/ 6} atx=0.

Ans. (a) 3In4 (b) %\/5

d d d di
4.56. Derive these formulas: (a) —a" =a" In a—u, a>0,a#1;,—cscu= —cscucotu—u; and
dx dx dx dx

d d
(c) d—tanh U =sec hzud—u where u is a differentiable function of x.
x x

d d d . _ d _ . .
4.57. Compute (a) — tan™ x, (b) —csctx, (¢) —sinh ' x, and (d) — coth 'x, paying attention to the
dx dx dx dx

use of principal values.

4.58. If y = x*, compute dy/dx. (Hint: Take logarithms before differentiating.)
Ans. x*(1 + In x)



4.59.

4.60.

4.61.

4.62.

4.63.

4.64.

4.65.
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If y = {In(3x + 2) }*"1*9 find dy/dx at x = 0.

ans, [ 20002 o
41n2 3
dy dy du dv

If y = f(u), where u = g(v) and v = h(x), prove that —=—-—-— assuming f, g, and h are differentiable.
dx du dv dx

Calculate (a) dy/dx and (b) d* y/dx* if xy —Iny = 1.
Ans. (a) y/(1 — xy) (b) 3y* = 2xy"/(1 — xy)?, provided xy # 1

If y = tan x, prove that ¥” =2(1 + y?)(1 + 3y).

If x = sec t and y = tan ¢, evaluate (a) dy/dx, (b) d*y/dx?, and (c) d>y/dx’, at t = /4.
Ans. () N2 (b) -1 (¢) 342

3

d* d? d

Prove that —2} =— )2c el , stating precise conditions under which it holds.
dx dy dy

Establish formulas (a) 7 and (b) 18 on Pages 73 and 78.

Mean value theorems

4.66.

4.67.

4.68.

4.69.

4.70.

4.71.

4.72.

4.73.

4.74.

Letf(x)=1-(x—1)%,0 <x< 2. (a) Construct the graph of f(x). (b) Explain why Rolle’s theorem is not
applicable to this functions; i.e., there is no value & for which f'(£) =0, 0 < & < 2.

Verify Rolle’s theorem for f(x) = x*(1 — x)%, 0 <x< L

Prove that between any two real roots of ¢* sinx = 1 there is at least one real root of ¢* cos x = —1. (Hint:
Apply Rolle’s theorem to the function e™ — sin x.)

1 1
(a) If 0 < a < b, prove that (1 — a/b) < In b/a < (b/a - 1). (b) Use the result of (a) to show that g <Inl.2 g .
Prove that (7/6 + \/g /15) < sin™!. 6 < (/6 + 1/8) by using the mean value theorem.

Show that the function F(x) in Problem 4.20 represents the difference in ordinates of curve ACB and line AB
at any point x in (a, b).

(a) If f'(x) < 0 at all points of (a, b), prove that f(x) is monotonic decreasing in (a, b). (b) Under what
conditions is f(x) strictly decreasing in (a, b)?

(a) Prove that (sin x)/x is strictly decreasing in (0, ©t/2). (b) Prove that 0 < sin x < 2x/w for 0 <x< /2.

inb —si
(a) Prove that Smo=sma cot&, where & is between a and b. (b) By placing a =0 and b = x in (a),
cosa —cosh

show that & = x/2. Does the result hold if x < 0?
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L'Hospital’s Rule

4.75.

Evaluate each of the following limits.

(a) limw i) lim (1/x —csc x)
x—0 X x—0
2x ex
) lim—¢ =2 *1 G) lim £
x>0 cos3x —2cos2x +cosx x>0
(¢) lim (x* =Dtanmx/2 (k) lim(1/x* —cot® x)
—1 .
@ lim x’e™ () limAn_X-sm X
xore =0 x(1—cosx)
© lim 2’ Inx (m) Tim x 1n| 23
x—=0+ X0 x—-3
sinx )
® lim (3" —=2%)/x (n) lim( ]
x—0 x—0 X
(g) lim{ —3/x)> (0) lm(x+e* +e™)""
(h) lim(1+2x)"*" (p) liron (sin x)"/™"*

Ans. (a) é (b) -1 (c) 4/m (d)0(e) 0 (H)In3/2(g) e®(h)13G)0(G)1 (k) % ) % (m) 6 (n) e (0) €* (p) e

Miscellaneous problems

4.76.

4.71.

4.78.

4.79.

4.80.

4.81.

4.82.

Prove that 1_—x<ln_(1—-’l_x)<1if0<x<1.
I+x sin” x

If Af(x) = f(x + Ax) — f(x), (a) prove that A{Af (x)} = A%f (x) = f (x + 2Ax) — 2f (x + Ax) + f (x); (b) derive an
expression for A"f(x) where n is any positive integer; and (c) show that iim0 % = f"(x) if this limit

exists.
Complete the analytic proof mentioned at the end of Problem 4.36.

Find the relative maximum and minima of f(x) = x, x > 0.

Ans. f(x) has a relative minimum when x = ..

A train moves according to the rule x = 5¢£ + 30¢, where ¢ and x are measured in hours and miles,
respectively. (a) What is the acceleration after 1 minute? (b) What is the speed after 2 hours?

A stone thrown vertically upward has the law of motion x = —16#* + 96¢. (Assume that the stone is at ground
level at ¢ = 0, that ¢ is measured in seconds, and that x is measured in feet.) (a) What is the height of the stone
at r = 2 seconds? (b) To what height does the stone rise? (c) What is the initial velocity, and what is the
maximum speed attained?

A particle travels with constant velocities v, and v, in mediums I and II, respectively (see Figure 4.11). Show that
in order to go from point P to point Q in the least time, it must follow path PAQ where A is such that

(sin ©,)/(sind,) = v,/v,



4.83.

4.84.

4.85.

4.86.

4.87.

4.88.

4.89.

4.90.

4.91.
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Note: This is Snell’s law, a fundamental law of optics first discovered experimentally and then derived
mathematically.

A variable o is called an infinitesimal if it has zero as a limit. Given two P |

infinitesimals o and 3, we say that o is an infinitesimal of higher order (or 0, Medil}ml

the same order) if lim o/B = 0 (or lim o/B = [ # 0). Prove that as x — 0, (a) | velocity v,

sin?2x and (1 — cos3x) are infinitesimals of the same order, and (b) (x* — A

sin® x) is an infinitesimal of higher order than {x — In(1 + x) — 1 + cos x}. 2 Medium I1

| %2 velocity v,
. N
, . . x sinl/x

Why can we not use L'Hospital’s rule to prove that 1}113 ——=0 Fisure 4.11

(see Problem 3.91)? - Sinx g '

Can we use L’Hospital’s rule to evaluate the limit of the sequence u, = n*¢™*, n=1,2,3, ... ? Explain.

(1) Determine decimal approximations with at least three places of accuracy for each of the following
irrational numbers: (a) V2, (b) J5 . and (c) 7.

(2) The cubic equation x*> — 3x? + x — 4 = 0 has a root between 3 and 4. Use Newton’s method to determine it
to at least three places of accuracy.

Using successive applications of Newton’s method, obtain the positive root of (a) x* — 2x> — 2x — 7 = 0 and
(b) 5 sin x = 4x to three decimal places.

Ans. (a) 3.268 (b) 1.131
If D denotes the operator d/dx so that Dy = dy/dx while D*y = d*y/dx*, prove Leibniz’s formula
D'uv) = (D'uyv + ,C(D ' u)(DV) + ,Co(D2u) (D2 V) + - - - + . C, (D" u)D'™ + - - - + uDnv

where ,C, = (f ) are the binomial coefficients (see Problem 1.95).

n

Prove that (2 sin x) = {x> — n(n — 1)} sin(x + nn/2) — 2nxcos(x + n7/2).

n

I F () =" () = . .. =f P (x,) = 0 but £V (x,) # 0, discuss the behavior of f (x) in the neighborhood of
x = x,. The point x, in such case is often called a point of inflection. This is a generalization of the previously
discussed case corresponding to n = 1.

Let f(x) be twice differentiable in (a, b) and suppose that f’(a) =f’(b) = 0. Prove that there exists at least one

4
() | < W {f(b) —f(a)}. Give a physical interpretation involving the

velocity and acceleration of a particle.

point & in (a, b) such that



Integrals

Introduction of the Definite Integral

The geometric problems that motivated the development of the integral calculus (determination of lengths,
areas, and volumes) arose in the ancient civilizations of northern Africa. Where solutions were found, they
related to concrete problems such as the measurement of a quantity of grain. Greek philosophers took a more
abstract approach. In fact, Eudoxus (around 400 B.c.) and Archimedes (250 B.c.) formulated ideas of integra-
tion as we know it today.

Integral calculus developed independently and without an obvious connection to differential calculus. The
calculus became a “whole” in the last part of the seventeenth century when Isaac Barrow, Isaac Newton, and
Gottfried Wilhelm Leibniz (with help from others) discovered that the integral of a function could be found
by asking what was differentiated to obtain that function.

The following introduction of integration is the usual one. It displays the concept geometrically and then
defines the integral in the nineteenth-century language of limits. This form of definition establishes the basis
for a wide variety of applications.

Consider the area of the region bound by y = f(x), the x axis, and the joining vertical segments (ordinates)
x=a and x = b. (See Figure 5.1.)

¥

y=fx) =T :
|
//-: | :
1| ' | |
anl |
[ | I | |
| | | T I I
I | | | I
| 1 | I [
I ' | | |
I I | |
! I | | | .
ad x & x & x; Yooz f Xyt by b
Enni
Figure 5.1
Subdivide the interval ¢ < x < b into n subintervals by means of the points x;, x,, . . . , x,_;, chosen arbi-
trarily. In each of the new intervals (a, x,), (x, X,), . . . , (x,_;, b) choose points &, &,, . . . , &, arbitrarily. Form
the sum
f(a])(x| _a)—"_f(az)(xz _x1)+f(§3)(x3 —X2)+ ”'+f(<:n)(b_xn_]) (1)

By writing x, = a, x, = b, and x; — x,_, = Ax,, this can be written
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3 FE —x )= FEIA, @
k=1 k=1

Geometrically, this sum represents the total area of all rectangles in Figure 5.1.
We now let the number of subdivisions n increase in such a way that each A x, — 0. If, as a result, the sum
(1) or (2) approaches a limit which does not depend on the mode of subdivision, we denote this limit by

[/ reode=1imY r&)Ax, )

This is called the definite integral of f(x) between a and b. In this symbol, f(x) dx is called the integrand and
[a, b] is called the range of integration. We call a and b the limits of integration, a being the lower limit of
integration and b the upper limit.

The limit (3) exists whenever f(x) is continuous (or piecewise continuous) in a < x < b (see Problem
5.31). When this limit exists we say that fis Riemann integrable or simply integrable in [a, b].

The definition of the definite integral as the limit of a sum was established by Cauchy around 1825. It was
named for Georg Friedrich Bernhard Riemann because he made extensive use of it in this 1850 exposition
of integration.

Geometrically, the value of this definite integral represents the area bounded by the curve y = f(x), the x
axis, and the ordinates at x = @ and x = b only if f(x) > 0. If f(x) is sometimes positive and sometimes nega-
tive, the definite integral represents the algebraic sum of the areas above and below the x axis, treating areas
above the x axis as positive and areas below the x axis as negative.

Measure Zero

A set of points on the x axis is said to have measure zero if the sum of the lengths of intervals enclosing all
the points can be made arbitrarily small (less than any given positive number €). We can show (see Problem
5.6) that any countable set of points on the real axis has measure zero. In particular, the set of rational num-
bers which is countable (see Problems 1.17 and 1.59), has measure zero.

An important theorem in the theory of Riemann integration is the following:

b
Theorem. If f(x) is bounded in [a, b], then a necessary and sufficient condition for the existence of L fx)
dx is that the set of discontinuities of f(x) have measure zero.

Properties of Definite Integrals

If f(x) and g(x) are integrable in [a, b], then
b b b
Lo J U gde = fOodr + [ gl
2. JbAf(x)dx = Ajbf(x)dx where A is any constant
3. ['feyde=[ £ dx+ [ f(x) dxprovided f(x) is integrable in [a, ¢] and [c, b]
4, j:’ F@ydx =~ fx)dx

5. j F(x)dx =0
6. Ifina <x< b, m < fx) <M where m and M are constants, then m(b—a) < be(x) dx<Mb-a)

7. Ifina <x< b, f(x) < g, then Ihf(x)dxgjbg(x) dx

o

. U" f(x)dx‘ < j"| F)ldxifa<b
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Mean Value Theorems for Integrals

As in differential calculus, the mean value theorems listed here are existence theorems. The first one gener-
alizes the idea of finding an arithmetic mean (i.e., an average value of a given set of values) to a continuous
function over an interval. The second mean value theorem is an extension of the first one, which defines a
weighted average of a continuous function.

By analogy, consider determining the arithmetic mean (i.e., average value) of temperatures at noon for a
given week. This question is resolved by recording the seven temperatures, adding them, and dividing by 7.
To generalize from the notion of arithmetic mean and ask for the average temperature for the week is much
more complicated because the spectrum of temperatures is now continuous. However, it is reasonable to
believe that there exists a time at which the average temperature takes place. The manner in which the inte-
gral can be employed to resolve the question is suggested by the following example.

Let f be continuous on the closed interval ¢ < x < b. Assume the function is represented by the corre-
spondence y = f(x), with f(x) > 0. Insert points of equal subdivision, a = x, x,, . . . , x, = b. Then all Ax, = x,
- x;_; are equal and each can be designated by Ax. Observe that b —a = n A x. Let &, be the midpoint of the
interval Ax, and f (€,) the value of f there. Then the average of these functional values is

L€+ f€) S Q)+ 4 @IA 1 oy

n b—a _b—ak:l

This sum specifies the average value of the n functions at the midpoints of the intervals. However, we may
abstract the last member of the string of equalities (dropping the special conditions) and define

. 1 & 1
lim 3 &) AL, = [ fox

as the average value of fon [a, b].

Of course, the question of for what value x = £ the average is attained is not answered; in fact, in general,
only existence, not the value, can be demonstrated. To see that there is a point x = & such that (&) represents
the average value of f on [a, b], recall that a continuous function on a closed interval has maximum and
minimum values M and m, respectively. (Think of the integral as representing the area under the curve; see
Figure 5.2.) Thus,

m(b—a)gjbf(x) dx < M(b—a)

or

msijf(x)dng
“b-a’e -

Figure 5.2
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Since fis a continuous function on a closed interval, there exists a point x = & in (a, b) intermediate to m
and M such that

1 b
f&) =] f0dx

While this example is not a rigorous proof of the first mean value theorem, it motivates it and provides an
interpretation. (See Chapter 3, Theorem 10.)

First Mean Value Theorem If f (x) is continuous in [a, b], there is a point § in (a, b) such that

b
[ fodx=p-af@© “)

Generalized First Mean Value Theorem If f(x) and g(x) are continuous in [a, b], and g(x) does not
change sign in the interval, then there is a point & in (a, b) such that

[[ Feogeody= £&)| g dx 5)

This reduces to Equation (4) if g(x) = 1.

Connecting Integral and Differential Calculus

In the late seventeenth century the key relationship between the derivative and the integral was established.
The connection which is embodied in the fundamental theorem of calculus was responsible for the creation
of a whole new branch of mathematics called analysis.

Definition Any function F such that F’(x) =f(x) is called an antiderivative, primitive, or indefinite integral

of f.

The antiderivative of a function is not unique. This is clear from the observation that for any constant ¢
(Fx) + o) =F(x) =f(x)

The following theorem is an even stronger statement.

Theorem Any two primitives (i.e., antiderivatives) F and G of f differ at most by a constant; i.e., F(x) —
Gx)=C.
(See the problem set for the proof of this theorem.)
3
EXAMPLE. If F'(x) =x% then F(x)= _[xzdx = % + ¢ is an indefinite integral (antiderivative or primitive)
of x%.

The indefinite integral (which is a function) may be expressed as a definite integral by writing

j F(x)dx = j @) dt

The functional character is expressed through the upper limit of the definite integral which appears on the
right-hand side of the equation.

This notation also emphasizes that the definite integral of a given function depends only on the limits of
integration, and thus any symbol may be used as the variable of integration. For this reason, that variable is
often called a dummy variable. The indefinite integral notation on the left depends on continuity of f on a
domain that is not described. One can visualize the definite integral on the right by thinking of the dummy
variable ¢ as ranging over a subinterval [c, x]. (There is nothing unique about the letter #; any other convenient
letter may represent the dummy variable.)



CHAPTER 5 Integrals

The previous terminology and explanation set the stage for the fundamental theorem. It is stated in two
parts. Part 1 states that the antiderivative of fis a new function, the integrand of which is the derivative of
that function. Part 2 demonstrates how that primitive function (antiderivative) enables us to evaluate definite
integrals.

The Fundamental Theorem of the Calculus

Part 1. Let f be integrable on a closed interval [a, b]. Let ¢ satisfy the condition a < ¢ < b, and define a
new function

F(x)= j:f(t) dt if a<x<b

Then the derivative F“(x) exists at each point x in the open interval (a, b), where fis continuous and F”(x)
= f(x). (See Problem 5.10 for proof of this theorem.)

Part 2. As in Part 1, assume that f is integrable on the closed interval [a, ] and continuous in the open
interval (a, b). Let F be any antiderivative so that F”(x) = f(x) for each x in (a, b). If a < ¢ < b, then for any x
in (a, b)

[ 1y di=F)-F

If the open interval on which fis continuous includes a and b, then we may write
jhf(x) dx = F(b)-F(a). (See Problem 5.11)

This is the usual form in which the theorem is used.

2 2 ’ 2 x’ 2 2 2’
EXAMPLE. To evaluate j] x“dx we observe that F" (x)=x", F(x) =?+c, and .[1 x“dx = ?+c -

3

3 33
T . . S . . . . 1
[?+ cjz g Since ¢ subtracts out of this evaluation, it is convenient to exclude it and simply write ?——.

Generalization of the Limits of Integration

The upper and lower limits of integration may be variables. For example:

e 2 cos x .
j tdt={5} =(cos’ x —sin’ x)/2

sin x
sinx

In general, if F"(x) = f(x), then

[ @ dr = F ool = F lueo)

Change of Variable of Integration

If a determination of | f(x) dx is not immediately obvious in terms of elementary functions, useful results
may be obtained by changing the variable from x to ¢ according to the transformation x = g(¢). [This change
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of integrand that follows is suggested by the differential relation dx = g’(¢) dt.] The fundamental theorem
enabling us to do this is summarized in the statement

[reo dx=[ fleyg @ ar (©)

-1

where, after obtaining the indefinite integral on the right, we replace 7 by its value in terms of x; i.e., t = g
(x). This result is analogous to the chain rule for differentiation (see Page 76).
The corresponding theorem for definite integrals is

b B ,
[ feoac=]" flewig'® di ™)

where g(o) = a and g(B) = b; i.e., u = g”! (a), B = g”'(b). This result is certainly valid if f(x) is continuous in
[a, b] and if g(¢) is continuous and has a continuous derivative in o <t< B.

Integrals of Elementary Functions

The following results can be demonstrated by differentiating both sides to produce an identity. In each case,
an arbitrary constant ¢ (which has been omitted here) should be added.

n+l

Lo Judu="— n#-1 18. [coth u du=1n1sinh u|
n+l1
2. jﬂzlnm 19. jsechuduztan-‘(sinh u)
u
3. Jsinuduz—cosu 20. ‘[cschuduz—coth’1 (cosh u)
4. Jcosuduzsinu 21. _[sechzuduztanhu
5, Junuwdu=inisecul 22. [esch® udu=—coth u
=—1Inlcosul
6. Jcotuduzlnlsinul 23. Isechutanhuduz—sechu
Jsecuduzlnlsecu+tanul
7. 24. Icschucothuduz—cschu
=Inltan u/2+m/4)l
cscudu=Inlcscu—cotul
8. -[ e ! " 25. _[Lzsin’IE or —cos’lz
=Inltan u/2| a a
9. Jsec udu=tan u 26. I%zlnlu+1/u2iazl
u *ta
du 1 _u |
10. J csc’u du=—cotu 27. J. 5 ~=—tan” — or ——cot —
u +a a a a a
du 1 u—a
11. Jecutanudu—secu 28.I > 2:2—1n
u —a a u+a
du 1 | u |
12. Jcscucotudu——cscu 29. Jum—;ln‘a+\/m
du 1 L a 1 _u
13. J‘ a>0,a¢l 30 J‘W—;COS ; or ;SGC ;
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J‘qluz +ad’du= g Jub £ d

14, fe" du=e" 31 .
i%lnlu+\/u2 +d |
2
15. Jsinhudu:coshu 32. J. az—uzdu:Z\/az—u2 +a—sin_IZ
2 2 a
16. Jcoshuduzsinhu 33. Ie‘“‘sinbuduze (asmzbu—lz)cosbu)
a +b
17. Jtanhudu:ln cosh u 34. Ie“"cosbudu:e (acoszbu+2bsm bu)
a +b

Special Methods of Integration

1. Integration by Parts Let u and v be differentiable functions. According to the product rule for dif-
ferentials,

d(u) =u dv +v du
Upon taking the antiderivative of both sides of the equation, we obtain
uw = Ju dv + jn du
This is the formula for integration by parts when written in the form
jv dv =uy —JU du or jf(x)g'(x) dx = f(x)g(x)— jf'(x)g(x)dx

where u = f(x) and v = g(x). The corresponding result for definite integrals over the interval [a, b] is certainly
valid if f(x) and g(x) are continuous and have continuous derivatives in [a, b]. See Problems 5.17 to 5.19.

2. Partial Fractions Any rational function PEX) where P(x) and Q(x) are polynomials, with the degree
X
of P(x) less than that of Q(x), can be written as the sum of rational functions having the form
A , ZAX + B where r =1, 2, 3, . . ., which can always be integrated in terms of elementary

(ax+b)" (ax™ +bx+c¢)"
functions.

EXAMPLE 1.

3x-2 A B C D
3 + 7t 7t
(4x-3)2x-5)7 4x-3 (2x+5° @x+5° (@2x+)5)
EXAMPLE 2.

5x% —x+2 _ Ax+ B + Cx+D + E
(X +2x+4)*(x-1) (P +2x+4)* x*+2x+4 x-1

The constants, A, B, C, etc., can be found by clearing of fractions and equating coefficients of like powers
of x on both sides of the equation or by using special methods (see Problem 5.20).

3. Rational Functions of sin x and cos x These can always be integrated in terms of elementary func-
tions by the substitution tan x/2 = u (see Problem 5.21).
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4. Special Devices Depending on the particular form of the integrand, special devices are often em-
ployed (see Problems 5.22 and 5.23).

Improper Integrals

If the range of integration [a, b] is not finite or if f(x) is not defined or not bounded at one or more points of
[a, b], then the integral of f(x) over this range is called an improper integral. By use of appropriate limiting
operations, we may define the integrals in such cases.

EXAMPLE 1
© . d. . _ . _
J x2:11mJM xzzhmtan'xM:hmtan'M:n/Z
01+x M—>m01+x Moo 0 Mo
EXAMPLE 2
1 dx . 1 dx
foﬁ—ﬁg‘& L5 dim 2| = lim @ - 2e)=2
EXAMPLE 3
1d.
*_ = lim —: lim 1nx = hm( Ine)
\/7 €0+ Je y e—>0+ c e—0+

Since this limit does not exist, we say that the integral diverges (i.e., does not converge).

For further examples, see Problems 5.29 and 5.74 through 5.76. For further discussion of improper integrals,
see Chapter 12.

Numerical Methods for Evaluating Definite Integrals

Numerical methods for evaluating definite integrals are available in case the integrals cannot be evaluated
exactly. The following special numerical methods are based on subdividing the interval [a, b] into n equal
parts of length Ax = (b — a)/n. For simplicity we denote f(a + kAx) = f(x;) by y,, where k=0, 1,2,...,n
The symbol = means “approximately equal.” In general, the approximation improves as n increases.

1. Rectangular Rule

b
L f)dx =Ax{y, +y, +y, ++y,_,} or Ax{y,+y, +y,+--+y} (8)

The geometric interpretation is evident from Figure 5.1. When left endpoint function values y,, y,, . . ., y,_; are
used, the rule is called the left-hand rule. Similarly, when right endpoint evaluations are employed, it is called the
right-hand rule.

2. Trapezoidal Rule

b Ax
[, e = S2ly, 425, + 2y, 442y, +3,) ©

This is obtained by taking the mean of the approximations in Equation (8). Geometrically, this replaces
the curve y = f(x) by a set of approximating line segments.
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3. Simpson’s Rule

b Ax
L f(x)dx zT{yo +4y, +2y, +4y, +2y, +4y, +--+2y ,+4y | +y} (10)

This formula is obtained by approximating the graph of y = g(x) by a set of parabolic arcs of the form y
= ax* + bx + c. The correlation of two observations lead to Equation (70). First,

h 2 h 2
J:, [ax® + bx + c]dx = g [2ah™ + 6¢]

The second observation is related to the fact that the vertical parabolas employed here are determined by
three nonlinear points. In particular, consider (<A, y,), (0, y,), (h, y,), then y, = a(=h)* + b(=h) + ¢, y, = ¢, y,
= ah® + bh + c. Consequently, y, + 4y, + y, = 2ah® + 6¢. Thus, this combination of ordinate values (corre-
sponding to equally spaced domain values) yields the area bounded by the parabola, vertical segments, and
the x axis. Now these ordinates may be interpreted as those of the function f whose integral is to be ap-
proximated. Then, as illustrated in Figure 5.3:

~h Ax
2 g[y,H +4y, +y,.,1 =?[y0 +4y, +2y, +4y, +2y, +4y, +--+2y ,+4y _ +y ]

k=1

The Simpson rule is likely to give a better approximation than the others for smooth curves.

Applications

The use of the integral as a limit of a sum enables us to solve many physical and geometrical problems such
as determination of areas, volumes, arc lengths, moments of intertia, and centroids.

v

y=rx

Approximating parabolic

/ segments

Yo N Y2 Ye-1 Yk Yi#1

Figure 5.3

Arc Length

As you walk a twisting mountain trail, it is possible to determine the distance covered by using a pedometer.
To create a geometric model of this event, it is necessary to describe the trail and a method of measuring
distance along it. The trail might be referred to as a path, but in more exacting geometric terminology the
word curve is appropriate. That segment to be measured is an arc of the curve. The arc is subject to the fol-
lowing restrictions:

1. It does not intersect itself (i.e., it is a simple arc).
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2. There is a tangent line at each point.

3. The tangent line varies continuously over the arc.

These conditions are satisfied with a parametric representation x =f(¢), y = g(¢), z = h(t),a < t < b, where
the functions f, g, and & have continuous derivatives that do not simultaneously vanish at any point. This arc
is in Euclidean three-dimensional space and is discussed in Chapter 10. In this introduction to curves and
their arc length, we let z = 0, thereby restricting the discussion to the plane.

A careful examination of your walk would reveal movement on a sequence of straight segments, each
changed in direction from the previous one. This suggests that the length of the arc of a curve is obtained as
the limit of a sequence of lengths of polygonal approximations. (The polygonal approximations are charac-
terized by the number of divisions n — % and no subdivision is bound from zero. (See Figure 5.4.)

(xy V)

o X

Figure 5.4

Geometrically, the measurement of the kth segment of the arc 0 < ¢ < s is accomplished by employing
the Pythagorean theorem; thus, the measure is defined by

lim 3 [(Ax, ) +(Ay, )"
k=1

or, equivalently,

where Ax, = x, —x;,_; and Ay, =y, — v, ;-
Thus, the length of the arc of a curve in rectangular Cartesian coordinates is

I [ N A
L=[{lf®’] +Ig 0T} d"J{(mj*(d;]} dt

(This form may be generalized to any number of dimensions.)
Upon changing the variable of integration from ¢ to x we obtain the planar form

)12
L= f(b){1+[ﬂ} }
f(a) dx

(This form is appropriate only in the plane.)
The generic differential formula ds® = dx + dy? is useful, in that various representations algebraically arise
from it. For example,

ds
dr

expresses instantaneous speed.
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Area

Area was a motivating concept in introducing the integral. Since many applications of the integral are geo-
metrically interpretable in the context of area, an extended formula is listed and illustrated here.

Let fand g be continuous functions whose graphs intersect at the graphical points corresponding to x = a
and x =b, a < b. If g(x) € f(x) € f(x) on [a, b], then the area bounded by f(x) and g(x) is

A={"{g(x) ~ f())dx

If the functions intersect in (a, b), then the integral yields an algebraic sum. For example, if g(x) = sin x
and f(x) = 0 then

2n 2n
JO sin x dx =cosx =0
0

Volumes of Revolution

Disk Method Assume that fis continuous on a closed interval a < x < b and that f(x) € 0. Then the solid

realized through the revolution of a plane region R [bound by f(x), the x axis, and x = @ and x = b] about the
x axis has the volume

b 2
V=n| [fF dx

This method of generating a volume is called the disk method because the cross sections of revolution are
circular disks. See Figure 5.5(a).

y v

(a) (b)

Figure 5.5

EXAMPLE. A solid cone is generated by revolving the graph of y = kx, k>0, and 0 < x < b about the x axis.
Its volume is o

3.3 313
V=nj0bk2x2dx=nk; Z=Ttk3b

Shell Method Suppose fis a continuous function on [a, b], a € 0, satisfying the condition f(x) € 0. Let R
be a plane region bounded by f(x), x = a, x = b, and the x axis. The volume obtained by orbiting R about the
y axis is

V= j: 2 xf(x)dx
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This method of generating a volume is called the shell method because of the cylindrical nature of the
vertical lines of revolution. See Figure 5.5(b).

EXAMPLE. If the region bounded by y = kx, 0 < x < b, and x = b (with the same conditions as in the previ-
ous example) is orbited about the y axis, the volume obtained is

3
% =2nj"x(kx)dx =21th— —onk 2
0 3 3

By comparing this example with that in the section on the disk method, it is clear that for the same plane
region the disk method and the shell method produce different solids and, hence, different volumes.

Moment of Inertia Moment of inertia is an important physical concept that can be studied through its
idealized geometric form. This form is abstracted in the following way from the physical notions of kinetic
energy K = 1/2 mv? and angular velocity v = @r (m represents mass and v signifies linear velocity). Upon
substituting for v,

2.2 1 2 2

When this form is compared to the original representation of kinetic energy, it is reasonable to identify
mr? as rotational mass. It is this quantity, [ = mr?, that we call the moment of inertia.

Then in a purely geometric sense, we denote a plane region R described through continuous functions f
and g on [a, b], where a > 0 and f(x) and g(x) intersect at a and b only. For simplicity, assume g(x) € f(x) >
0. Then

1= [ ¥le - f(o)dx

By idealizing the plane region R as a volume with uniform density one, the expression [f(x) — g(x)] dx
stands in for mass and > has the coordinate representation x*>. See Problem 5.25(b) for more details.

SOLVED PROBLEMS

Definition of a definite integral

. k(b—
5.1. If f(x) is continuous in [a, b], prove that li ( (b=a) j ,[ f(x)dx.
n—oo
Since f(x) is continuous, the limit exists 1ndependent of the mode of subdivision (see Problem 5.31).
Choose the subdivision of [a, b] into n equal parts of equal length Ax = (b — a)/n see Figure 5.1. Let § = a +
k(b—-a)n,k=1,2,... n Then

lim 3" /(&,)Ax, =
k=1

k=1

f( i “)j [ Fdx

5.2. Express lim — Z f ( j as a definite integral.

LGl (e

Leta=0,b =1 in Problem 5.1. Then

}g{lonfff( ] [, renax
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1
5.3. (a) Express jo x* dx as a limit of a sum, and use the result to evaluate the given definite integral. (b) Interpret

the result geometrically.

(a) If f(x) = x%, then f(k/n) = (k/n)* = k*/n®. Thus, by Problem 5.2,

D Ay S
11m—k2:;n—2=‘|‘0x2dx

n—e p

This can be written, using Problem 1.29,

s 1 2 ) . P42 44n’
jx dy=lim —| —+=+ - +— |[=lim ——————
0 n—epnln n n jronl n
=1imw
e 6n
i QUDQ ) L
n—oo 6 3

which is the required limit.

Note: By using the fundamental theorem of the calculus, we observe that J(l) X2 dx = (x*/3) |:) =1%3-0%3
=1/3. 1

(b) The area bounded by the curve y = x%, the x axis, and the line x = 1 is equal to g .

5.4. Evaluate lim ! + ! +oeee+ ! .
noe (n+l n+2 n+n

The required limit can be written

T N S =1im12;=j' D nll4xl =In2
noep | 1+1l/n 1+2/n 1+ n/n noe Nim 1+ kin 01+ x

using Problem 5.2 and the fundamental theorem of the calculus.

oLt .2t . -t 1—cost
5.5. Prove that lim —<sin —+ sin— + -+ + sin (n—1) = .
n—ee g n n n t

Leta=0,b =t f(x) = sin x in Problem 1. Then

LS ke ‘o,
hm—z‘sm;—josmxdx—l—cost

n—e p =1
and so
. okt 1-cost
lim— ) sin —=
n—epn k=1 n t
. . sint
using the fact that lim ——=0.
n—e pn
Measure zero
5.6. Prove that a countable point set has measure zero.

Let the point set be denoted by x,, x,, x3, X, . . . and suppose that intervals of lengths less than €/2, €/4,
€/8, €/16, . . ., respectively, enclose the points, where € is any positive number. Then the sum of the lengths of
the intervals is less than €/2 + €/4 + €/8 + ... =¢ [let a = €/2 and r = 1/2 in Problem 2.25(a)], showing that the
set has measure zero.
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Properties of definite integrals

57.  Prove that jb f(x) dx‘ < j”| Fo)ldx if a<b.

By absolute value property 2, on Page 4,

D FEIA| < DN FEIAx 1= Y1 fE) I Ax,
k=1 k=1 k=1
Taking the limit as n — % and each Ax;, — 0, we have the required result.
. 2& sinnx
5.8. Prove that lim 2 —dx =0.
no=d0 X" +n
2 Sin nx x| sin nx m odx  2m
[ zdx‘q Jare [ o2
O x"+n =90 |x"+n =90 n
. 2 8in nx .
Then lim J 2 5 dx‘ =0, and so the required result follows.
noell0 X"+

Mean value theorems for integrals
5.9. Given the right triangle pictured in Figure 5.6: (a) Find the average value of 4. (b) At what point does this
1
average value occur? (c) Determine the average value of f(x) = sin™! x, 0 <x< E (Use integration by

T
parts.) (d) Determine the average value of f(x) = cos” x, 0 <xZ E .

y

Figure 5.6
H . . .
(a) hx) = Ex. According to the mean value theorem for integrals, the average value of the function / on
the interval [0, B] is

1 ¢8H H

= — —X = —

B> B 2
(b) The point &, at which the average value of h occurs, may be obtained by equating (&) with that average

H H
value, i.e., —& =—. Thus, § :E.
B 2 2

Fundamental theorem of the calculus
510.  If F(x) = j F()dt where f(x) is continuous in [a, b], prove that F”(x) = f(x).

Fx+h)— F(x) _

h %{j” fdi— | paar)

:%J.:Mf(f) dt=f(&) & between x and x+h

by the first mean value theorem for integrals (Page 99).
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Then if x is any point interior to [a, b],

F'(x) =lim

h—0

w:yn& fE)=f)

since fis continuous.
If x = a or x = b, we use right-or left-hand limits, respectively, and the result holds in these cases as
well.

5.11. Prove the fundamental theorem of the calculus, Part 2 (Page 101).
By Problem 5.10, if F(x) is any function whose derivative is f(x), we can write
F)=[ fdi+c
where c is any constant (see the last line of Problem 4.22).

Since F(a) = c, it follows that F(x) = j” F()dt + F(a) or jb F(t)dt = F(b) — F(a)

b
5.12. If f(x) is continuous in [a, b], prove that F(x) = j f(#)dt is continuous in [a, b].
If x is any point interior to [a, b], then, as in Problem 5.10,
lhin(} F(x+h)—F(x)= lhlll(l) hE)=0
and F(x) is continuous.

If x = a and x = b, we use right- and left-hand limits, respectively, to show that F(x) is continuous at
x=aandx=b.

Another Method: By Problems 5.10 and 4.3, it follows that F"(x) exists, and so F(x) must be continuous.

Change of variables and special methods of integration

5.13. Prove the result in Equation (7), Page 102, for changing the variable of integration.
Let F(x) = j f(x) dx and G(t) = j Flg(O))g () dt, where x = g(1)

Then dF = f(x)dx, dG = f {g(?)} g"(¢)dt.

Since dx = g’(¢) dt, it follows that f(x)dx = f{g(t)} g (¢)dt so that dF(x) = dG(t), from which F(x) = G(¢) + c.

Now, when x = a, t = o or F(a) = G(o) + ¢. But F(a) = G(a) =0, so that ¢ = 0. Hence, F(x) = G(t). Since
x=b when r =3, we have

[[r@ax=[" rgwigar

as required.

5.14. Evaluate:
142 x sin™' x?
( J x

0 4
1-x

(a) J-(x +2) sin (2 + 4x — 6) dx

1 dx
© J" Jx+2)B-x)

ON @ dx (d) [ 2 tanh 2~ dx 0 X dx

1/x2 +x+1
1
(a) Method 1: Letx®+ 4x — 6 = u. Then (2x + 4) dx = du, (x + 2) dx = 5 du, and the integral becomes

1 1 1
—Jsinudu=——cosu+c=——cos(x2+4x—6)+c.
2 2 2
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Method 2:
j(x +2)sin (x* +4x _ 6)dx= % jsin(x2 +4x—6)d(x* +4x —6)

:—%cos()c2 +4x—-6)+c

(b) LetIn x = u. Then (dx)/x = du and the integral becomes Jcotudu=1n | sin u | +c=1In | sin(In x) | +c.

_[ dx =_[ dx =j dx =_[ dx
Jo+26-0 T Jorx-x TJo+(-n \/25/4—{)5—;]2.

—sml— c:sinl(zx_1)+c
\25/4 — u? 5

(¢) Method 1:

1
Letting x — > = u, this becomes j

Then

J' sin [Zx —1 )‘ =sin™ [l)—sin"l (—EJ: sin™ 2+sin” .6
W SIS ’

1 1
Method 2: Letx— E =u as in Method 1. Now, when x =—1, u = — %, and whenx =1, u= 5 Thus,

by Formula 25, Page 102,

1/2

dx J-l/z

1 dx 1
J-",/(x+2)(3—x) =[ . ( j 312 /25/4 e 5/2
- X —
2

-3/2

=sin' .2 +sin”' .6

di
(d) Let2'"™* =u. Then —2"*(In 2)dx = du and 2~ dx = — ﬁ, so that the integral becomes
n
1 I-x
jtanh udu=-— Incosh 2™ +
—21n2 2In2
1 2x d.
(e) Letsin' x>=u. Then du = — 2xdx =2 x4 and the integral becomes
1—-(x°) 1-x

1 1 1 . _
—.[u du=—u’+c=—(in"x*) +c¢
2 4 4

Thus,

.
j” xsin_at i(sin"xz)

SRV A | ¢ o>
=—|sin” — | —-
0 4 2 ) 144

2x+1—l IJ- 2x+1 1 dx

e S N e S
R+ x+1 ) 2«/x2+x+1

dx

(® —
'[\/x +x+1 J‘\/x +x+1 2

2 - 2 1
=5j(x +x+D)d(x +x+1)—zj

> 1 1 1Y 3
=X +x+l—-=Inlx+=+,|x+=| +=|+c¢
2 2 4

515.  Show that j L: !

(X —2x+4)7 6

d.
Write the integral as J a Letx—-1= \/g tan u, dx = \/g sec?udu. Whenx =1, u =

1 [(x _ 1)2 + 3]3/2 .
tan”! 0 = 0; when x = 2, u = tan™! 1//3 = /6. Then the integral becomes
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5.16.

5.17.

5.18.

5.19.

5.20.

n/6

/6 \/gseczudu ni6~f3sec’ udu 1 prrs 1.
I 7 =j 5 =—J cosudu =—sinu =
0 [3+3tan” u] 0 [3sec” ul 37J0 3 0

1
6

e dx
Determine J

¢ x(Inx)’
LetInx =y, (dx)/x = dy. When x = e, y = 1; when x = €%, y = 2. Then the integral becomes
[y 3
1 y3 —2h 8

Find | x" In x dx if (a) n # —1 and if (b) n = 1.

(a) Use integration by parts, letting u = In x, dv = x" dx, so that du = (dx)/x, v = ¥"*'/(n + 1). Then

Jx” lnxdxzjuduzuo—jv du:;tll lnx—J‘:’:l.%

n+l n+l

x X
= In x +c

n+l (1)

(b) Jx'l In x dx = Jln xd (In x) :%(ln x)’ +c.

Find j 32T gy

Let 4/2x+1 =y, 2x+ 1 =% Then dx = y dy and the integral becomes |37 ydy.
Integrate by parts, letting u =y, dv = 3” dy; then du = dy, v = 3/(In 3), and we have

: y.3 3 y.3 3’
3 ydy=|udo=w — |vdu= - dy = - +c
J y J. J. In3 Jln3 Y In3 (In3)
1
Find onln (x+3)dx.
dx x? . .
Let u =In(x + 3), dv = x dx. Then du = 3 D=?' Hence, on integrating by parts,
X+
x* 1 ¢x’dx  x° 1 9
xIn(x+3)dx=—In(x+3)—— =—In(x+3)——||x-3+ dx
j ¢ ) 2 ¢ ) 2'[ +3 2 ( ) 2-[[ x+3

2 2
S P LD EA VP S R ) G
2 2] 2
Then
1 5 9
jxln(x+3)dx=——41n4+—1n3
0 4 2

6—x

Determine J— dx
(x=3)2x+5)

6—x A N B
(x=3)2x+5 x-3 2x+5
Method 1: To determine the constants A and B, multiply both sides by (x — 3)(2x + 5) to obtain

Use the method of partial fractions. Let

6-x=AR2x+5)+Bx-3)or6-x=5A-3B+(2A + B)x

Since this is an identity, SA - 3B =6,2A + B=—-1and A =3/11, B=-17/11. Then

J.de :J-?’/ll dx+jﬂdx=iln|x—3|—1—71nl2x+5l+c
11 22

(x=3)2x+5) x=3 2x+5

M

Method 2: Substitute suitable values for x in the identity (1). For example, letting x = 3 and x = -5/2 in (1),

we find at once A =3/11, B=-17/11.
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d
5.21. Evaluate J.# by using the substitution tan x/2 = u.
+3cos x

From Figure 5.7 we see that
u 1

sin x/2 = ——» CcosSx/2=—u—1
1+ J1+u®

ol
Y

1

Figure 5.7
Then
2
cos x =cos” x/2 —sin’ )c/2:1 uz
1+u
Also
1 2
du=Lsec? x/2dx or dv=2cos® x/2du=—22
2 1+u

Thus, the integral becomes

d 1 1 1
j 2” =—tan"' u/2+c=—tan"' | —tanx/2 |+¢
u +4 2 2 2
5.22. Evaluate J-n—xsm;c dx.
0 1+cos™ x
Let x=m—y. Then
_(r_xsinx (T — y)sin y n  siny n ysiny
e R o
1+cos® x 1+cos’ y l1+cos™ y 1+cos” y
n d n
=—TEJ Ls};) —I=-7 tan™ (cosy)| =—I=n’/2-1
O 1+4+cos™y 0

ie.,I=m*2—1orI=m*4.

sin x _m
T + oo
Letting x = /2 — y, we have
ot g ey - e

I+1Jn/2 _ v/sin x dx+JW2 \J/cosx
0 Vsin x ++/cos x vJeosx + \/smx

sin x ++/cos x
e e R
sinx ++/cosx 0

n/2
5.23. Prove that j

.;;

Then

from which 2/ = /2 and I = /4.
The same method can be used to prove that for all real values of m,
72 sin™ T
J- —x dx=—
0 sin” x +cos” x 4
(see Problem 5.89).
Note: This problem and Problem 5.22 show that some definite integrals can be evaluated without first
finding the corresponding indefinite integrals.
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Numerical methods for evaluating definite integrals

1 odx
5.24. Evaluate JO N - approximately, using (a) the trapezodial rule, and (b) Simpson’s rule, where the interval
+ X

[0, 1] is divided into n = 4 equal parts.

Let f(x) = 1/(1 + x%). Using the notation on Page 104, we find Ax = (b — a)/n = (1 — 0)/4 = 0.25. Then,

keeping four decimal places, we have y, = f(0) = 1.0000, y, = f(0.25) = 0.9412, y, = f(0.50) = 0.8000, y; =
f(0.75) = 0.6400, and y, = f(1) = 0.50000.

(a) The trapezoidal rule gives

% [y, + 2, +2y, +2y, +y,} = 0'725 {1.0000 + 2(0.9412) + 2(0.8000) + 2(0.6400) + 0.500}

=0.7828.

(b) Simpson’s rule gives

% [y, +4y, +2y, +4y, +y,} = % {1.0000 + 4(0.9412) + 2(0.8000) + 4(0.6400) + 0.500}

=0.7854.
The true value is /4 = 0.7854.

Applications (area, arc length, volume, moment of inertia)

5.25. Find (a) the area and (b) the moment of inertia about the y axis of the region in the xy plane bounded by y =
4 — x* and the x axis.

(a) Subdivide the region into rectangles as in Figure 5.1. A typical rectangle is shown in Figure 5.8. Then
Required area = lim z FE)HAx,
n—oo =1

=1lim ) (4 —£})Ax,
ni}wk:l

2 ) 32
_L(4—x Jdx ===

(b) Assuming unit density, the moment of inertia about the y axis of the typical rectangle shown in Figure 5.8
. 2
is &, f(€,) Ax,. Then

y

Rﬁ,\‘k-—

_7/
4-E}~

fE)=

Vi

7z )

(=2,0) v (2,0

Figure 5.8
Required moment of inertia = lim ) &7 f(€,)Ax, =lim > £7(4 —&)Ax,
n—e 1= n—e 1

= 4= x)de =128
= 15



5.26.

5.27.

CHAPTER 5 Integrals

Find the length of arc of the parabolay = x* fromx=0tox = 1.

Required arc length = joﬂh +(dy/dx)* dx = j;\h +(2x) dx
1 1 2
:J‘O«/l+4x2dx=5j‘0 1+u® du
2
Z%{%u\/1+u2 +%ln(u+\/1+u2)}
0

(a) (Disk method.) Find the volume generated by revolving the region of Problem 5.25 about the x axis.

=%\/§+i In(2 +/5)

2 22
Required volume = lim ZTC ViAX, —TELZ(4 —x7) dx=512r /15.

114)00

(b) (Disk method.) Find the volume of the frustrum of a paraboloid obtained by revolving f(x) =+/kx,
0<a < x £ babout the x axis.

V=n_[h koxdx =%(b2 —d)

(c) (Shell method.) Find the volume obtained by orbiting the region of (b) about the y axis. Compare this
volume with that obtained in (b).

V=2n j: x(kx)dx = 2mkb® /3

The solids generated by the two regions are different, as are the volumes.

Miscellaneous problems

5.28

5.29.

If f(x) and g(x) are continuous in [a, b], prove Schwarz’s inequality for integrals:

b 2 b ) b )
(I reogenax) < [ treorax [ tecoras
We have
[[1r@+ rgPdx =] (f0 e+ 24 Fgods + 3 [ g0 dv >0

for all real values of A. Hence, using Equation (1) in Problem 1.13 with

=[lgwrar,  B=[lr@Pa, =] fmewdx

we find C* < A%B?, which gives the required result.

M dx T
Prove that lim =—.

Mo=do xt 448

We have x* + 4 = x* + 4x% + 4 — 4% = (> + 2)* — (2x)% = (x? + 2 + 2x)(x* + 2 — 2x). According to the method
of partial fractions, assume

1 Ax+ B Cx+D
4 = 2 + 2
xX"+4 x 4+2x+2 x"—-2x+2

Then 1 = (A + CO)x* + (B—2A +2C + D)x* + 2A —2B + 2C + 2D)x + 2B + 2D, so that A+ C=0, B-2A

1 1 1 1
+2C+D=0,2A-2B+2C+2D=0,2B+2D=1.Solving simultaneously, A=—, B=—, C=——, D=—.
8 4 8 4
Thus,
J dx _l x+2 __J‘
X4 8P +2x+42 x2 —2x+2
1 -1
e e e
(x+1*+1 8 (x+l) +1 (x=1"+1 (x=1"+1

=Eln(x2 +2x+2)+%tan’1 (x+1)——61n(x —2x+2)+—tan '*-D+C
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5.30.

5.31.

Then
1 M*+2M+2) 1 1
lim [ Adx = lim{—1In # +—tan' (M + 1)+ —tan"' (M - 1) =T
Moed0 x4+ 4 Mo=|16 M"=2M +2 8 8 8
dx

4
X +
further in Chapter 12. See also Problem 5.74.

We denote this limit by j: N called an improper integral of the first kind. Such integrals are considered

X
j sin #* dt
Evaluate lim ~>——.

x—=0 x4

The conditions of L’Hospital’s rule are satisfied, so that the required limit is

a j sin £* dt 4 a4 (sinx?) 2 3
. dx o . sinx . I . 3x"cosx” 1
lim =1lim =1lim =1lim =—
x—0 4 x—0 4x3 =0 d 3 x—0 12.X2 4
—(x") — (4x7)
dx dx

b
Prove that if f(x) is continuous in [a, b], then j f(x)dx exists.

Leto = z fé& )JAx,, using the notation of Page 99. Since f(x) is continuous, we can find numbers M, and
k=1
my, representing the Lu.b. and g.L1b. of f(x) in the interval [x,_;, %], i.e., such that m < f(x) < M,. We then have

m(b—a)<s=Y mAx, <6 <Y MAx, =S <M, (b-a) (1)
k=1 k=1
where m and M are the g.1.b. and l.u.b. of f(x) in [a, b]. The sums s and S are sometimes called the lower and
upper sums, respectively.
Now choose a second mode of subdivision of [a, b] and consider the corresponding lower and upper sums
denoted by s” and S” respectively. We have must

s7< S8 and S'es 2)

To prove this we choose a third mode of subdivision obtained by using the division points of both the first and
second modes of subdivision and consider the corresponding lower and upper sums, denoted by ¢ and 7, re-
spectively. By Problem 5.84, we have

s<t T<S 3)

IIA
IIA

T<S and s <t

IIA
IIA

which proves (2).

From (2) it is also clear that as the number of subdivisions is increased, the upper sums are monotonic
decreasing and the lower sums are monotonic increasing. Since, according to Equation (1), these sums are also
bounded, it follows that they have limiting values, which we shall call s and S, respectively. By By Problem
5.85, 5 < S. In order to prove that the integral exists, we must show that s = S.

Since f(x) is continuous in the closed interval [a, b], it is uniformly continuous. Then, given any € > 0, we
can take each Ax; so small that M, — m, < /(b — a). It follows that

S—s=3 (M, —m)Ax, < = Y Ax, =¢ “)
k=1 b-aiD

Now S—s=(S-S)+(S— 5)+ (s —s)and it follows that each term in parentheses is positive and so is less
than €, by Equation (4). In particular, since S — s is a definite number, it must be zero; i.e., S = s . Thus, the
limits of the upper and lower sums are equal and the proof is complete.



CHAPTER 5 Integrals

SUPPLEMENTARY PROBLEMS

Definition of a definite integral

1
5.32. (a) Express Express jo x* dx as alimit of a sum. (b) Use the result of (a) to evaluate the given definite

integral. (c) Interpret the result geometrically.

1
Ans. (b) —
n ()4

5.33. Using the definition, evaluate (a) J-: (Bx+1)dx, and (b) J-; (x* — 4x) dx.
Ans. (a) 8(b) 9

5.34. Provethatlim{ n +L+'--+ n }:%

n—e | p?

n+1? nr+2? n* +n’

P P P oy, P
5.35. Prove that lim P2 43 +odn = ! if p>-1
p+l
noe n p+1

b
5.36.  Using the definition, prove that j e'dx=e" —e".

5.37. Work Problem 5.5 directly, using Problem 1.94.

5.38.  Prove that lim{ ! +\/21 =+ ! }=ln(1+\/§).
n"+2

n—>eo \/n2+12 ,n2+n2
1

. - tan™ .
5.38. Prove that lim Z > " _an X if x#0.

2.2
et n +k°x X

Properties of definite integrals

5.40. Prove (a) Property 2 and (b) Property 3, on Page 102.
b c b
5.41. If f(x) is integrable in (a, ¢) and (c, b), prove that J. f(x)dx = J. f(x)dx+ J f(x)dx.
b b
5.42. If f(x) and g(x) are integrable in [a, b] and f(x) < g(x), prove that j f(x)dx < j g(x)dx.

5.43.  Prove that | —cos x € x*/nt for 0 < x < 10/2.

1
544, Prove that |[ <" dx| < In 2 for all n.
0 x+1 =
V3 e " si
5.45. Prove that J e;&dx L
x~+1 =12e
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Mean value theorems for integrals

5.46. Prove result (5), Page 100. [Hint: If m < fx) < M, then mg(x) < f)gx) < Mg(x). Now integrate and

b
divide by J. g(x)dx. Then apply Theorem 9, from Chapter 3.]

5.47.  Prove that there exist values &, and &, in 0 < x < 1 such that

J-lsinnx = 2 —Esinnﬁ
0 x?+1 nEl+1) 4 ?

(Hint: Apply the first mean value theorem.)

5.48. (a) Prove that there is a value £ in 0 < x < 7 such that J: e cos x dx = sin &. (b) Suppose a wedge in the

shape of a right triangle is idealized by the region bounded by the x axis, f(x) = x, and x = L. Let the weight
distribution for the wedge be defined by W(x) = x* + 1. Use the generalized mean value theorem to show that
L'+2
the point at which the weighted value occurs is — ———-
4 " +3
Change of variables and special methods of integration

5.49. Evaluate:
(a)f 26" cosx’dx (b)j

@ jCSCh \/—

dt()j \/4x x*

Ans. (a) le““z +c ) 2/32(c) /3 (d) —2coth \u + ¢ (e) iln 3
dx

\/xz -1
5.50.  Show that (a) [ —————— =—and (b) j
0 (3 +2x—x%) / 2 _ X

5.51. Prove that (a) j«/u +a’du = «/ + a 1n|u+1/u +4’ | and
(b) qua2 —u’ du:%u\/aZ —u? +5a2 sin u/a+c, a>0.

x dx

\1x2+2x+5
ns. x> +2x+5—Inlx+1+~x> +2x+51+c.

5.53. Establish the validity of the method of integration by parts.

+c

552.  Find j

554.  Evaluate (a) jo x c0s3 x dx and (b) jx3 e dx

Ans. (a) —2/9 (b) —%e“zx (4x* +6x* +6x+3) +c



5.55.

5.56.

5.57.

5.58.

CHAPTER 5 Integrals

L, 11 1
Show that (a) jox tan xdx:En—g+gln2 and (b)

V71 3f 3, 5+247
Jqlx +x+1dx [2\/, 3}

(a) If u = f(x) and v = g(x) have continuous nth derivatives, prove that

Jm)(”) dx =" ™" =" P + "V - — (=1 Ju(") vdx, called generalized integration by parts.
T

(b) What simplifications occur if u™ = 0? Discuss. (c) Use (a) to evaluate jo x* sin x dx.

Ans. ) m* =121 + 48

dx _T- 2

Show that J al [Hint: Use partial fractions; i.e., assume
(x+1)* (% + 1) 8

by A B Cx+D

2,2 - 2+ + 2
x+D"(x"+1D) (x+1D)° x+1 x +1

and find A, B, C, D.]

n dx T
Prove that = , o> 1.
0o —cosx a?—1

Numerical methods for evaluating definite integrals

5.59.

5.60.

5.61.

5.62.

5.63.

1 dx
Evaluate J.O n approximately, using (a) the trapezoidal rule and (b) Simpson’s rule, taking n = 4.
+ X

Compare with the exact value, In 2 = 0.6931.

/2
Using (a) the trapezoidal rule and (b) Simpson’s rule, evaluate J.;[ sin® x dx by obtaining the values of

sin? x at x = 0°, 10°, . . ., 90° and compare with the exact value 7/4.

Prove (a) the rectangular rule and (b) the trapezoidal rule, i.e., Equations (8) and (9), Page 104.

Prove Simpson’s rule.

Evaluate the following to three decimal places using numerical integration:

2 dx 1
(a) J'l o ® jo cosh x’dx

Ans. (a) 0.322 (b) 1.105

Applications

5.64.

5.65.

Find (a) the area and (b) the moment of inertia about the y axis of the region in the xy plane bounded by y =
sinx, 0 < x < m, and the x axis, assuming unit density.

Ans. ()2 (b)y > —4

Find the moment of inertia about the x axis of the region bounded by y = x? and y = x, if the density is
proportional to the distance from the x axis.

1
Ans. 3 M, where M = mass of the region
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5.66.

5.67.

5.68.

5.69.

5.70.

5.71.

5.72.

3
(a) Show that the arc length of the catenary y = cosh x fromx=0to x =1n 2 is Z . (b) Show that the length
. 343
of arc of y=x""?, 2§x§5157—2\/2 1172

Show that the length of one arc of the cycloid x = a(0 — sin 0), y = a(1 —cos 0), (0 < T < 2m) is 8a.
Prove that the area bounded by the ellipse x*/a* + y*/b* = 1 is wab.

(a) (Disk method.) Find the volume of the region obtained by revolving the curve y = sin x, 0 <xgm
about the x axis.

Ans. (a) T2/2
(b) (Disk method.) Show that the volume of the frustrum of a paraboloid obtained by revolving f(x) = vkx , 0 <

b nk
a < x < babout the x axis is TEJ kx dx = 7(1)2 —a*). (c) Determine the volume obtained by rotating the

region bound by f(x) =3, g(x) =5 —x*> on — \/E <x< \/E . (d) (Shell method.) A spherical bead of radius a has
a circular cylindrical hole of radius b, b < a, thr?)ugh_the center. Find the volume of the remaining solid by the
shell method. (e) (Shell method.) Find the volume of a solid whose outer boundary is a torus [i.e., the solid is
generated by orbiting a circle (x — a)? — y* = b* about the y axis (a > b)].

Prove that the centroid of the region bounded by y = \/az —x? , —a < x < a, and the x axis is located at
(0, 4a/3m).

(a) If p =f(9) is the equation of a curve in polar coordinates, show that the area bounded by this curve and

1
the lines ¢ = 0 and ¢ = ¢, is EJ-Q p qu). (b) Find the area bounded by one loop of the lemniscate p* = a* cos 2¢.
9

Ans. (b) a®

(a) Prove that the arc length of the curve in Problem 5.71(a) is J.wZ \P 4(d p/ d<|))2 d¢. (b) Find the length
of arc of the cardioid p = a(l — cos ¢). .

Ans. (b) 8a

Miscellaneous problems

5.73.

5.74.

Establish the mean value theorem for derivatives from the first mean value theorem for integrals. [Hint: Let
f(x) = F'(x) in (4), Page 100.]

3 1-€e
Prove that (a) lim dx =4, (b) lim ﬂ =06, (c) lim Lz = %, and give a geometric
- X

4-€
€e—0+J0 /4_x e—0+Je 3[x e—0+J0 ,1

interpretation of the results.

3 dx 1 dx
[ g [
integrals of the second kind (see Problem 5.29), since the integrands are not bounded in the range of integra-
tion. For further discussion of improper integrals, see Chapter 12.)

4 dx
(These limits, denoted usually by JO f’ respectively, are called improper
4-x



5.75.

5.76.

5.77.

5.78.

5.79.

5.80.

5.81.

5.82.

5.83.

5.84.

5.85.

5.86.

5.87.
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Prove that (a) lim st e "dx=41=24 and (b) lim Jz_EL T
M—eJo ' e—0+J1 m 2

dx

x+\/x +1.

n/2 s1n2x
+ 0 JO (sin x

dx and (c) j

Ans. (a) 2n

33

2 n/2 sint
ex /n—en/4+j e dt
X

(b) 3 (c) does not exist

Evaluate lim
xom/2 1+ cos2x

Ans. el2T

Prove: (a) diJ‘Xz (> +1+1Ddr=3x" + x° —2x* +3x*> —2x and
x X

d v
(b) —J. cos t* dt =2xcos x* —cos x°.
dx 7~

Prove that (a) _[ JJ1+sinx dx =4 and (b) J = \/_ ln(x/E +1).

sin x + COoSx

Explain the fallacy I = '[ =—1, using the transformation x = 1/y. Hence, I = 0. But

U]+ 2 _'[ L1+ y
I=tan"!(1) — tan"(~1) = /4 — (—m/4) = ©/2. Thus, 7/2 = 0.

12 COSTLX o1
Prove that J — —.

s/l-l—x 2
{q/n+1 +n+2 +-~+1/2n—1}
n3/2 :

Evaluate lim

n—oo

Ans. %(2\/5 -1

11if x is irrational . . . .
Prove that f(x) = L . is not Riemann integrable in [0, 1].
0 if x is rational

[Hint: In Equation (2), Page 98, let &, k = 1, 2, 3, . . ., n be first rational and then irrational points of
subdivision and examine the lower and upper sums of Problem 5.31.]

Prove the result (3) of Problem 5.31. (Hint: First consider the effect of only one additional point of
subdivision.)

In Problem 5.31, prove that s < S. (Hint: Assume the contrary and obtain a contradiction.)

b
If f(x) is sectionally continuous in [a, b], prove that j f(x)dx exists. (Hint: Enclose each point of

discontinuity in an interval, noting that the sum of the lengths of such intervals can be made arbitrarily
small. Then consider the difference between the upper and lower sums.)

2x O<x<l
If f(x)=<3 x=1 , find _[02 f(x)dx. Interpret the result graphically.
6x—-1 1<x<2
Ans. 9
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3 1
5.88. Evaluate jo {x —[x]+ E} dx where [x] denotes the greatest integer less than or equal to x. Interpret the

result graphically.
Ans. 3

2 in"
5.89. (a) Prove that j: s X dx = T for all real values of m.

sin” x + cos™ x

(b) Prove that j:n 14_?# =T
5.90. Prove that j:/z SiI; Y dx exists.
591.  Show that J‘;S tan; Y dx=0.4872 approximately.
xdx n’

592.  Showthat [ — T
J-O l1+cos’x 22
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CHAPTER 6

Partial Derivatives

Functions of Two or More Variables

The definition of a function was given in Chapter 3 (page 43). For us, the distinction for functions of two
or more variables is that the domain is a set of n-tuples of numbers. The range remains one-dimensional
and is referred to an interval of numbers. If n = 2, the domain is pictured as a two-dimensional region. The
region is referred to a rectangular Cartesian coordinate system described through number pairs (x, y), and
the range variable is usually denoted by z. The domain variables are independent, while the range variable
is dependent.

We use the notation f (x, y), F(x, y), etc., to denote the value of the function at (x, y) and write z = f (x, y),
z=F(x,y), etc. We also sometimes use the notation z = z(x, y), although it should be understood that in this
case z is used in two senses, namely, as a function and as a variable.

EXAMPLE. If f(x,y) = X2+ 2y%, then f(3,— 1) = 32 + 2(~1)* = 7.

The concept is easily extended. Thus, w = F(x, y, z) denotes the value of a function at (x, y, z) (a point in
three-dimensional space), etc.

EXAMPLE. If z=+/1—-(x" + y2), the domain for which z is real consists of the set of points (x, y) such that

x> +y? < 1, i.e., the set of points inside and on a circle in the xy plane having center at (0, 0) and radius 1.

A three-dimensional rectangular Cartesian coordinate system is obtained by constructing three mutually
perpendicular axes (the x, y, and z axes) intersecting in a point (designated by 0 and called the origin). This
is a natural extension of the rectangular system x, y in the plane. A point in the three-dimensional Cartesian
system is represented by the triple of coordinates (x, y, z). The collection of points P(x, y, z), represented by
the implicit equation F(x, y, z) =0, is a surface. The term surface is used in a very broad sense and requires
refinement according to the context in which it is to be used. For example, x> + y* + z> = 1 is the algebraic
representation of a surface in the large. This form might be employed in topology to indicate the property of
being closed rather than open. In analysis, which is the subject of this outline of advanced calculus, the con-
cern is with portions of a surface—that is, points and their neighborhoods. These may be obtained from
implicit representations by imposing restrictions. For example,

z=Vr-@+y) with I¥+y*1<r

signifies an open upper hemisphere. Problems in surface theory employ partial derivatives and relate to a
point of a surface, the collection of points about it, the tangent plane at the point, and the properties of con-
tinuity and differentiability binding this structure. These concepts will be discussed in the following pages.

For functions of more than two variables such geometric interpretation fails, although the terminology is
still employed. For example, (x, y, z, w) is a point in four-dimensional space, and w = f (x, y, z) [or F(x, y, z,
w) = 0] represents a hypersurface in four dimensions; thus, x*> + y> + z> + w’ = a” represents a hypersphere in

four dimensions with radius a > 0 and center at (0, 0, 0, 0). w= \/a2 —(C Y+, ¥+ Y+ < d’de-
scribes a function generated from the hypersphere.
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Neighborhoods

The set of all points (x, y) such that | x - Xy | <3, | Y=Y | <& where 8> 0is called a rectangular & neighbor-
hood of (x,, v,); the set 0 < |x - X | <d,0< |y - Y | < 8, which excludes (x,, y,), is called a rectangular
deleted 0 neighborhood of (x, y,). Similar remarks can be made for made for other neighborhoods; e.g., (x
—x)* + (y — yp)? < & is a circular & neighborhood of (x,, y,). The term open ball is used to designate this
circular neighborhood. This terminology is appropriate for generalization
to more dimensions. Whether neighborhoods are viewed as circular or
square is immaterial, since the descriptions are interchangeable. Simply |
notice that given an open ball (circular neighborhood) of radius J there is a {
centered square whose side is of length less than /2 & that is interior to the
open ball, and, conversely, for a square of side & there is an interior centered
circle of radius less than &/2. (See Figure 6.1.)

A point (x,, ¥,) is called a limit point, accumulation point, or cluster
point of a point set S if every deleted & neighborhood of (x,, y,) contains
points of S. As in the case of one-dimensional point sets, every bounded infinite set has at least one limit
point (the Bolzano-Weierstrass theorem; see Chapter 1). A set containing all its limit points is called a
closed set.

i

\

Figure 6.1

Regions

A point P belonging to a point set S is called an interior point of S if there exists a deleted & neighborhood of
P all of whose points belong to S. A point P not belonging to S is called an exterior point of S if there exists a
deleted & neighborhood of P all of whose points do not belong to S. A point P is called a boundary point of S
if every deleted o neighborhood of P contains points belonging to S and also points not belonging to S.

If any two points of a set S can be joined by a path consisting of
a finite number of broken line segments all of whose points belong O Exterior pt.
to S, then S is called a connected set. A region is a connected set
which consists of interior points or interior and boundary points. A
closed region is a region containing all its boundary points. An open
region consists only of interior points. The complement of a set S in
the xy plane is the set of all points in the plane not belonging to S.
(See Figure 6.2.)

Examples of some regions are shown graphically in Figure 6.3(a),
(b), and (c) . The rectangular region of Figure 6.1(a), including the
boundary, represents the sets of pointsa < x < b, ¢ < y < d which Figure 6.2

is a natural extension of the closed interval @ < x < b for one dimen-
sion. The set a < x < b, ¢ <y < d corresponds to the boundary being excluded.

v y y

(a) (b) ()

Figure 6.3



CHAPTER 6 Partial Derivatives

In the regions of Figure 6.3(a) and (b), any simple closed curve (one which does not intersect itself any-
where) lying inside the region can be shrunk to a point which also lies in the region. Such regions are called
simply connected regions. In Figure 6.3(c), however, a simple closed curve ABCD surrounding one of the
“holes” in the region cannot be shrunk to a point without leaving the region. Such regions are called multiply
connected regions.

Limits

Let f(x, y) be defined in a deleted & neighborhood of (x,, y,) [i.e., f(x, y) may be undefined at (x,, y,)]. We
say that [ is the limit of f (x,y) as x approaches x,, and y approaches y, [or (x, y) approaches (x,, ¥,)] and write

lim f(x,y)=1[or lim f(x, y) =] if for any positive number & we can find some positive number
(x,3) = (%55 3,)
Y=Y

8| [depending on & and (x,, y,), in general] such that | fO,y) =1 | < & whenever 0 < |x - X, | <dand 0 <
y=Yol <d.

If desired, we can use the deleted circular neighborhood open ball 0 < (x — x,)* + (¥ — y,)* < 8% instead of
the deleted rectangular neighborhood.

3xy if (x, y) #(1,2)
EXAMPLE. Let f(x,y)= ) :Asx— landy — 2 [or (x,y) = (1, 2)], f(x, y) gets
0 if (x,y)=(,2)
closer to 3(1)(2) = 6 and we suspect that lim f(x, y) = 6. To prove this, we must show that the preceding defi-
x—1

x—2
nition of limit, with [ = 6, is satisfied. Such a proof can be supplied by a method similar to that of Problem 6.4.

Note that lim f(x, y) # f(1, 2) since f(1, 2) = 0. The limit would, in fact, be 6 even if f(x, y) were not
x—1

x—2

defined at (1, 2). Thus, the existence of the limit of f(x, y) as (x, y) = (x,, ;) is in no way dependent on the
existence of a value of f(x, y) at (x,, y)-
Note that in order for  lim f (x, y) to exist, it must have the same value regardless of the approach of

(x,3)=>(x0,¥)
(x, y) to (xy, yo)- It follows that if two different approaches give different values, the limit cannot exist (see
Problem 6.7). This implies, as in the case of functions of one variable, that if a limit exists it is unique.
The concept of one-sided limits for functions of one variable is easily extended to functions of more than
one variable.

EXAMPLE 1. 111})1 tan”' (y/x) =7 /2, lir(r)l tan”' (y/x)=—m /2.
x—0+ x—0—
y—l1 y—l

EXAMPLE 2. lin(} tan™' (y/x) does not exist, as is clear from the fact that the two different approaches of
y—l1

Example 1 give different results.

In general, the theorems on limits, concepts of infinity, etc., for functions of one variable (see Page 25)
apply as well, with appropriate modifications, to functions of two or more variables.

Iterated Limits

The iterated limits hm{hm f(x, y)} and hm{hm f(x, y)} [also denoted by lim lim f(x, y) and lim lim

X=Xy Ly—=Yo X=X X=Xg Y=Y Y=Yy XX,

f(x,y), respectively] are not necessarily equal. Although they must be equal if lim f(x, y) is to exist, their

equality does not guarantee the existence of this last limit. ’y‘:’);‘o
0
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EXAMPLE. If (x, y) =~ then lim | lim >—2 |=1im (1)=1and lim | lim 2—2 |= lim(~1) =~ 1.
X+ y x=0 | y=0 x 4+ y y—0 y=0 | x20 x 4 y y—0

Thus, the iterated limits are not equal and so lim f(x, y) cannot exist.

x—0
y—0

Continuity

Let f (x, ¥) be defined in a & neighborhood of (x,, y,) [i.e., fix, y) must be defined ar (x,, y,) as well as near it].
We say that f (x, y) is continuous at (x,, y,) if for any positive number § we can find some positive number &
[depending on & and (x,, y,) in general] such that | FO,y) =1 (X0, o) | < 6 whenever | X— xoﬁ) < dand | Y=Y |
< 8, or, alternatively, (x — xo)* + (v — y,)* < 8%

Note that three conditions must be satisfied in order for f{x, y) to be continuous at (x,, y,):

1. lim f(x,y) =1 ie., the limit exists as (x, y) = (Xg, Yo)-
(x, Y)=(xy5 ¥,)

2. f(x, yo) must exist; i.e., f(x, y) is defined at (x,, y,).

3.0 =10 y0).
If desired, we can write this in the suggestive form lim f(x,y)=f( lim x, lim y).
X—)XO X—)XO y—)yo
Y=Y,

3 () #(1,2) . B .
0 — 2), then (x,})lg}ll) f(x,y)=6=# f(1,2). Hence, f(x, y) is not

continuous at (1, 2). If we redefine the function so that f'(x, y) = 6 for (x, y) = (1, 2), then the function is contin-
uous at (1, 2).

EXAMPLE. If f(x, y) = {

If a function is not continuous at a point (x,, ¥,), it is said to be discontinuous at (x,, y,), which is then
called a point of discontinuity. If, as in the preceding example, it is possible to redefine the value of a function
at a point of discontinuity so that the new function is continuous, we say that the point is a removable dis-
continuity of the old function. A function is said to be continuous in a region R of the xy plane if it is con-
tinuous at every point of K.

Many of the theorems on continuity for functions of a single variable can, with suitable modification, be
extended to functions of two more variables.

Uniform Continuity

In the definition of continuity of f(x, y) at (x,, ¥,), 0 depends on & and also (x,, ¥,) in general. If in a region R
we can find a 8 which depends only on 8 but not on any particular point (x, y,) in R (i.e., the same & will work
for all points in R), then f(x, y) is said to be uniformly continuous in R. As in the case of functions of one
variable, it can be proved that a function which is continuous in a closed and bounded region is uniformly
continuous in the region.

Partial Derivatives

The ordinary derivative of a function of several variables with respect to one of the independent varia-
bles, keeping all other independent variables constant, is called the partial derivative of the function
with respect to the variable. Partial derivatives of f(x, y) with respect to x and y are denoted by
}, respectively, the latter notations being used when

9 AR Y|
ax |:0rfx’ fr(x’ y)’ ax‘y‘| and ay |:Or'f}" f:\’('x’ y)’ ay .

needed to emphasize which variables are held constant.
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By definition,
S SEFAEY =S A Sy AN () 0
ax Ax—0 A X ay Ay—0 A y
when these limits exist. The derivatives evaluated at the particular point (x,, y,) are often indicated by
9 9
_f =fx(xo’yo)andi

a'x (x0:¥9) (X050

= f.(x,, ¥,), respectively.
EXAMPLE. If /(x, ) = 2 + 3x)%, then f, = 9ffdx = 62° + 3y” and f, = 9ffdy = 6xy. Also, £ (1, 2) = 6(1)* + 3(2)°
=18,£(1,2) = 6(1)(2) = 12.

If a function f has continuous partial derivatives df/dx, df/dy in a region, then f must be continuous in the
region. However, the existence of these partial derivatives alone is not enough to guarantee the continuity of f
(see Problem 6.9).

Higher-Order Partial Derivatives

If £ (x, y) has partial derivatives at each point (x, y) in a region, then df/dx and df/dy are themselves functions
of x and y, which may also have partial derivatives. These second derivatives are denoted by are denoted by

af a2f_ af azf_ i a_f _ azf 3 af aZf B
BX(E)XJ o T ay[ay) P ax(ay]_axay Fo ay(axJ yox v @

If f,, and f,, are continuous, then f,, = f,, and the order of differentiation is immaterial; otherwise they may
not be equal (see Problems 6.13 and 6.41).

EXAMPLE. Iff(x, y) = 2x° + 3xy* (see preceding example), then f,, = 12x, Sy =6x,andf, =6y =f . Insuch
case f,(1,2) =12, f,,(1,2) = 6, and f,,(1, 2) = f,,(1, 2) = 12.

f
dx*dy

In a similar manner, higher order derivatives are defined. For example,
taken once with respect to y and twice with respect to x.

= f,. 1s the derivative of f

Differentials

(The section on differentials in Chapter 4 should be read before beginning this one.)
Let Ax = dx and Ay = dy be increments given to x and y, respectively. Then

Az=f(x+Ax, y +Ay) - f(x, y) = Af 3)
is called the increment in z = f (x, y). If f(x, ¥) has continuous first partial derivatives in a region, then
Az afA)c+lAy+osAx+E Ay—a—dx+a—dy+e dx +e,dy =Af @
ox dy ox ady
where €, and €, approach zero as Ax and Ay approach zero (see Problem 6.14). The expression
dz =%dx+%d or df=a—fdx+a—fdy )
ox dy ox dy

is called the fotal differential or simply the differential of z or f, or the principal part of Az or Af. Note that
Az # dz in general. However, if Ax = dx and Ay = dy are “small,” then dz is a close approximation of Az (see
Problem 6.15). The quantities dx and dy—called differentials of x and y, respectively—need not be small.
The form dz = f,(xo, yo)dx + f,(xo, Yo)dy signifies a linear function with the independent variables dx and
dy and the dependent range variable dz. In the one-variable case, the corresponding linear function represents
the tangent line to the underlying curve. In this case, the underlying entity is a surface and the linear function
generates the tangent plane at P,. In a small enough neighborhood, this tangent plane is an approximation of
the surface (i.e., the linear representation of the surface at P,). If y is held constant, then we obtain the curve
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of intersection of the surface and the coordinate plane y = y,. The differential form reduces to dz = f.(xy, y,)
dx (i.e., the one-variable case). A similar statement follows when x is held constant. (See Figure 6.4.)

| Polxay)) Xt Ayyptay

|
XoYo L N
Ax |
Xp+Ax, v+ Ay ——
dz Tangent plane

x to surface at Py
: / e e
dz ax dx 3 dy
Py
/ dy

dx

Figure 6.4

If fis such that Af (or Az) can be expressed in the form of Equation (4) where €, and €, approach zero as
Ax and Ay approach zero, we call f differentiable at (x, y). The mere existence of f, and f, does not in itself
guarantee differentiability; however, continuity of f, and f, does (although this condition happens to be
slightly stronger than necessary). In case f, and f, are continuous in a region R, we say that fis continuously
differentiable in R.

Theorems on Differentials

In the following, we assume that all functions have continuous first partial derivatives in a region R; i.e., the
functions are continuously differentiable in %K.

1. fz=f(x,x, ...,x,), then

df:aidxl+a_fdx2+...+aidn (6)
ox, ox, ox,
regardless of whether the variables x,, x,, . . ., x,, are independent or dependent on other variables (see

Problem 6.20). This is a generalization of result in Equation (5). In Euqtion (6) we often use z in place

of f.

2. IHff(x,x,, ..., x,)=c,aconstant, then df = 0. Note that in this case x,, x,, . . ., x,, cannot all be inde-
pendent variables.

3. The expression P(x, y)dx + Q(x, y)dy, or, briefly, P dx + Q dy, is the differential of f (x, y) if and only

if a—P = E)_Q In such case, P dx + Q dy is called an exact differential.

o o P 9 Pf P
Note: Observe that — = Y implies that 9f = —f
dy dx dydx 0dx dy
4. The expression P(x, y, z) dx + Q(x, y, 2)dy + R(x, y, z)dz, or, briefly, P dx + Q dy + R dz, is the differ-

ential of f(x, y, z) if and only if a—P:a—Q,a—Q:a—R,a—R:a—P. In such case, Pdx + Q dy + R dz is
dy Ox dz dy dx 0z
called an exact differential.

Proofs of Theorems 3 and 4 are best supplied by methods of later chapters (see Problems 10.13 and 10.30).
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Differentiation of Composite Functions

Let z = f(x, y) where x = g(r, s5), y = h(r, s) so that z is a function of r and s. Then

0z 0dz dx 0z dy dz 0z ox 0z dy
< ™
or dx dr dy or ds dx ds dy ds

In general, if u = F(x,, . . ., x,) where x; =f(ry, . . ., r],), cewX,=f,(r,...,r,), then
Qu_du v | Oudy, 0wy, )
or, ox, dr, dx, Or, ox, or,
If, in particular, x,, x,, . . ., x,, depend on only one variable s, then
ﬂ:a_uﬂ a_u&+...+ﬂdx" (9)
ds Ox, ds 0x, ds ox, ds

These results, often called chain rules, are useful in transforming derivatives from one set of variables to
another.
Higher derivatives are obtained by repeated application of the chain rules.

Euler’s Theorem on Homogeneous Functions

A function represented by F(x,, x,, . . ., X,, . . ., x,,) is called homogeneous of degree p if, for all values of the
parameter A and some constant p, we have the identity
FOxy, Axy, .. Ax) =M F(xy, Xy, . . .5 X,) (10)

EXAMPLE. F(x,y) =x*+ 2xy’ — 5y* is homogeneous of degree 4, since

FOwx, hy) = ) + 200 (hy)* = 5 = A0 + 2xy° = 5y*) = MF(x, y)

Euler’s theorem on homogeneous functions states that if F(x,, x,, . . ., x,) is homogeneous of degree p,
then (see Problem 6.25)
xla_F+xza_F+...+xna_F=pF (11)
ox, ox, ox,

Implicit Functions

In general, an equation such as F(x, y, 7) = 0 defines one variable—say, z—as a function of the other two
variables x and y. Then z is sometimes called an implicit function of x and y, as distinguished from an explicit
Sunction f, where z = f(x, y), which is such that F[x, y, f(x, y)] =0.

Differentiation of implicit functions requires considerable discipline in interpreting the independent and
dependent character of the variables and in distinguishing the intent of one’s notation. For example, suppose
that in the implicit equation FI[x, y, f (x, z)] = 0, the independent variables are x and y and that z = f(x, ). In

order to find ai and g—f, we initially write the following [observe that F(x, ¢, z) is zero for all domain pairs
X y

(x, y); i.e., it is a constant]:
O=dF=F,dx+F,dy+F_ dz
and then compute the partial derivatives F,, F ) F, as though y, y, z constituted an independent set of variables.

At this stage we invoke the dependence of z on x and y to obtain the differential form dz :B_f dx + ai dy.
X y
Upon substitution and some algebra (see Problem 6.30), the following results are obtained:
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S__E ¥ b

ox F’ dy F.

EXAMPLE. If0=F(x,y,2) =x’2+yz* + 2xy° — 22 and z = f(x, y), then F, = 2xz + 2)*, F,= 22 + 4xy.
F,=x*+2yz—37". Then

(Z° + 4xy)

o (2xz +2y%) of (@ +4xy)
X%+ 2yz —3x7

ox x* +2yz -3z 9y
Observe that f need not be known to obtain these results. If that information is available, then (at least
theoretically) the partial derivatives may be expressed through the independent variables x and y.

Jacobians

If F(u, v) and G(u, v) are differentiable in a region, the Jacobian determinant, or the Jacobian, of F and G
with respect to # and v is the second-order functional determinant defined by

oF OF
ou vl |E
AF.G)_|au v|_|F K 12
dw,v) |dG JG| |G, G,
du dv
Similarly, the third-order determinant
5 F, F,_F,
AEGH) |6 6 ¢,
d(u,v, w)
u HD Hw

is called the Jacobian of F, G, and H with respect to u, v, and w. Extensions easily made.

Partial Derivatives Using Jacobians

Jacobians often prove useful in obtaining partial derivatives of implicit functions. Thus, for example, given
the simultaneous equations

F(x,y,u,0)=0, G(x,y,u,0)=0
we may, in general, consider « and v as functions of x and y. In this case, we have (see Problem 6.31)
JA(F,G) JA(F,G) JA(F,G) JA(F,G)
du__ 0wy w__ v W dwxn) 0wy
ox  OJF,G’ 9y OF.G’  oax IF,G)’ dy IF,G)
J(u,v) o(u,v) o(u,v) o(u,v)

The ideas are easily extended. Thus, if we consider the simultaneous equations

F(u,v,w,x,y)=0,

Gu,v,w,x,y)y) =0,

Hu,v,w, x,y)=0

we may, for example, consider u, v, and w as functions of x and y. In this case,

with similar results for the remaining partial derivatives (see Problem 6.33).

A(F,G, H) o(F, G, H)
du _ dI(x,0,w) ow _ duv,y)
a  OF.G.H' 9y oF,G H)

du,v, w) d(u,v, w)
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Theorems on Jacobians

In the following we assume that all functions are continuously differentiable.

1. A necessary and sufficient condition that the equations F(u, v, x, y, z) = 0 and G(u, v, x, y, z) = 0 can

A(F,G)

s

be solved for u and v (for example) is that is not identically zero in a region K.

Similar results are valid for m equations in n variables, where m < n.

2. If x and y are functions of u and v while « and v are functions of and s, then (see Problem 6.43)
d(x. y) _ 3(x. y) du,v)
a(r,s)  d(u,v) A(r,s)

This is an example of a chain rule for Jacobians. These ideas are capable of generalization (see Prob-
lems 6.107 and 6.109, for example).

(13)

3. Ifu=flx,y) and v = g(x, y), then a necessary and sufficient condition that a functional relation of the
d(u,v)

form ¢(u, v) = 0 exists between u and v is that )
X,y

be identically zero Similar results. hold for n

functions of n variables.

Further discussion of Jacobians appears in Chapter 7, where vector interpretations are employed.

Transformations

The set of equations
= F ,
X (u,v) (14)
y=F(u,v)

defines, in general, a transformation or mapping which establishes a correspondence between points in the
uv and xy planes. If to each point in the uv plane there corresponds one and only one the xy plane, and con-
versely, we speak of a one-to-one transformation or mapping. This will be so if F' and G are continuously
differentiable, with Jacobian not identically zero in a region. In such case (which we assume unless otherwise
stated), Equations (14) are said to define a continuously differentiable transformation or mapping.

The words transformation and mapping describe the same mathematical concept in different ways. A
transformation correlates one coordinate representation of a region of space with another. A mapping views
this correspondence as a correlation of two distinct regions.

Under the transformation (14) a closed region R of the xy plane is, in general, mapped into a closed region
R’ of the uv plane. Then if AA,, and AA,, denote, respectively, the areas of these regions, we can show that

AAxy a(x, y)
AA, |d(u,v)

where lim denotes the limit as AA,, (or AA,,)) approaches zero. The Jacobian on the right of Equation (15) is
often called the Jacobian of the transformation (14).

If we solve transformation (14) for # and v in terms of x and y, we obtain the transformation u =f(x, y), v =
901, 0) and o(x, y) of
d(x,y)  du,v)
these transformations are reciprocals of each other (see Problem 6.43). Hence, if one Jacobian is different from
zero in a region, the inverse exists and is not zero.

These ideas can be extended to transformations in three or higher dimensions. We deal further with these
topics in Chapter 7, where use is made of the simplicity of vector notation and interpretation.

(15)

g(x, v), often called the inverse transformation corresponding to (14). The Jacobians
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Curvilinear Coordinates

Rectangular Cartesian coordinates in the Euclidean plane or in three-dimensional space were mentioned at
the beginning of this chapter. Other coordinate systems, the coordinate curves of which are generated from
families that are not necessarily linear, are useful. These are called curvilinear coordinates.

EXAMPLE 1. Polar coordinates p, @ are related to rectangular Cartesian coordinates through the transforma-
tion x = p cos @ and y = p sin ®. The curves @ = P, are radical lines, while p = r,, are concentric circles.
Among the convenient representations yielded by these coordinates are circles with the center at the origin. A
weakness is that representations may not be defined at the origin.

EXAMPLE 2. Spherical coordinates 1, ©, @, for Euclidean three-dimensional space are generated from rect-
angular Cartesian coordinates by the transformation equations x = r sin ® cos @, y =r sin © sin @, and z =r cos
®. Again, certain problems lend themselves to spherical coordinates, and also uniqueness of representation can
be a problem at the origin. The coordinate surfaces r =r,, © = ©,, and ® = @, are spheres, planes, and cones,
respectively. The coordinate curves are the intersections of these surfaces, i.e., circles, circles, and lines.

For curvilinear coordinates in higher dimensional spaces, see Chapter 7.

Mean Value Theorem

If f(x, y) is continuous in a closed region and if the first partial derivatives exist in the open region (i.e., ex-
cluding boundary points). then

T+ By Yo + K) = (s o) = I, (g + B, Yo + OK) + kf,(x, + B, ¥, + OK) 0<0<1  (16)

This is sometimes written in a form in which 7= Ax=x—-x,and k= Ay =y — y,.

SOLVED PROBLEMS

Functions and graphs

o [y fey

6.1. Iff(x,y)=x" —2xy+3y* find: (a) f[l, %J
Xy k

(@ f(=2,3)=(=2-2(=2)3)+3(3)*=-8+12+27=31

12) (1Y 1Y 2 2Y 1 4 12
o (et HE) R G) e

© ﬂx’“"ﬁ‘“’"”%{[f—2x(y+k)+3<y+k>2]—[x-‘—2xy+3y21}

:%()f —2xy — 2kx + 3y + 6ky + 3k* — x> +2xy — 3y%)

1
= ;(—ka =6ky + 3k*) = —2x+ 6y + 3k.
6.2. Give the domain of definition for which each of the following functions is defined and real, and indicate this
domain graphically.
@ f@x,y) =In{(16 -x* - y)(x* +y* - 4)}
The function is defined and real for all points (x, y) such that

(16-F =P+ -4>0,  ie,4<@+)y<16
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which is the required domain of definition. This point set consists of all points interior to the circle of radius
4 with center at the origin and exterior to the circle of radius 2 with center at the origin, as in Figure 6.5.
The corresponding region, shown shaded in y y

Figure 6.5, is an open region.

(b) f(x,y)=46—-2x+3y) 4 \ 2,
The function is defined and real for all /- 2 é}“\d

points (x, y) such that 2x + 3y < 6, which is * *

the required domain of definition. k _/ \
The corresponding (unbounded) region

of the xy plane is shown shaded in Figure 6.6. Figure 6.6

Figure 6.5

6.3. Sketch and name the surface in three-dimensional space represented
by each of the following. What are the traces on the coordinate
planes?

(a) 2x+4y+3z=12.
Trace on xy plane (z = 0) is the straight line x + 2y = 6, z=0.
Trace on yz plane (x = 0) is the straight line 4y + 3z =12, x = 0.

Trace on xz plane (y = 0) is the straight line 2x + 3z =12,y = 0.
These are represented by AB, BC, and AC in Figure 6.7.

The surface is a plane intersecting the x, y, and z axes in the points
A(6, 0, 0), B(0, 3, 0), and C(0, 0, 4). The lengths OA =6,0B =3, and *

OC =4 are called the x, y, and z intercepts, respectively. Figure 6.7
2 2 2
X
® S+ -=1
a b c

2 2
X
Trace on xy plane (z = 0) is the ellipse — + Z—z =1,z=0.
a

2 2
Z

Trace on yz plane (x = 0) is the hyperbola Z—2 -—=1x=0.

2 2
Trace on xz plane (y = 0) is the hyperbola x_2 - Z—2 =1,y=0.
a ¢
2 2

al T =1
a1+ p’lc’y b1+ plc’)
As | P | increases from zero, the elliptic cross section increases in size.

The surface is a hyperboloid of one sheet (see Figure 6.8).

Trace on any plane z = p parallel to the xy plane is the ellipse

Figure 6.8
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Limits and continuity

6.4.

6.5.

6.6.

6.7.

Prove that 1{123 (x* +2y)=5.
y—2

Method 1, using definition of limit.

We must show that, given any 8 > 0, we can find 8 > 0 such that |x2+2y—5| <dwhen0O< [x—1] <8,
0< |y—2| <d.

o< |x—1] <8and0<|y—2| <d,then1 -dx<l+<dand2-d<y<2+3J,excluding x =1,
y=2.
Thus, 1 =28 +8%<x?><1+28+082and 4 —28 <2y <4+ 25. Adding

5-48+082<x®+2y<5+48+08%0r-48+82<x?+2y-5<48+3?2

Now, if § < 1, it certainly follows that —58 <% + 2y — 5 < 58; i.e., |x>+2y—5| <58 whenever 0 < |x— 1]

<9,0< |y—2| < 8. Then, choosing 58 =€, i.e., & = €/5 (or & = 1, whichever is smaller), it follows that |x2+2y—5|
<ewhenO< |x—1] <8,0< |y—2| <& ie, lim (P+2y)=5.
x—l1

y—2
Method 2, using theorems on limits.

lim(x* +2y)=lim x* + lim 2y=1+4=5
x—l x—l1 x—1
x—2 x—2 x—2
Prove that £ (x, y) = x> + 2y is continuous at (1, 2).
By Problem 6.4, lim f(x,y)=5. Also, f(1,2) =1 +2(2) = 5.
x—1
y—o2
Then lim f(x,y)=f(1,2) and the function is continuous at (1, 2).
x—1

y—2
Alternatively, we can show, in much the same manner as in the first method of Problem 6.4, that given
any 8> 0 we can find 8> 0 such that | f(x, y) —f(1,2)| <Swhen |x-1]| <&, [y-2] <8.

2
+ 2y, , =2 )
Determine whether f(x, y)= N y 6y #(1,2) (a) has alimit as x — 1 and y — 2, and (b) is

0, (x, »)=(12)
continuous at (1, 2).

(a) By Problem 6.4, it follows that lirrll f(x,y) =15, since the limit has nothing to do with the value at (1, 2).
x—2
(b) Since linll f(x,y)=35 and f(1, 2) =0, it follows that lirrll f(x,y)# f(1,2). Hence, the function is
x—=2 y—o2
discontinuous at (1, 2).

2=t
Y (x,y)#(0,0)

Investigate the continuity of f(x, y) =14 x> +y . at (0,0).

0 (x, »)=(0,0)
Letx — 0 and y — 0 in such a way that y = mx (a line in the xy plane). Then, along this line,
x2 _ y2

2

2 2.2 2 2 2
:limx m x zlimx(l m’) 1-m

lim =
+y0 o0 4wt o0 P (1+m?) 1+’

x—0 X
y—0
Since the limit of the function depends on the manner of approach to (0, 0) (i.e., the slope m of the line),

the function cannot be continuous at (0, 0).

Another method:

2 2 2 2 2
Since lim {lim xz yz } =lim y—z =1and lim {lim x2 yz } =—1 are not equal, lim f(x, y) cannot exist.
x50 | x20 x° 4 y x>0 x 120 | x20 x4 y x—=0

y—0

Hence, f(x, y) cannot be continuous at (0, 0).
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Partial derivatives

6.8. Iff(x,y)=
Jf

2x* —xy + % find (a) 9/ d x and (b) 9 f/d y at (x,, y,) directly from the definition.
f(x() + h’ yo) - f(xo’ yo)

(@) ™

Xy )

= f. (x5, %) =1hi£13

=lim

[2(x, + h) = (x, + W)y, + yo1=[2x]

h

— Xo Yo +y§]

h—0

hy,

h—0

(b) s

4hx, +2h* —
m—

h

= lhin%(4x0 +2h—y,)=4x, -y,

f(xo’ Yo +k) _f(xo’ yo)

_f ()CO, yo) _h

(x0,¥0)

=lim

[2x§ —x,(y, +k)+(y, + k)?]1-[2x,

k

g — XoYo +y§]

k—0

=1lim

k—0

Since the limits exist for all points (x, y,), we can write f.(x, y) = f, =4x -y, f, (x, y) =1,

are themselves functions of x and y.

—kx, + 2ky, + k’

k

= %{in(}(—xo +2y, +k)=—x, +2y,

=-x+ 2y, which

Note that formally f,(x,, y,) is obtained from f (x, y) by differentiating with respect to x, keeping y constant
and then putting x = xo, y = y,. Similarly, f,(xo, yo) is obtained by differentiating f with respect to y, keeping x
constant. This procedure, while often lucrative in practice, need not always yield correct results (see Problem
6.9). It will work if the partial derivatives are continuous.

2 2
69.  Let f(x, y)={ WA +y0)

f(x, y) is discontinuous at (0, 0).

@ f.0,0)=

£.0,0)=1

(b) Let (x, y) — (0, 0) along the line y = mx in the xy plane. Then llm f(x,y)=Ilim

(x,y)#(0,0)
0 otherwise

f(h 0) - f(0,0)
h

mw

. Prove that (a) both £,(0, 0) and f,(0, 0) exist but that (b)

lim9=0
=0 h
=1im9=0
k=0 k )
m
=0 x? 4 m?x? 1+m2

y—>0

so that the limit depends on m and, hence, on the approach; therefore, it does not exist. Hence, f (x, y) is

not continuous at (0, 0).

Note that unlike the situation for functions of one variable, the existence of the first partial derivatives at
a point does not imply continuity at the point

Note also that if (x, y) # (0, 0), f, =

3 2
y = x7y X =Xy
=—————, f, =—5—— and£,(0,0), £,(0, 0) cannot be com-
Wyt P Ty O

puted from them by merely letting x = 0 and y = 0. See the remark at the end of Problem 4.5(b).

6.10. If O(x, y) =y + e,

find (a) 9,, (b) O, gyso (d) 0, (€) O, and (D,

(@ o, :a—q):aa ()C3y+e“yz)=3)czy+e"y2-y2=3)czy+yze’c“vz
(b) ¢, L i()C3 y=x+e” 2xy=x' +2xy ™
= _8 y+e® )=x" +e xy=x" +2xye
© 0= ?_i(g—ij=%(3xzy+yz e ) =6xy+y (€™ -y =6xy+y'e™
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@ o =ﬂ=—(x3+2 e )=0+2 9 () +e™ 9 (2xy)
Y9yt dy © o ay
=2xy- e -2xy+e”/2 2x =)c2y26”z +2xe”
20 () 9 ., o, L, .
= =22 = S Gty e ) =300 )0 e 2ay+e 2
(e) o, % ox ay(axJ ay(xy y v )=3x"+y -e” 2xy+e” -2y

=3x" +2xy’ e 2y e

%0 9(ap) 9, , s . 2
® o, %3y ax[ayj 8x(x +2xye” )=3x"+y -e xy+e” -2y
=3x> +2xy’ e —i—2ye"'vz

Note that ¢, = ¢,, in this case. This is because the second partial derivatives exist and are continuous for
all (x, y) in a region R. When this is not true, we may have ¢,, # ¢,, (see Problem 6.41, for example).

U 9°U | oU

6.11.  Show that U(x, y, z) = (x* + y* + z°) ' satisfies Laplace’s partial differential equation —- + e + P 0.
'y Z

We assume here that (x, y, z) # (0, 0, 0). Then

?)_U=_%(x2+y2+Z2)—3/2’2x=_x(x2 +y2+22),3/2
X
2
—E;xlzj =%[_x(x2 + yz + Zz)—slz] — (_x)[_%(xz +y2 + Z2)75/2 2x]+ (xz +y2 + Z2)73/2 (=1
_ 3x° _ x*+y +70) _ 2x° =y =7
()C2+ y2+Z2)5/2 (x2+y2+22)5/2 (X2+y2+z2)5/2

Similarly,
azU: 2y’ =x*-2" azU: 277 = x> =y
ayz (xz +y2 +Z2)5/2’ axz (xz +y2 +Zz)5/2

Adding,

0’'U 0°U U
o o T
y Z
2

6.12. Ifz=x*tan" 2 find a; at (1, 1).

X ox dy

%2 _. L 9fy) . & 1 X
dy 1+ (y/x)* oyl x

9’z a(az]_a( X ]=(x2+y2)(3x2)—(x3)(2x)=2-3—1-2

2y ox X

= =lat(l,1)
ox
The result can be written z,, (1, 1) = 1.

Note: In this calculation we are using the fact that z,, is continuous at (1, 1) (see the remark at the end of
Problem 6.9).

8x8y=$ 5 ax 4y (x> +y°) 2’

6.13. If £ (x, y) is defined in a region R and if f,, and £, exist and are continuous at a point of R, prove that f,, = f,

)X
at this point.

Let (x, y,) be the point of R. Consider

G =f(xg+h, yo+ k) —f (xg, o + k) = f (xg = h, yo) + f (o5 Yo)
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Define
O y)=fx+hy)—fxy) (D
Yy =flxy+k)—f(xy) 2
Then
G =0 (xg, Yo + k) — O (x0, yo) (3)
G =V (xo+ h, yo) — W(xg, ¥o) 4)
Applying the mean value theorem for functions of one variable (see Page 78) to Equations (3) and (4),
we have
G =k, (x, yo + 0 k) = k{f, (xg + h, yo + 0,=k) — f; (xp, yo + 0,6)} 0< 0, < 1 (@)
G = hy,(xo, + 058, y) = h{f(xo + B8, yo + k) — filxg + 650, y)} 0< 6, < (6)
Applying the mean value theorem again to Equations (5) and (6), we have
G = hk f,, (xo + O3h, y, + 6,k) 0<0,<1,0<0;<1 7
G=hkfxy(xo+62h,yo+94k) 0<6,<1,0<06,<1 (8)

From Equations (7) and (8) we have
S + 038, yo + 6,k) = f,(xo + 028, yo + 0,k) )]
Letting 7 — 0 and k — 0 in (9) we have, since f,, and f,, are assumed continuous at (x,, y,),

f;‘x('x()’ yO) :f;(y(d()’ yO)

as required. For an example where this fails to hold, see Problem 6.41.

Differentials

6.14. Let f(x, y) have continuous first partial derivatives in a region R of the xy plane. Prove that
Af=f(x+Ax,y+Ay) —f(x,y) =fAx +f, Ay + &, Ax + §,Ay

where €, and €, approach zero as Ax and Ay approach zero.
Applying the mean value theorem for functions of one variable (see Page 78), we have

Af={f(x+Ax, y + Ay) = f (v, y + Ap)} + {f (x, y + Ay) — f (x, »)} (1
= Axf(x + 0, Ax, y + Ay) + Af (x, y + 6, Ay) 0<06,<1,0<0,<1
Since, by hypothesis, f, and f, are continuous, it follows that
fx+0, Ax, y + Ay) = f, (x,y) + 8, £,y + 6,Ay) =f,(x, y) + 6,
where 8, — 0, 8, > 0 as Ax — 0 and Ay — 0.

Thus, Af = f,Ax + f, Ay + 8,Ax + 8,Ay as required.
Defining Ax = dx, Ay = dy, we have Af = f,dx + f, dy + &, dx + 8,dy.
We call df = fdx + f,, dy the differential of f (or z) or the principal part of Af (or Az).

6.15. If z =f(x, ), = x’y — 3y, find (a) Az and (b) dz. (c) Determine Az and dz if x =4, y =3, Ax=—0.01, and Ay =
0.02. (d) How might you determine f (5.12, 6.85) without direct computation?
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Solution:
(a) Az=f(x+Ax y)— f(x,y)
=[(x + Ax)*(y + Ay) =3(y + Ay)] = {x’y = 3y}
= 2xy Ax + (x* = 3) Ay + (Ax)’y + 2x Ax Ay + (Ax)* Ay

(A) (B)

The sum (A) is the principal part of Az and is the differential of z, i.e., dz. Thus,
(b) dz=2xy Ax+ (x*=3) Ay =2xydx+ (x> -3)dy

Another method: dz =§—Z dx + gz

X Y
() Az=f(x+Ax,y+Ay)—f(x,y)=f(4-0.01,3+0.02)-f(4, 3)

dy =2xy dx + (x* =3) dy

= {(3.99)? (3.02) - 3(3.02)} — {(42(3) = 3(3)} = 0.018702
dz = 2xy dx + (2 — 3) dy = 2(4)(3)(=0.01) + (4* — 3)(0.02) = 0.02

Note that in this case Az and dz are approximately equal: because Ax = dx and Ay = dy are sufficiently
small.

(d) We must find f(x + Ax, y + Ay) when x + Ax = 5.12 and y = Ay = 6.85. We can accomplish this by choos-
ingx=5,Ax=0.12,y =7, 8y = - 0.15. Since Ax and Ay are small, we use the fact that f (x + Ax, y + Ay)
=f(x,y) + Az is approximately equal to f(x, y) + dz, i.e., 2 + dz.

Now
2=f0, ) =f(5,7) = (X7 -3(7) = 154
dz =2xy dx + (x* = 3) dy =2 (5) (7) (0.12) + (5* - 3) (-0.15) = 5.1.
Then the required value is 154 + 5.1 = 159.1 approximately. The value obtained by direct computation is

159.01864.

6.16.  (a) Let U =x?"". Find dU. (b) Show that (3x%y — 2y%) dx + (x* — 4xy + 6)?) dy can be written as an exact
differential of a function ¢(x, y) and find this function.

a—U=x2e’/" —lz +2xe’’", a—U=x2ey“‘ 1
8x X ay X

(a) Method 1:

Then
dUza—de + B_U dy = (2xe’"™ — ye''™) dx + xe’'* dy
dx dy
Method 2:

dU =x*d(e’" ) + e’ d(x*) = x*e""" d(y/x) + 2xe’’* dx
— x2€y/x ('x dy - y dx

2

)+ 2xe’" dx = (2xe”"* — ye''") dx + xe’'* dy
x

(b) Method 1:

Suppose that  (3x”y —2)%) dx + (x* —4xy + 6)") dy =d¢ = g_q) dx % dy.
Xy

Then
O _s35y-2y (1)
ox

8_¢=x3 —4xy+6y2 2)

dy
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From Equation (1), integrating with respect to x keeping y constant, we have
¢ =x’y=2xy’ +£(y)

where f(y) is the “constant” of integration. Substituting this into Equation (2) yields

X —dxy + F(y) =x° — 4xy + 6y°

from which F'(y) = 6y i.e., f(y) = 2y° + c.

Hence, the required function is ¢ = x*y — 2xy* + 2y + ¢, where c is an arbitrary constant.

Note that by Theorem 3, Page 130, the existence of such a function is guaranteed, since if P = 3x%y — 2y*
and Q = x*> — 4xy + 6y%, then d P/dy =3x> —4y = 0 0/ 0 x identically. If 0 P/dy # 0 Q/ 0 x, this function
would not exist and the given expression would not be an exact differential.

Method 2:

(3x2y — 2y2) dx +(x° - 4xy + 6y2) dy= (3x2y dx +x° dy) — (2y2 dx +4xy dy) + 6y2 dy

=d(x’y) —dQ2xy*) +d(2y’) =d(x’y — 2xy* +2y°)
=d(x’y=2xy* +2y +¢)

Then the required function is x°y — 2xy? + 2y° + c.

This method, called the grouping method, is based on our ability to recognize exact differential combinations
and is less than Method 1. Naturally, before attempting to apply any method, we should determine whether the given
expression is an exact differential by using Theorem 3, Page 130. See Theorem 4, Page 130.

Differentiation of composite functions

6.17. Let z=f(x,y) and x = ¢(7), y = y(#) where f, ¢, y are assumed differentiable. Prove

dz _dz dx 0z dy
dr ox dr Oy dr
Using the results of Problem 6.14, we have
0z Av 9z Ay = Ax Ay}:%ﬂ_’_a_zﬂ

—=1lim —=1im { — — —+g —+e, —
ox At dy Ar At At| ox dr dy dt

since, as At — 0, we have Ax = 0,Ay - 0,¢, =0, ﬂ%ﬂ’ﬂ_)ﬂ
At dt At dt

6.18. Ifz= e'“'z, Xx=tcost,y=tsint, compute dz/dt at t = /2.
dz dz dx dzdy 5
—=——+——=(y e )(—t sin t + cos t) + (2xye™ )(t cos t +sin t)

di ox di | dy di e

d
Att=n/2,x=0,y=m/2. Then <& =M’ /4)(—r /2)+(0)(1)=-r"/8.
t=n/2
Another method: Substitute x and y to obtain z = ¢”*sin’* cost and then differentiate.

6.19. If z=f(x, y) where x = ¢(u, v) and y = y(u, V), prove the following:

dz _dz dx  dz dy dz _dz dx  dz dy
@ v P Taw
(a) From Problem 6.14, assuming the differentiability of f, ¢, y, we have
{%ﬁ{_&z Ay Ax ﬂ}=%ax dz dy

+e, —+e,
ox Au dy Au Au Au| Ox du ay ou

(b) The result is proved as in (a) by replacing Au by Av and letting Av — 0.

Jdz .. Az .
— = lim = lim
au Au—0 AM Au—0
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6.20.  Prove that dz = g—z dx + S—Z dy even if x and y are dependent variables.
Suppose x anﬁ y depen)()i on three variables u, v, w, for example. Then
dx =x, du + x, dv + x,dw (1)
dy=ydu+y,do+y,dw 2)
Thus,

w

zdx + zdy = (z.x, + 2 y,) du + (2, x, + 2,,) dV + (2, x,, + 2,y,,) dw = z,du + z,dV + 7, = dz

using obvious generalizations from Problem 6.19.

621. IfT=x-xy+y,x=pcosd,andy=psin ¢, find (a) d 7/9 p, d T/d p and (b) d T/d¢.

oT _dT ox ox T JT dy
ap T op dy dp
oT _oT ox 8T dy
aq> T 8¢ 3 o)

This may also be worked by direct substitution of x and y in 7.

=(3x* = y)(cos ®) + 3y — x)(sin 0)

=(3x* — y)(—p sin§) +(3y* —x)(p cos §)

6.22. If U = z sin y/x where x = 3r% + 25, y = 4r — 2s%, and z = 217 — 352, find (a) dU/9r and (b) oU/0s.

oU 09U dx oU dy dU oz
==, 9 2%
or ox or dy or 0z or

ot oo

6 4 .
=—¥cosz+—zcosl+4rsml
X X X X X

U _au s oudy v a:
Os Jdx ds dy ds Jz Os

[t 2o foze

2
=—¥cos—— cos 2 6ssmZ

X X X X

2 2 2 2
6.23. If x=p cosd, y=p sin ¢, shown that B_V + B_V = B_V +L2 B_V .
ox dy ap p’| do

Using the subscript notation for partial derivatives, we have
Vo=V, + Vyy,=V,cosdp +V,sin 0 (1)
Vo= Vxo+ Viyy=Vi=psind)+V, (p cos 0) (2)

(b)

Dividing both sides of Equation (2) by p, we have

%th ==V, sin¢ +V, cos¢ (3)

Then from Equations (1) and (3), we have

1 . .
v +FV¢2 =(V, cos +V, sin§)’ +(=V, sin¢ +V, cos§)’ =V} +V;
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6.24. Show that z = f(x? y), where fis differentiable, satisfies x(9z/0x) = 2y (9z/9y).
Let x>y = u. Then z = f (u). Thus,

dz dz ou dz Oz du , )
e O oU 2xy, == .
ox Ju ox Sy 2xy dy du dy A
Then
x%= fw)-2x7y, 2y%=f'(u) -2x’y and sox%= 2ya—Z
ox dy ox dy

Another method: We have dz = f'(x%y) d(x*y) = f(x*v)2xy dx + x* dy).

Also,
dz =2 i+ & gy
ox dy
Then
aZ , aZ ’
=2y f(x’y). =2 f(xy)
ox dy
L ,oa 0z 0z
Elimination of f'(x"y) yields x — =2y—.
ox dy

6.25. If for all values of the parameter A and for some constant p, F (Ax, Ay) = A F (x, y) identically, where F is
assumed differentiable, prove that x(0F/dx) + y (d F/dy) = pF.

Let Ax = u, Ay =v. Then
F(u,v) =N F(x, y) (1)
The derivative with respect to A of the left side of Equation (/) is

OF OF ou OF dv OF  OF
—=——t—— =X+ —
OL Ju dL 0Jv OA Ju v

The derivative with respect to A of the right side of Equation (1) is p A*"! F. Then
x—+y—=p\A"'F 2)
u

Letting A = 1 in Equation (2), so that u = x, v = y, we have x(dF/dx) + y(0F/dy) = pF.

6.26. If F(x, y) = x*y? sin™" y/x, show that x(OF/0x) + y(0F/dy) = 6 F.

Since F(Ax, Ay) = (Ax)* (Ay)? sin™! Ay/Ax = ASx*y? sin™! y/x = A® F(x, y), the result follows from Problem
6.25 with p = 6. It can, of course, also be shown by direct differentiation.

6.27.  Prove that Y = f(x + at) + g(x — at) satisfies 9* Y/0r* = a* (9 Y/0x?), where f and g are assumed to be at least
twice differentiable and a is any constant.

Letu=x+at,u=x—atsothatY = f(u) + gv).  Thenif f'(u) =df /du, g'®)=dg/dv,

o _3v au av dv

a 9y _aY u_ 3¥ dv
ot Jdu ot oJv ot

= af () — ag'®), 9x  ox ox v ox

=f'(u) + g'0)
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By further differentiation, using the notation f”(u) = d* f/du?, g”(v) = d*g/dv?, we have

Y o, Wow W D, ., I
T o + > 2 {af () —ag” W) }(a) + ™ {af " (u) — ag’' ) }(—a) 1)
=a’ ") +a’g" )

PY Y, Y, du Y, _d D,
It w et i m VAR O A ORFSOIESHORF O )

Then from Equations (1) and (2), 9* Y/0f* = a® (9*Y/0x?).

2

6.28. Ifx=2r-sandy=r+2s, find

in terms of derivatives with respect to r and s.
dy ox

Solving x =2r—s,y=r+2sforrand s: r = 2x + y)/5, s = (2y — x)/5.
Then 0r/dx = 2/5, ds/ox = — 1/5, dr/dy = 1/5, ds/dy = 2/5. Hence, we have

U _dU dr U ds 29U 13U

O9x Orox Odsdx 509 509

PU_9(au)_a(2au_1au\ar 9 (20 1003
dydx dyl| ox dy 0s dy

_5 5 or gg 5 or 5 0s
(22U 12U (1) (29U _12U)2
59 Soros |5 50sdr 595 || 5

2 2 2
1[28U , 0 E)_Uj

25| or’ or ds os”
assuming U has continuous second partial derivatives.

Implicit functions and jacobians

6.29. If U=x"y, find dUy/dt if

X’ +y=tand (1)
C+y=r )
Equations (1) and (2) define x and y as (implicit) functions of ¢. Then differentiating with respect to 7, we
have
5x* (dx/dt) + dy/t = 1 (3)
2x (dx/dt) + 3y*(dy/dt) = 2t “4)
Solving Equations (3) and (4) simultaneously for dx/dt and dy/dt,
1 1 5641
dx _ 2t 3y’ 3y’ =2t dy _ [2x 21 _ 10x'r—2x
dr |sx* 1 15x*y? —=2x" dr |5x* 1| 15x*y* —2x
2x 3y’ 2x 3y

2 4,
Then d_U=a_Uﬂ+a_Uﬂ=(3x2)’) 3?: 2 2 — [+(x) loi tz 2_x .
dt  ox dt dy dt 15x"y" —2x 15x'y* —2x
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6.30.

6.31.

If F(x, y, z) = 0 defines z as an implicit function of x and y in a region R of the xy plane, prove that (a) dz/dx
=-F/F and (b) dz/dy = —F /F_, where F_ # 0.

Since z is a function of x and y, dzzgdx +%dy.

ox dy
oF oF oF OF OF 0z OF OF 0z
Then dF =—dx+ —dy+—dz=| —+—— |dx+| —+ — — |dy=0.
. ox x+8y y+8z ¢ (ax-’-az axe [By 0z By]y

Since x and y are independent, we have
a_F+a_F%=O (1)
dx dz ox
a_F+a_F%=O (2)
dy dz dy

from which the required results are obtained. If desired, equations (1) and (2) can be written directly.

If F(x, y, u, v) = 0 and G(x, y, u, v) = 0, find (a) du/dx, (b) du/dy, (c) dV/d x, and (d) dv/dy.

The two equations in general define the dependent variables u and v as (implicit) functions of the inde-
pendent variables x and y. Using the subscript notation, we have

dF=Fdx+F,dy+F,du+Fdo=0 (1)
dG=Gdx+Gdy+G,du+G,dv=0 2)

Also, since u and v are functions of x and y,
du = udx + u, dy 3)
dv =v.dx +v,dy 4)

Substituting Equations (3) and (4) in (1) and (2) yields
dF = (F,+ F,u,+ F,o)dx + (F, + F,u,+ F,0,)dy =0 (5)
dG =(G,+ Gu,+ Gydx + (G, + Gu, + Gyv,)dy =0 6)

Since x and y are independent, the coefficients of dx and dy in Equations (5) and (6) are zero. Hence, we
obtain

) 7
G,u,+G,v,=—G M

x

{Fu u +FEv =-F,

G o~ (®)
L u, 6,0, =-G

y

{Fu u, +F, v, =-F

Solving Equations (7) and (8) gives

-F, F|  F,0) F,  -F| 9(F.G)
du -G, G, d(x,v) v |G, -G, 0 (u, x)
_— = — 2 b = —= = —
@ % TTE B ARG O NE=NTTE Bl a0)
G, G, d(u,v) G, G, ()
‘ -F, K A(F,G) E - -F A(F,G)
ou_ | -G, G, 9(y,0) ov |G, -G, A, y)
=—= - = — 2 d - = - _ s
ONTNTTE B e YT TR R WG
G, G, o(u,v) G, G, o(u,v)




6.32.

6.33.
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v

The functional determinant , denoted by

o(F,G) or J(F,G

, is the Jacobian of F and G
d(u,v) u,0

u v
with respect to # and v and is supposed # 0.

Note that it is possible to devise mnemonic rules for writing at once the required partial derivatives in
terms of Jacobians (see also Problem 6.33).

If u> —v =3x +y and u — 20> = x — 2y, find (a) Ju/dx, (b) dv/dx, (c) du/dy, and (d) dv/Jy.

Method 1: Differentiate the given equations with respect to x, considering u and v as functions of x and y.
Then

2t 5 1)
ox ox

CLNRPACLN )

ox o0x

. ou 1-12v v 2u-3
Solving, —=———+, —=——.

ox 1-8w odx 1-8w
Differentiating with respect to y, we have

ou ov _

2u———=1 3
May o (3)
M oy )
dy dy

. du 2—-4v v —Hdu-1
Solving, — = =

dy 1-8mw  dy 1-8m

We have, of course, assumed that 1 — 8uv # 0.

Method 2: The given equations are F = u?> —v —3x -y =0, G = u — 2v* — x + 2y = 0. Then, by Problem
6.31,

J(F,G) F K -3 -1
du_ xv) _ |G G| |-1 —4| 1-12v
o O0F.G |F, E| |2 -1| 1-8w
o(u,0) G, G, 1 —4vo

provided 1 — 8uv # 0. Similarly, the other partial derivatives are obtained.

ox ow
’b_ —
()al) du|,

From three equations in five variables, we can (theoretically at least) determine three variables in terms

dv
If Flu,v, w,x,y) =0, G (u, v, w, x,y) =0, and H(u, v, w, x, y) =0, find (a) a—
y

,(©)

of the remaining two. Thus, three variables are dependent and two are independent. If we were asked to deter-
mine dv/dy, we would know that v is a dependent variable and y is an independent variable, but would not

. ) .
know the remaining independent variable. However, the particular notation — serves to indicate that we
VI,
are to obtain dv/dy, keeping x constant; i.e., x is the other independent variable.

(a) Differentiating the given equations with respect to y, keeping x constant, gives
Fu,+Foo,+F w+F =0 (H
Gu,+Guo,+Gw,+G,=G,=0 2)
Hu,+H,v,+H, w,+H, =0 3)
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Solving simultaneously for v, We have

G, G G,  FGH)
v | |H, H, H,|  9uyw)
"ol [ E F| OAFGH
G, G, G, 9(u,0,w)
Hu Hl) Hw

Equations (1), (2), and (3) can also be obtained by using differentials as in Problem 6.31.
The Jacobian method is very suggestive for writing results immediately, as seen in this problem and

Problem 6.31. Thus, observe that in calculating a—U the result is the negative of the quotient of two Jacobi-
y X

ans, the numerator containing the independent variable y and the denominator containing the dependent vari-

able v in the same relative positions. Using this scheme, we have

3(F.G,H) A(F,G,H)
oax| _ 9, yu) awl _ 9(u,x,0)
®) Sl Tamem O |, aEmGH
a(x,y,u) o(w, x,0)
d’z 37 +x

634. If 7 — xz— y =0, prove that

0xdy B B2 - x)*
Differentiating with respect to x, keeping y constant, and remembering that z is the dependent variable
depending on the independent variables x and y, we find

0z 0z
327 ——x—-2z=0
ox ox
and
0z z
—=— (1
ox 3z°—x
Differentiating with respect to y, keeping x constant, we find
377 9 _ X % _ 1=0
dy 9y
and
0z z
e 2)
ox 37" —x

Differentiating Equation (2) with respect to x and using Equation (/), we have

92 -1 ( az—lj—1_6z|:Z/(3Z2_X)] ~ 372 — x

xdy G-x7 | ox 67 —xF (G —x)

The result can also be obtained by differentiating Equation (1) with respect to y and using Equation (2).

6.35. Let u =f(x, y) and v = g(x, y), where fand g are continuously differentiable in some region R. Prove that a
necessary and sufficient condition that there exists a functional relation between u and v of the form ¢(u, v)

d(u,0)

= 0 is the vanishing of the Jacobian; i.e.,
a(x,y)

= ( identically.
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d(u,v
Necessity. We have to prove that if the functional relation ¢(u, v) = 0 exists, then the Jacobian (,0) =
identically. To do this, we note that X, )

do = ¢,du + o, dv = ¢, (udx + u, dy) + ¢, (v,dx + v,dy)
= (0, Uy + 6, V)dx + (91, + O 0,)dy =0

Then
o1, + 0,0, =0 (1)
Oty + 0,0, =0 (2)
Now ¢, and ¢, cannot be identically zero, since if they were, there would be no functional relation, con-
N ECIUAY)

trary to hypothesis. Hence, it follows from Equations (/) and (2) that =0 identically.
u

a(x,y)

y D}’

Sufficiency. We have to prove that if the Jacobian o(u,)
relation between u and v; i.e., d(u, v) = 0. XY
Let us first suppose that both u, = 0 and u, = 0. In this case the Jacobian is identically zero and u is a
constant ¢, so that the trival functional relation u = ¢, is obtained.
Let us now assume that we do not have both u, = 0 and u, = 0; for definiteness, assume u, # 0. We may
then, according to Theorem 1, Page 133, solve for x in the equaﬁon u=f(x,y)toobtain x = F(u, y), from which
it follows that

=0 identically, then there exists a functional

u=f{Fu,y)y} (1
v =g {F(u,y),y} 2)
From these we have, respectively,
du =u,dx + u,dy = u(F,du + F,dy) + u,dy = u,F, du + (u, F, +u,) dy 3)
dv=vdx+v,dy=v(Fdu+F,dy)+v,dy=v,F,du+ (v, F,+v)dy 4)
From Equation (3), u.F,, = 1 and u,F, + u, = 0 or (5) F, = —u,/u,. Using this, Equation () becomes
dv="v,F, du+{v, (~u, /u)+v, }dy=0,F,du+ [Mvu_—uv]dy ©)

. 0wv) U, u, - .
But by hypothesis = |Fu, —uv = 0 identically, so that Equation (6) becomes d¢

d(x,y) b,
=v,F,du. This means essentially that, referring to Equation (2), dv/dy = 0, which means that v is not depend-
ent on y but depends only on u; i.e., v is a function of u, which is the same as saying that the functional relation
¢ (1, v) = 0 exists.

+ " , .
(@ Ifu= Ty andv =tan™ x +tan™ y, find M (b) Are u and v functionally related? If so, find
1—xy d(x, yw)
the relationship.
| 1+y* 1+x* |
ux uv 1 _ 2 1 _ 2
@ 200 e JA—)t A=) o e
a(x,y) .Y, 1 1
1+x° 1+y°

(b) By Problem 6.35, since the Jacobian is identically zero in a region, there must be a functional relationship
between u and v. This is seen to be tan v = u; i.e., d(u, V) = u — tan v = 0. We can show this directly by
solving for x (say) in one of the equations and then substituting in the other. Thus, for example, from v =
tan”'x + tan"' y, we find tan™' x = v — tan™! y and so
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6.37.

x = tano — tan” ) = 0 tan(tan”' y) _ tanv —y

" 1+tanv tan(tan” y) 1+ ytanv

Then substituting this in # = (x + y)/(1 — xy) and simplifying, we find u = tan v.

d(x,,2)

@Ifx=u—-v+w,y=u’—v>—w?and z = u® + v, evaluate the Jacobian (
u,w

significance of the nonvanishing of this Jacobian.
X, X 1 -1 1

u Y w

Yo Yu|=|2u —2v

, and (b) explain the

A(x,y,2) _

owv,w) | "
(u W) Zu Z\) Zw 3M2 1 0

(a) —2w|=6wiu’ +2u+6u’v +2w

(b) The given equations can be solved simultaneously for u, v, w in terms of x, y, z in a region R if the Jaco-
bian is not zero in R.

Transformations, curvilinear coordinates

6.38.

A region R in the xy plane is bounded by x + y =6, x —y =2, and y = 0. (a) Determine the region R’ in the

d(x,
uV plane into which R is mapped under the transformation x = u + v, y = u — v. (b) Compute (x,y) . ()
Compare the result of (b) with the ratio of the areas of R and R’ u;v)

(a) The region R shown shaded in Figure 6.9 (a) is a triangle bounded by the lines x + y=6,x—y=2,and y
= 0, which for distinguishing purposes are shown dotted, dashed, and heavy, respectively.

v

y
’
4
4 B
/’ 4
4 v s W
x s R’
£ N v=1
LS 27 | N TR S il S
g t,
. .
. '
‘e u
A
s R
on
S v=0 t [
4 =
s
d
rd
/’
(a) xy plane (b) uv plane
Figure 6.9

Under the given transformation, the line x + y = 6 is transformed into (u + v) + (¥ —v) = 6; i.e., 2u = 6 or
u =3, which is a line (shown dotted) in the uv plane of Figure 6.9(b).

Similarly, x — y = 2 becomes (u + V) — (u —v) =2 or v = 1, which is a line (shown dashed) in the uv plane.
In like manner, y = 0 becomes u — v = 0 or =, which is a line shown heavy in the uv plane. Then the required
region is bounded by u =3, v =1, and u = v, and is shown shaded in Figure 6.9(b).

a_x 8_x i(u+l)) — (@ +v)
by 200 _|ou dv|_|du u _‘1 1‘:2
N L
ou dv| |du v

(c) The area of triangular region R is 4, whereas the area of triangular region R’ is 2. Hence, the ratio is 4/2
= 2, agreeing with the value of the Jacobian in (b). Since the Jacobian is constant in this case, the areas of
any regions R in the xy plane are twice the areas of corresponding mapped regions R’ in the uv plane.
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6.39.  Aregion R in the xy plane is bounded by x> + y* = @, x> + y* = b*, x =0, and y = 0, where 0 < a < b.
(a) Determine the region R’ into which R is mapped under the transformation x = p cos ¢, y = p sin ¢, where
M. (d) compute M
(p.0) d(x,y)
(a) The region R [shaded in Figure 6.10(a)] is bounded by x = 0 (dotted), y = O (dotted and dashed), x* + y*
= a” (dashed), and x* + y* = b* (heavy).

p>0,0 < ¢ <2m. (b) Discuss what happens when a = 0. (c) compute

y @

(@) (b)
Figure 6.10

Under the given transformation, x> + y* = a® and x> + y* = b* become p> = ¢* and p>* =b*> or p =a and p = b,
respectively. Also,x=0,a <y < bbecomes ) =m/2,a < p < b;y=0,a < x < bbecomes p=0,a < p < b.
The required region R’ is shown shaded in Figure 6.10(b).

Another method: Using the fact that p is the distance from the origin O of the xy plane and ¢ is the angle
measured from the positive x axis, it is clear that the required region is givenbya < p < 5,0 < ¢ < W2, as
indicated in Figure 6.10(b).

(b) If a =0, the region R becomes one-fourth of a circular region of radius » (bounded by three sides), while
R’ remains a rectangle. The reason for this is that the point x = 0, y = 0 is mapped into p = 0, ¢ = an in-
determinate and the transformation is not one to one at this point, which is sometimes called a singular

point.
d 0
s o P 2P oy paine
© p.0) ai (b sing) (psing| 10 Peos
p 90

=p(cos* ¢ +sin’ §)=p
M M =1 so that, thing (c), M = l

(d) From Problem 6.43(b) we have, letting u = p, v = ¢,
d(p,0) A(x,y) dx,y) p

This can also be obtained by direct differentiation.
Note that from the Jacobians of these transformations it is clear why p = 0 (i.e., x = 0, y = 0) is a singular
point.

Mean value theorem

6.40. Prove the mean value theorem for functions of two variables.
Let f(t) = f (x, + ht, y, + kt). By the mean value theorem for functions of one variable,

F(1)=F0)=F'(©)0<0<1 (1)



CHAPTER 6 Partial Derivatives

If x =x, + ht, y =y, + kt, then F(f) = f(x, y), so that by Problem 6.17,
F'(t) =f, (dx/dt) +fy(dy/dt) =hf, + kfy and F’(0) = hf (x, + Oh, y, + 0k) + kfy(x0 + 0h, y, + 6k)

where 0 < 0 < 1. Thus, (/) becomes
fxo+ h,yo+ k) —f(xg, yo) = hf (x, + Oh, y, + 0k) + lcfv()c0 + 0h, y, + 6k) 2)

where 0 < 0 < 1 as required.
Note that Equation (2), which is analogous to Equation (1) of Problem 6.14, where i = Ax, has the advan-
tage of being more symmetric (and also more useful), since only a single number 0 is involved.

Miscellaneous problems

Xt =y’
641.  Let f(x,y)= XV[ o sz (x,y) #(0,0)
0 (x,y)=(0,0)

Compute (a) £,(0, 0), (b) £,(0, 0), (¢) £.(0, 0) (d) £,,(0, 0), (e) £,(0, 0), and (f) £,,(0, 0).

@ lim L8O=FO0 . 0y
h—0 h h—0 h

lim @0 =00 _ 0

h—o k k=0 k

(b)

If (x, y) # (0, 0),

_o ) [yl Axy’ X =y
Len =g {xy(xz -y J}_w[(xz +y°)? j+ y(xz +y’

y
_a xz—y2 ~ —4xy2 xz—yz
fx(x’y)_ay{w(xz—yz ]}_xy[(x2+y2)2 j-’-x[xz+y2
Then
©) 1imwzﬁm9:o
h—0 h =0 h
0,k)— £ (0,0
@ limleim9=0
k—0 k k=0 k
@ timOO-LO0 Kk
k—0 k k=0
h,0)— £ (0,0
f) lim—fy( ) f’( )=limﬁ=l
h—0 h =0 h

Note that f,, # f,, at (0, 0). See Problem 6.13.

o’V 9V
6.42. Show that under the transformation x = p cos ¢, y = p sin ¢ the equation —+——=0 become
PV 1V 1 PV oy
—+t——+—5—5=0.
> pIo p° I
We have

W _avap v
ox dp dx dP ox
W _avap v
dy dp dy 9o dy

(1

2)
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Differentiate x = p cos ¢, y = p sin ¢ with respect to x, remembering that p and ¢ are functions of x and y
90 90

1=-p sin¢a—x+cos¢ g—z 0=p COS¢B_x+Sin¢g_Z

Solving simultaneously,

ap 00 sind
e s —_——— 3
ox cos¢ ox p ©)
Similarly, differentiate with respect to y. Then
O=—psin¢g—$+cos¢ g—i, l1=pcosd g—i+sin¢g—i
Solving simultaneously,
op . dd  cosd
—=sinp, —=—-— 4)
dy dy P
Then, from Equations (1) and (2),
oV cosq)a_v sing dV 5)
ax E)p p a¢
av cosq) oV
=si ¢ - Eve (6)
El p p 9o

Hence,

L AL AL
ox*> ox|\odx ) dplox Jox 90| dx )ox
a [CO q)__ﬂa_v) a [ ¢__S1n¢a_v]a_¢
ap p dbp Jox I p p db |ox

= (cosd) il + sing IV _ sing v J(Cosq))

op>  p*> a0 p Ipdd

2 . 2 .
N —sin¢a—v+cos¢ o'V _cosq)a_V_smq)a_‘; _sin¢
I pIdd p 9 p 9 P

which simplifies to

2 2 .2 .2 2
a—‘z/—cos o 9’ \Z 251n¢zcos¢ dV _ 2singcos¢p 9V L sin ) 8_V+ s1n2¢ 8_\; 7
ox Ip pe - d0 P 9pdd p dp p° I
Similarly,

2 2 2 2 2
% _sin?9 LY % 251n¢2cos¢ oV 2sm¢ cosdp 9°V . cos ) 8_V+ coszq) d lz/ )
oy’ op’ P % p  opd  p 9 p a0

2’V 9*V 9’V 19V 1 9*V

— =t ——+———=
a9’ p> pdp pl oo’
d(x,y) _ d(x,y) d(u,v)
a(r,s) own) Ar,s)

Adding Equations (7) and (8), we find, as required,

6.43. (a) Ifx=f(u,v)andy=g(u, v), where u = ¢ (r, s) and v =y (r, ), prove that

(b) Prove that MM 1, provided ——— 9, )
d(u,0) d(x,y) d(u,0)

# 0, and interpret geometrically.
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a(x,y) X x|, X0, X u+ X0

B Te R P ()
EAES K ul _ 9(x.y)dw)
Y. %I, v, (u,0)0(r, s)

using a theorem on multiplication of determinants (see Problem 6.108). We have assumed here, of course, the
existence of the partial derivatives involved.

Ax,y) Awv) _ Axy) _,
d(u,0) d(x,y)  9(x,y)
The equations x = f (u, V), y = g(u, v) define a transformation between points (x, y) in the xy plane and

points (u, V) in the uv plane. The inverse transformation is given by u = ¢ (x, y), v = ¥ (x, ¥). The result obtained
states that the Jacobians of these transformations are reciprocals of each other.

(b) Place r = x, s =y in the result of (a). Then

6.44. Show that F(xy, z — 2x) = 0 satisfies, under suitable conditions, the equation x(dz/dx) — y(dz/dy) = 2x. What
are these conditions?

Let u = xy, v = z— 2x. Then F(u, v) =0 and
dF =Fdu+Fdov=F,/ (xdy+ydx)+ F,(dz—2dx)=0 (D)

Taking z as dependent variable and x and y as independent variables, we have dz = z, dx + z, dy. Then
substituting in Equation (7), we find

OF,+ Fyz,=2)dx+ (xF,+ Fz,) dy=0

Hence, since x and y are independent, we have
yF,+F,z,-2=0 (2)
xF, +F,zz,=0 3)

vy

Solve for F, in Equation (3) and substitute in (2). Then we obtain the required result xz, — yz, = 2x upon divid-
ing by F, (supposed not equal to zero).
The result will certainly be valid if we assume that F(u, v) is continuously differentiable and that F, # 0.

SUPPLEMENTARY PROBLEMS

Functions and graphs

645. If f(x,y)= ?x ™Y find () £(1—3).(b) LB 3,2 —S2 nd© Fx+ y.am).
—xy
Ans. (a) _l ) 11 © 2x+2y+ xy

4 53h+5) 1-x"y—xy’

6.46. If g(x, v, z) = x> — yz + 3xy, find (a) g(1, -2, 2), (b) g(x + 1, y — 1, z%), and (c) g(xy, Xz, X + y).

Ans. (@) =1 (b) x> = x =2 — y22 + 22 + 3xy + 3y (¢) X}y — x’z — xyz + 3x°yz

6.47. Give the domain of definition for which each of the following functional rules is defined and real, and indicate this

domain graphicallys @) 15, ¥) =——— (b) [, ) = InCx + ), and © f(x, ) =sin” (N = j
x +y -1 X+ y
Ans.(a) X +y* #1(b) x+ y >0 (c) 2X 7y <1

+y



6.48.

6.49.

6.50.

6.51.

6.52.

CHAPTER 6 Partial Derivatives

x+y+z-1

(a) What is the domain of definition for which f (x, y, 2) = | | —F5—F——
X +y +z7 -1

(b) Indicate this domain graphically.

is defined and real?
2 2 2 2 2 2
Ans.(@Q)x+y+z< Lx*+y +z<landx+y+z> 1, x+y " +z°>1

Sketch and name the surface in three-dimensional space represented by each of the following.

(a)3x+2z=12 (AP +2=y (@ X +y =2y
(b) 4z=x>+y? @) xX*+y*+72=16 (h)yz=x+y
(c) z=x* —4y? (f) X2 —4y* — 47 =36 (i) y* =4z

X2+ +72—4x+6y+27-2=0

Ans. (a) plane (b) paraboloid of revolution (c) hyperbolic paraboloid (d) right circular cone (e) sphere
(f) hyperboloid of two sheets (g) right circular cylinder (h) plane (i) arabolic cylinder (j) sphere, center at
(2, -3, -1) and radius 4.

Construct a graph of the region bounded by x* + y*> = a* and x> + 7> = a?, where a is a constant.

Describe graphically the set of points (x, y, z) such that (a) x* + y* + 22 = 1, X + y* =22 and (b) X’ + y* <z <x + ).

The level curves for a function z = f (x, y) are curves in the xy plane defined by f (x, y) = ¢, where c is

any constant. They provide a way of representing the function graphically. Similarly, the level surfaces
of w =f(x, v, z) are the surfaces in a rectangular (xyz) coordinate system defined by f(x, y, z) = ¢, where
c is any constant. Describe and graph the level curves and surfaces for each of the following functions:
@) =1n (2 +y> = 1), (b) £(x, y) = 4xy, (©) f(x, y) = tan” y/(x + 1), (d) f(x, y) = + Y, () f(x, v, 2)
=x% + 4y? + 16z% and (f) sin(x + 2)/(1 — y).

Limits and continuity

6.53.

6.54.

6.55.

6.56.

Prove that (a) 11151 (Bx—-2y)=14 and (b)( l)irr(l2 N (xy — 3x + 4) = 0 by using the definition.

y—-1

If lim f(x, y) = A and lim g(x, y) = B, where lim denotes limit as (x, y) = (x,, ¥,), prove that (a) lim {f(x, y) +
g(x,y)} =A + Band (b) lim {f(x, y) g(x, y)} = AB.

Under what conditions is the limit of the quotient of two functions equal to the quotient of their limits?
Prove your answer.

Evaluate each of the following limits where they exist:

. 3—x+ . . L 20 . -
(a) hrr}# (c) hni x* smz (e) lime™* o (g) lim Lyl
Oy 4+ -2y [ i x ==y
-2 in(x* + y* 2x — in"' (xy -2
®) lim>X"2 @ m XD 2TY ) g S 022
,’533 2x -3y ;33 x Ty ;33 x4y ){312 tan” (3xy —6)

Ans. (a) 4 (b) does not exist (c¢) &/5 (d) 0 (e) O (f) does not exist (g) O (h) %
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6.57.

6.58.

6.59.

6.60.

6.61.

Formulate a definition of limit for functions of (a) 3 and (b) n variables.

4x+y-3z
2x =5y +2z

Does lim as (x, y, z) = (0, 0, 0) exist? Justify your answer.

Investigate the continuity of each of the following functions at the indicated points: (a) x> + y?, (xg, Yo);

(b) —>—, (0,0); and (c) (x> +*)sin — if (x,y) # (0, 0), 0if (x, y) = (0, 0), (0, 0).
3x+ 5y

2
X

Ans. (a) continuous (b) discontinuous (¢) continuous

Using the definition, prove that f(x, y) = xy + 6x is continuous continuous at (a) (1, 2) and (b) (x,, y,)-

Prove that the function in Problem 6.60 is uniformly continuous in the square region defined by 0 < x < 1,
0<y<lL

Partial derivatives

6.62.

6.63.

6.64.

6.65.

6.66.

6.67.

6.68.

6.69.

Iff(x, y)= i—;f}, find (a) df/dx and (b) df/dy at (2, —1) from the definition and verify your answer by

differentiation rules.
Ans. (a) -2 (b) -4
(x> = xy)[(x + y) for (x,y) # (0,0)

Iff(x, y)=
Ty {O for (x,y) =(0,0)
Ans. (a) 1 (b) 0

find (a) f,.(0,0). and (b) fy(0,0).

Investigate ( l)irr(l0 0 f.(x,y) for the function in the preceding problem and explain why this limit (if it

exists) is or is not equal to £,(0, 0).

If f(x, y) = (x —y) sin (3x + 2y), compute () f,, (b)fy, ©) firr (d)fy)., and (e)fyx at (0, m/3).
Ans. (a) %(n +/3) (b) é(Zn ~3V3) () %(n\/? ~2) () %(iﬁ +3) () %(Zn B3+

(a) Prove by direct differentiation that z = xy tan(y/x) satisfies the equation x(dz/dx) + y(dz/dy) = 2z if (x, y)
# (0, 0). (b) Discuss part (a) for all other points (x, y), assuming z = 0 at (0, 0).

Verify that f,, = f,, for the functions (a) (2x — y)/(x + y), (b) x tan xy, and (c) cosh (y + cos x), indicating
possible exceptional points, and investigate these points.

Show that z = In{(x — a)> + (y — b)*} satisfies 0°z/0x* + 0°z/dy* = 0 except at (a, b).

Show that z = x cos (y/x) + tan(y/x) satisfies x’z,, + 2xyz,, + y’z,, = 0 except at points for which x = 0.
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6.70.  Show that if w = [x_—y”} . then:

X+y—2
ow ow ow
A I !
(@) Xa +y3y+Z8z
9*w 0*w 9*w 9*w 9w 9w
b) x? +2 2 +2 +2 +2 =0
® ox? Y dy” ‘ 97> P ox dy BP» 0z - dyoz

Indicate possible exceptional points.

Differentials

6.71. If z = x* — xy + 3y% compute (a) Az and (b) dz, where x =5, y = 4, Ax = —0.2, Ay = 0.1. Explain why Az and
dz are approximately equal. (c) Find Azand dzifx=5,y=4, Ax=-2, Ay = 1.

Ans. (a) —11.658 (b) -12.3 (c) Az =-60, dz =123

6.72. Compute §/(3.8)> +2(2.1)° approximately, using differentials.
Ans. 2.01

6.73.  Find dF and dG if (a) F(x, y) = X’y — 4xy” + 8y°, (b) G(x, y, 2) = 8xy’z> — 3x%yz, and (c) F(x, y) = xy* In(y/x).
Ans. (a) (3x%y —4y?) dx + (x> — 8xy + 24y?) dy
(b) (8y*2® — 6xyz) dx + (16xyz® — 3x%2) dy + (24xy*z> — 3x%y) dz

(©) {y? In(y/x) —y*} dx + {2xy In (y/x) + xy} dy

6.74. Prove that (a) d(UV) = U dV + V dU, (b) d(U/V) = (V dU = U dV)/V?, (c) d(In U) = (dU)/U, and (d) d(tan™' V)
= (dV)/(1 + %), where U and V are differentiable functions of two or more variables.

6.75. Determine whether each of the following is an exact differential of a function and, if so, find the function:
(@) (2xy*+ 3y cos 3x) dx + (2x%y + sin 3x) dy
(b) (6xy —y?) dx + (2xe’ — x%) dy
(©) (2 =3y)dx+(12y* -3x) dy + 3xz* dz

Ans. (a) x*y* + y sin 3x + ¢ (b) not exact (c) xz° + 4y — 3xy + ¢
Differentiation of composite functions

6.76. (A If U, v, 2)=2x>—yz+xz5,x=2sint,y=—t+1,and z =3¢, find dU/dt at t = 0. (b) If H(x, y) =
sin(3x —y), x> + 2y = 2¢, and x — y* = 1> + 3¢, find dH/d1.

36t°y + 12t +9x> — 61> +6x°t +18
6x%y+2

Ans. (a) 24 (b) ( ]cos (Bx-y)

6.77. IfF(x, y) = 2x + y)/(y — 2x), x = 2u — 3v, and y = u + 2v, find (a) dF/du, (b) dF/dv, (c) 0°F/d u?, (d) 9*F/dv?,
and (e) 0°F/du dv, where u =2, v = 1.

Ans. (a) 7 (b) 14 (c) 21 (d) 112 (e) 49



CHAPTER 6 Partial Derivatives

6.78. If U = x’F(y/x), show that, under suitable restrictions on F, x(dU/dx) + y(dU/dy) = 2U.

6.79. If x=1u cos 0. — v sin o and y = u sin o + v cos 0, where o is a constant, show that (9V/dx)? + (dV/dy)* =
(OVIOu)* + (aV/dv)>.

1 1
6.80. Show that if x = p cos 0, y = p sin ¢, the equation a_u = v Ju =— 8_1) becomes a_u = ALY =— _a_u

x oy  n d pA P pad

6.81. Use Problem 6.80 to show that under the transformation x = p cos ¢, y = p sin ¢, the equation

o’u = ﬂ =0 becomes o’u = la_u — L o’u

w9y d pop  p oo

Implicit functions and jacobians

6.82. If F(x, y) = 0, prove that dy/dx = ~F /F.

6.83.  Find(a) dy/dx and (b) d*y/dx’ it x* + y* = 3xy =0.
Ans. (a) (y = x)/(y* = x) (b) -2xy/(y* — x)°

d v
6.84.  Ifxu’+v =y 2yu—xv*=4x, find (a) a—u and (b) 5
X

Y
v} =3xu’v’ +4 2xu” +3y°

Ans. (a)
6x> —wv* +2y 3xTw* +y

Ju dx dv o
6.85. Ifu=f(x y)andv = g(x y) are differentiable, prove that — -~ + 2% 2 _ | Explain clearly which
0x du dx Jv

variables are considered independent in each partial derivative.

dy or dy d
6.86. Iff(x, y 15 =0, gy rs)=0, prove that 9T + AL 0, explaining which variables are
or dx ds ox

independent. What notation could you use to indicate the independent variables considered?

2 2
d'y__F.F -2F,FF +FF’

dx? F?

y

6.87. If F(x, y) = 0, show that

J(F,G)
u,v
Ans. 24u* v + 16u? — 303

6.88. Evaluate if F(u,0)=3u’ —uwo and G(u,0) = 20> +v°.

3F,G,H
6.89. I Fe=x+3y?— 2, G=2yz and H=22 - xy, evaluate 22 w11, 0),
a(x,y,2)
Ans. 10

6.90. If u=sin"' x +sin”' yand v = x\/ 1- y2 + y\/ 1-x2 , determine whether there is a functional relationship

between u and v, and, if so, find it.



6.91.

6.92.

6.93.

6.94.

6.95.
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If F=xy+yz+zx, G=x*+y*+ 7% and H = x + y + z, determine whether there is a functional relationship
connecting F, G, and H, and, if so, find it.

Ans. H* =G -2F =0

a(x,y,z) o(u,0,w)

d(x,0,7) o(x,y,w)
# 0. (b) Give an interpretation of the result of (a) in terms of transformations.

(@) If x=f(u, v, w), y = g(u, v, w), and z = h(u, v, w), prove that
a(x,y,2)
d(u,0,w)

=1 provided

dx _ dy _ dz
JAf, g Idf.8) If.8
Ay, z) 9z, x)  d(x,y)

5 5 X 0*x 0%x , .
Ifx+y*=u,y+z2=v,z+x>=w, find (a) —, (b) —=, (c) ———, assuming that the equations define x,

Ju o’ ouov
v, and z as twice differentiable functions of #, v, and w.
1 16x%y —8yz —32x%2%  16y%z —8xz — 32x°y?
Ans. (a) () 2RI S () X ER TSN
1+ 8xyz 1+ 8xyz) (I+8xyz)

If f(x,y,z) =0 and g(x, y, z) = 0, show that
the result is valid.

giving conditions under which

State and prove a theorem similar to that in Problem 6.35, for the case where u = f(x, y, 2), v = g(x, ¥, 2),
w=h(x, Y, 2).

Transformations, curvilinear coordinates

6.96.

6.97.

6.98.

6.99.

6.100.

Given the transformation x = 2u + v, y = u — 3v, (a) sketch the region R’ of the uv plane into which the region

R of the xy plane bounded by x =0, x =1,y =0, y = 1 is mapped under the transformation; (b) compute

d(x, y)

(u,v)
Ans. (b) =7

; and (c) compare the result of (b) with the ratios of the areas of R and R’.

(a) Prove that under a linear transformation x = a,u + a,v, y = b,u + b,o(a,b, — a,b, # 0) lines and circles in
the xy plane are mapped, respectively, into lines and circles in the uv plane. (b) Compute the Jacobian J of
the transformation and discuss the significance of J = 0.

Given x = cos u cosh v, y = sin « sinh v, (a) show that, in general, the coordinate curves ¥ =a and v = b in

the uv plane are mapped into hyperbolas and ellipses, respectively, in the xy plane; (b) compute ox,y) ;
A(u,v) 9(u0)
(c) compute .
d(x,y)

Ans. (b) sin® u cosh? v + cos? u sinh? v (c) (sin? u cosh? v + cos? u sinh? v)™!

Given the transformation x = 2u + 3V —w, y =20 + w, 7 = 2u — 20 + w, (a) sketch the region R’ of the uvw
space into which the region R of the xyz space bounded by x=0,x=8,y=0,y=4,z=0, z= 6 is mapped;
d(x,y,2)

u 0, w

(b) compute ; (¢) compare the result of (b) with the ratios of the volumes of 3t and R’.

Ans. (b) 1
Given the spherical coordinate transformation x = r sin 8 cos ¢, y = r sin 0 sin ¢, z = r cos 0, where r § 0. 0

< 0 < 7w 0 < ¢ <2m, describe the coordinate surfaces (a) r = a, (b) 0 = b, and (c) ¢ = ¢, where a, b, ¢ are
any constants.

Ans. (a) spheres (b) cones (c) planes
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6.101.

J(x,y,z2)
9(r,0,0)

a) Verify that for the spherical coordinate transformation of Problem 6.100, J = =7 sin .
(@) y P

(b) Discuss the case where J = 0.

Miscellaneous problems

6.102.

6.103.

6.104.

6.105.

6.106.

6.107.

6.108.

6.109.

6.110.

6.111.

6.112.

6.113.

IfF(RVD:O,provethat(a)a—P B_T —a—P (b)a—P a—T 8_V

or|, ov| ~ av | ar| av|, op
These results are useful in thermodynamics, where P, V, and T correspond to pressure, volume, and tem-
perature of a physical system.

T

Show that F(x/y, z/y) = 0 satisfies x(dz/dx) + y(dz/dy) = z.
Show that F(x + y — z, x* + y%) = 0 satisfies x(dz/0y) — y(9z/0x) = x — .

Ifx=f(u,u)andy=g(u,D),provethatg—zz—%g—z where Jz%.

0,2 oy 00 0 )
o(u,v) d(u,v) o(u,v)

Ifx=f(u, v),y=g, v),z="h(u, v) and F(x, y, z) =0, prove that

Ifx=0¢u, v, w),y=y, v, w), u=f(s),v =g s), and w = h(r; s), prove that

90, y) _ 3, y) 3w v) | A0 y) 0. w)  Ax,y) | Aww)
d(r,s) Jw,v) dr,s) Jm,w) Jd(r,s) JIdw,u) I(r,s)
a e f| |ae+bg af +bh
c dl|g h| |ce+dg cf +dh

order determinants referred to in Problem 6.43. (b) Generalize the result of (a) to determinants of 3,4 . ..

(a) Prove that , thus establishing the rule for the product of two second-

If x, y, and z are functions of u, v, and w, while &, v, and w are functions of 7 s, and ¢, prove that
d(x,y,2) _ d(x,y,2) 9, w)
or, s, 1) du,v,w) (r,s,1)

Given the equation Fixy, oo X Vs 5 9) =0 where j=1, 2, ..., n, prove that, under suitable conditions
on F. dy, :B(E,Fz,...,Fr,...,Fn/a(Fl,F2,...,Fn
TOx, O(Vys Yaseees Xgsews V) O]y Yaseees ¥y
o°’F o°F o°’F
(a) If F(x, y) is homogeneous of degree 2, prove that x* —+ 2xy + y2 - = 2F.
ox dxdy dy

(b) Tllustrate by using the special case F(x, y) = x* In (y/x).

Note that the result can be written in operator form, using D, = d/dx and D, = d/dy, as (x D, +y Dy)2
F = 2F. [Hint: Different Differentiate both sides of Problem 6.25, Equation (1), twice with respect to A.]

Generalize the result of Problem 6.11 as follows. If F(x,, x,, . . ., x,) is homogeneous of degree p, then for
any positive integer r, if D; = 0/dx;, (x,Dyy + X,D, o+ -+ x,D,) F=p(p-1)...(p—r+ 1)F.

n

(a) Letxand y be determined from « and v according to x + iy = (u + iv)>. Prove that under this

% 9’ . . K 9’
transformation the equation _(12) + _(I; =0 is transformed into _42) + qz =0.
x*  dy du” dv
(b) Is the result in (a) true if x + iy = F(u + iv)? Prove your statements.




This page intentionally left blank



Vectors

Vectors

The foundational ideas for vector analysis were formed independently in the nineteenth century by William
Rowan Hamilton and Herman Grassmann. We are indebted to the physicist John Willard Gibbs, who formu-
lated the classical presentation of the Hamilton viewpoint in his Yale lectures, and his student E. B. Wilson,
who considered the mathematical material presented in class worthy of organizing as a book (published in
1901). Hamilton was searching for a mathematical language appropriate to a comprehensive exposition of
the physical knowledge of the day. His geometric presentation emphasizing magnitude and direction and
compact notation for the entities of the calculus was refined in the following years to the benefit of express-
ing Newtonian mechanics, electromagnetic theory, and so on. Grassmann developed an algebraic and more
philosophic mathematical structure which was not appreciated until it was needed for Riemanian (non-
Euclidean) geometry and the special and general theories of relativity.
Our introduction to \ictors is geometric. We conceive of a vector as a

directed line segment PQ from one point P, called the initial point, to
another point Q, called the terminal point. We dege vectors by boldfaced

letters or letters with an arrow over them. Thus, PQ is denoted by A or A,
as in Figure 7.1. The magnitude or length of the vector is then denoted by
% - .
[Po [, PO |A [or[4].
Vectors are defined to satisfy the geometric properties discussed in the
next section. Figure 7.1

Geometric Properties of Vectors

1. Two vectors A and B are equal if they have the same magnitude and direction regardless of their initial
points. Thus, A = B in Figure 7.1.

In other words, a vector is geometrically represented by any one of a class of commonly directed
line segments of equal magnitude. Since any one of the class of line segments may be chosen to rep-
resent it, the vector is said to be free. In certain circumstances (tangent
vectors, forces bound to a point), the initial point is fixed; then the
vector is bound. Unless specifically stated, the vectors in this discus- »
sion are free vectors.

2. A vector having direction opposite to that of vector A but with the
same magnitude is denoted by —A (see Figure 7.2).

3. The sum or resultant of vectors A and B of Figure 7.3(a) is a vector Figure 7.2
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C formed by placing the initial point of B on the terminal point of A and joining the initial point of A
to the terminal point of B [see Figure 7.3()]. The sum C is written C = A + B. The definition here is
equivalent to the parallelogram law for vector addition, as indicated in Figure 7.3(c).

B -
C=A+B -
C-A+B \ prd
/ B -7

(a) (b) (c)

Figure 7.3

Extensions to sums of more than two vectors are immediate. For example, Figure 7.4 shows how to
obtain the sum or resultant E of the vectors A, B, C, and D.

E:A-+B+C+D

Figure 7.4

4.  The difference of vectors A and B, represented by A — B, is that vector C which added to B gives A.
Equivalently, A — B may be defined as A + (-B). If A = B, then A — B is defined as the null or zero
vector and is represented by the symbol 0. This has a magnitude of zero, but its direction is not de-
fined.

The expression of vector equations and related concepts is facilitated by the use of real numbers and
functions. In this context, these are called scalars. This special designation arises from application
where the scalars represent objects that do not have direction, such as mass, length, and temperature.

5. Multiplication of a vector A by a scalar m produces a vector mA with magnitude | m | times the mag-
nitude of A and direction the same as or opposite to that of A according as m is positive or negative. If
m =0, mA =0, the null vector.

Algebraic Properties of Vectors

The following algebraic properties are consequences of the geometric definition of a vector. (See Problems
7.1 and 7.2.)
If A, B, and C are vectors, and m and n are scalars, then

1. A+B=B+A Commutative law for addition

2. A+B+O)=A+B)+C Associative law for addition

3. mnA) = (mn)A = n(mA) Associative law for multiplication
4. (m+n)A =mA +nA Distributive law

5. m(A+B)=mA +mB Distributive law
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Note that in these laws only multiplication of a vector by one or more scalars is defined. On Pages 164
and 165 we define products of vectors.

Linear Independence and Linear Dependence of a Set of Vectors

That a set of vectors A, A,, ... ,A,, is linearly independent means that @A + @A, +- - - a,A, = 0 if and only
ifa,=a,=...=a,=0 (i.e., the algebraic sum is zero if and only if all the coefficients are zero). The set of
vectors is linearly dependent when it is not linearly independent.

Unit Vectors

Unit vectors are vectors having unit length. If A is any vector with magnitude A = |A]>0,then A/|A] is
a unit vector. If a is a unit vector with the same direction and sense as A, then a = A/ |A].

Rectangular (Orthogonal) Unit Vectors

The rectangular unit vectors i, j, and k are unit vectors having the direction of the positive x, y, and z axes of
a rectangular coordinate system (see Figure 7.5). The triple i, j, k is said to be a basis of the collection of
vectors. We use right-handed rectangular coordinate systems unless otherwise specified. Such systems derive
their name from the fact that a right-threaded screw rotated through 90° from Ox to Oy will advance in the
positive z direction. In general, three vectors A, B, and C which have coincident initial points and are not
coplanar are said to form a right-handed system or dextral system if a right-threaded screw rotated through
an angle less than 180° from A to B will advance in the direction C (see Figure 7.6).

Figure 7.5 Figure 7.6

Components of a Vector

Any vector A in three dimensions can be represented with initial point at the origin O of a rectangular coor-
dinate system (see Figure 7.7). Let (4,, A,, A;) be the rectangular coordinates of the terminal point of vector
A with initial point at O. The vectors A\i, A, j, and A;k are called the rectangular component vectors, or
simply component vectors, of A in the x, y, and z directions, respectively. A,, A,, and A, are called the rect-
angular components, or simply components, of A in the x, y, and z directions, respectively.

The vectors of the set {i, j, k} are perpendicular to one another, and they are unit vectors. The words orthogo-
nal and normal, respectively, are used to describe these characteristics; hence, the set is what is called an ortho-
normal basis.
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(. 4y, 43)

A3k

Figure 7.7

It is easily shown to be linearly independent. In an n-dimensional space, any set of n linearly independent
vectors is a basis. The further characteristic of a basis is that any vector of the space can be expressed through
it. It is the basis representation that provides the link between the geometric and the algebraic expressions of
vectors and vector concepts.

The sum or resultant of A\i, A, j, and Ak is the vector A, so that we can write

A=Aji+Aj+AKk (1)

A=|A|= AT+ A2+ A2 @)

In particular, the position vector or radius vector r from O to the point (x, y, z is written

and has magnitude r = |r| =\x*+y + 7.

A theory of vectors would be of limited use without a process of multiplication. In fact, two binary pro-
cesses, designated as dot product and cross product, were created to meet the geometric and physical needs
to which vectors were applied.

The first of them, the dot product, was generated from consideration of the angle between two vectors.

The magnitude of A is

r=xi+yj+zk 3)

Dot, Scalar, or Inner Product

The dot or scalar product of two vectors A and B, denoted by A - B (read: A dot B) is defined as the product
of the magnitudes of A and B and the cosine of the angle between them. In symbols,

A-B=ABcos0, o;eén “)

Assuming that neither A nor B is the zero vector, an immediate consequence of the definition is that A -
B =0 if and only if A and B are perpendicular. Note that A - B is a scalar and not a vector.
The following laws are valid:

A-B=B-A Commutative law for dot products
A-B+C)=A-B+A-C Distributive Law

m(A -B)=(mA)-B=A-(mB) = (A - B)m, where m is a scalar
i-i=j-j=k-k=11i-j=j-k=k-i=0

fA=Ai+A,j+Akand B=Bi+B,j+ B;k, then A - B=AB, + A,B, + A;B;

ok wh =
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The equivalence of this component form the dot product with the geometric definition 4 following from
the law of cosines. (See Figure 7.8).

Figure 7.8

In particular,
lcl2=[al>+ |B]2-2|A| [B] cos®
Since C =B — A, its components are B, — A, B, — A,, B; — A; and the square of its magnitude is
IB|2+ [A]2-2(AB, +A,B, + A;B,
When this representation for |2 is placed in the original equation and cancellations are made, we obtain
AB,+AB,+AB,=|A||B] cos6.

The second form of vector multiplication—that is, the cross product—emerged from Hamilton’s theory
of quaternions (1844). Algebraically, the cross product is an example of a noncommutative operation. Geo-
metrically, it generates a vector perpendicular to the initial pair of vectors, and its physical value is illustrated
in electromagnetic theory, where it aids in the representation of a magnetic field perpendicular to the direc-
tion of an electric current.

Cross or Vector Product

The cross or vector product of A and B is a vector C = A x B (read: A cross B). The magnitude of A x B is
defined as the product of the magnitudes of A and B and the sine of the angle between them. The direction
of the vector C = A x B is perpendicular to the plane of A and B, and such that A, B, and C form a right-
handed system. In symbols,

AxB:ABsinGu,OéGéTc 5)

where u is a unit vector indicating the direction of A x B. If A = B or if A is parallel to B, then sin 6 = 0 and
AxB=0.
The following laws are valid:

1. AxB=-BxA (Commutative law for cross products fails)
2. AxB+C)=AxB+AxC Distributive Law
3. m(AxB)=@nA)xB=A x (mB) =(A x B)m, where m is a scalar

Also, the following consequences of the definition are important:
4, ixi=jxj=kxk=0,ixj=k, jxk=i,kxi=]j
IfA=Aji+A,j+Akand B = B,i + Bi + B,j + B;k, then
i j k
AXB=|A, A, A,
Bl B2 BS

e
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The equivalence of this component representation (5) and the z
geometric definition may be seen as follows. Choose a coodinate
system such that the direction of the x-axis is that of A and the xy
plane is the plane of the vectors A and B. (See Figure 7.9.) Then

i j k
AxB=|A 0 O0[=ABXk=|A|[B|sine6 k Ak
B, B, 0

Since this choice of coordinate system places no restrictions on
the vectors A and B, the result is general and thus establishes the
equivalence.

|

6. | AxB | = the area of a parallelogram with sides A and B. x

7. If A x B =0 and neither A nor B is a null vector, then A and B Figure 7.9
are parallel.

Triple Products

Dot and cross multiplication of three vectors, A, B, and C may produce meaningful products of the form
(A-B)C,A - (BxC),and A x (B x C). The following laws are valid:
1. (A-B)C # AB - C) in general

2. A-BxC)=B-(CxA)=C": (A xB)=volume of a parallelepiped having A, B, and C as edges, or
the negative of this volume according as A, B, and C do or do not form a right-handed handed system.
IfA=Ai+A,j+Ak, B=B|i+B,j+Bkand C=Cji + C,j + C;k, then

Al A2 A3
A-BxC)=|B, B, B, (6)
Cl C2 C3
3. AxBxO#AxB)xC (Associative law for cross products fails)

4. AxBxOC)=A-OB-(A -BC
AxB)xC=A-COB-B -0A

The product A - (B x C) is called the scalar triple product or box product and may be denoted by [ABC].
The product A x (B x C) is called the vector triple product.

In A - (B x C) parentheses are sometimes omitted and we write A - B x C. However, parentheses must be
used in A x (B x C) (see Problem 7.29). Note that A - (B x C) = (A x B) - C. This is often expressed by stat-
ing that in a scalar triple product the dot and the cross can be interchanged without affecting the result (see
Problem 7.26).

Axiomatic Approach to Vector Analysis

From the preceding remarks it is seen that a vector r = xi + yj + zk is determined when its three components
(x, y, 7) relative to some coordinate system are known. In adopting an axiomatic approach, it is thus quite
natural for us to make the following assumptions.

Definition A three-dimensional vector is an ordered triplet of real numbers with the following properties.
IfA=(A,, A, A;) and B = (B}, B,, B), then
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1. A=BifandonlyifA, =B,,A,=B,,A;=5,

2. A+B=@A,+B,A,+B,,A;+B;)
3. A-B=(A,-B,A,—-B,,A;-By)
4. 0=(0,0,0)
5. mA=m(A, A, A;) = (mA,, mA,, mAs)
In addition, two forms of multiplication are established.
6. A-B=AB, +A,B,+A;B;
7. Length or magnitude of A =|A|= JA-A= AT+ A2+ A
8. AxB=(A,B;-A;B,,A3;B,-A B3, AB;,A\B,-A,B,)

Unit vectors are defined to be (1, 0, 0), (0, 1, 0), (0, 0, 1) and then designated by i, j, Kk, respectively, thereby
identifying the components axiomatically introduced with the geometric orthonormal basis elements.

If one wishes, this axiomatic formulation (which provides a component representation for vectors) can be
used to reestablish the fundamental laws previously introduced geometrically; however, the primary reason
for introducing this approach was to formalize a component representation of the vectors. It is that concept
that will be used in the remainder of this chapter.

Note 1 One of the advantages of component representation of vectors is the easy extension of the ideas
to all dimensions. In an n-dimensional space, the component representation is

AAL A, ... A) z

An exception is the cross product which is specifically
restricted to three-dimensional space. There are generaliza-
tions of the cross product to higher dimensional spaces, but
there is no direct extension.)

Note 2 The geometric interpretation of a vector en-
dows it with an absolute meaning at any point of space. - - -
The component representation (as an ordered triple of
numbers) in Euclidean three space is not unique; rather,
it is attached to the coordinate system employed. This ¢~
follows because the components are geometrically inter-
preted as the projections of the arrow representation on K
the coordinate directions. Therefore, the projections on y
the axes of a second coordinate system (rotated, for ex-
ample) from the first one will be different. (See Figure ’ Ay
7.10.) Therefore, for theories where groups of coordinate
systems play a role, a more adequate component defini- p J 5
tion of a vector is as a collection of ordered triples of . ]
numbers, each one identified with a coordinate system of
the group, and any two related by a coordinate transfor-
mation. This viewpoint is indispensable in Newtonian
mechanics, electromagnetic theory, special relativity, and
SO on. Figure 7.10

Vector Functions

If corresponding to each value of a scalar u we associate a vector A, then A is called a function of u denoted
by A(u). In three dimensions we can write A(u) = A, ()i + A,()j + A;(u)k.
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The function concept is easily extended. Thus, if to each point (x, y, z) there corresponds a vector A, then
A is a function of (x, y, z), indicated by A(x, y, z) = A,(x, ¥, 2i + A,(x, y, 2)j, + A5(x, y, 2k.

We sometimes say that a vector function A defines a vector field since it associates a vector with each
point of a region. Similarly, ¢(x, y, z) defines a scalar field since it associates a scalar with each point of a
region.

Limits, Continuity, and Derivatives of Vector Functions

Limits, continuity, and derivatives of vector functions follow rules similar to those for scalar functions al-
ready considered. The following statements show the analogy which exists.

1. The vector function represented by A(u) is said to be continuous at u, if, given any positive number 9,
we can find some positive number & such that |A(u) — A(uy) | < & whenever | u - u, | < d. This is
equivalent to the statement lim A(u) = A(uy).

U=

2. The derivative of A(u) is defined as
dA im Au+ Au) — A(u)
du Au—0 Au

provided this limit exists. In case A(u) = A;(u)i + A, A,(u)j + A;(wk; then

dA dA, dA,, dA,
—=—1lj+ +—k
du du du du

Higher derivatives such as d*Aldu?, etc., can be similarly defined.
3. IfAQ, y, ) =A,(x, y, Di + Ay)(x, y, 2)j + As(x, ¥, 2)K; then
J0A JA J0A

A=—dx+—dy+—dz
d ox dy 0z

is the differential of A.

4. Derivatives of products obey rules similar to those for scalar functions. However, when cross products
are involved, the order is important. Some examples are

@ Lon - ¢%+—¢A

(b) —(AB) Aa—B a—AB
dy dy
(c) —(AXB) Axg—B+aaA><B (maintain the order of A and B)
T

Geometric Interpretation of a Vector Derivative

If r is the vector joining the origin O of a coordinate system and the point (x, y, z), then specification of the
vector function r(u«) defines x, y, and z as functions of u (r is called a position vector). As u changes, the
terminal point of r describes a space curve (see Figure 7.11) having parametric equations x = x(u), y = y(u),
z = z(u). If the parameter u is the are length s measured from some fixed point on the curve, then recall from
the discussion of arc length that ds* = dr - dr. Thus,

dr
ds

=T @)
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Figure 7.11

is a unit vector in the direction of the tangent to the curve and is called the unit tangent vector. If u is the time
t, then

dr
—=V 8
7 (®)
is the velocity with which the terminal point of r describes the curve. We have
dt ds dt dt
from which we see that the magnitude of v is v = ds/dt. Similarly,
d’r
ar_. 10
i (10)

is the acceleration with which the terminal point of r describes the curve. These concepts have important
applications in mechanics and differential geometry.

A primary objective of vector calculus is to express concepts in an intuitive and compact form. Success
is nowhere more apparent than in applications involving the partial differentiation of scalar and vector fields.
[[lustrations of such fields include implicit surface representation ®{x, y, z(x, y) = 0, the electromagnetic
potential function ®(x, y, z), and the electromagnetic vector field F(x, y, z).] To give mathematics the capabil-
ity of addressing theories involving such functions, William Rowan Hamilton and others of the nineteenth
century introduced derivative concepts called gradient, divergence, and curl, and then developed an analytic
structure around them.

An intuitive understanding of these entities begins with examination of the differential of a scalar field, i.e.,

do =a£dx + a;i)dy +a£dz
ox dy 0z
Now suppose the function @ is constant on a surface S and that C; x =f,(¢), y = f5(?), z = f;(¢) is a curve on

S. At any point of this curve, % = ;ﬂ i+ L;—x j+ %k lies in the tangent plane to the surface. Since this state-
t t t t

ment is true for every surface curve through a given point, the differential dr spans the tangent plane. Thus,

. D 0P IP . . . . . o
the triple a—, 8_ a— represents a vector perpendicular to S. With this special geometric characteristic in

ox dy oz
mind we define
Vo = a;() i+ aﬁ j + aﬁk
ox dy 0z
to be the gradient of the scalar field ®.
Furthermore, we give the symbol V a special significance by naming it del.

EXAMPLE 1. f ®(x, y, z) =0 is an implicitly defined surface, then, because the function always has the value
zero for points on it, the condition of constancy is satisfied and V¢ is normal to the surface at any of its points.
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This allows us to form an equation for the tangent plane to the surface at any one of its points. See Problem
7.36.

EXAMPLE 2. For certain purposes, surfaces on which @ is constant are called level surfaces. In meteorology,
surfaces of equal temperature or of equal atmospheric pressure fall into this category. From the previous devel-
opment, opment, we see that V@ is perpendicular to the level surface at any one of its points and, hence, has the
direction of maximum change at that point.

The introduction of the vector operator V and the interaction of it with the multiplicative properties of dot
and cross come to mind. Indeed, this line of thought does lead to new concepts called divergence and curl.
A summary follows.

Gradient, Divergence, and Curl

Consider the vector operator V (del) defined by

veilij ik d (11)
dx " dy 0z

Then if ¢(x, y, z) and A(x, y, z) have continuous first partial derivatives in a region (a condition which is in
many cases stronger than necessary), we can define the following.

1.  Gradient. The gradient of ¢ is defined by

gradp =Vo = ii+ji+ki ¢=ia—¢+ja—¢+ka—¢
ox " dy 0z ox dy 0z (12)
=a—¢i+a—¢j+a—¢k
dx 9y 0z

2. Divergence. The divergence of A is defined by

divA=V-A=[iZ+j Lok | (Aivaj+Ak
ox " dy 0z ’

(13)
_OA oA, oA

ox dy 0z
3. Curl. The curl of A is defined by
,d .0 d . .
cul A=VXA=|i—+j—+k— |[X(Ai+ A j+AKk)
ox “dy 0z ! ? ’

i j Kk

_|9 9 9
ox dy 0z
Al AZ A3

9 9 |9 9| |9 9
i|dy 0Jz|—jlox odz|+kl|ox dy
A A A Al (A A

(oA oA ) (o4 o) (04, o),
dy 0z dz Ox ox dy
Note that in the expansion of the determinant, the operators d/dx, d/dy, d/dz must precede A,, A,, A;. In
other words, V is a vector operator, not a vector. When employing it, the laws of vector algebra either do not
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apply or at the very least must be validated. In particular, V X A is a new vector obtained by the specified
partial differentiation on A, while A x V is an operator waiting to act upon a vector or a scalar.

Formulas Involving V

If the partial derivatives of A, B, U, and V are assumed to exist, then
V(U +V)=VU+ VVor grad (U + V) = grad u + grad V
V.-(A+B)=V-A+V-Bordiv(A+B)+divA +divB
VxA+B)=VxA+VxBorcurl (A+B)=curl A+curl B
V.- (UA)=(VU)-A+ UV -A)
Vx(UA)=(VU)x A+ UV xA)
V-(AxB)=B-(VxA)-A-(VxB)

VxAxB)=B-V A-B(V-A)-(A-V)B+A(V:-B)
VA-B)=B-V) A+ (A-V)IB+Bx(VxA)+Ax(VxB)

2 2 2
V.VU)=VU = U + B_U + B_U is called the Laplacian of U.

ox* 9yt 9
2 a2 a2
and V? = — +— +— is called the Lapacian operator.
ox®  dy’ o0z
10. 'V x (VU) =0. The curl of the gradient of U is zero.
11. V- (VxA)=0.The divergence of the curl of A is zero.

12. Vx(VxA)=V(V-A)-V?2A

D A R o e

Vector Interpretation of Jacobians and Orthogonal Curvilinear Coordinates

The transformation equations

x =f(uy, Uy, uy), ¥ = g(uy, uy, uy), z = h(uy, uy, uy) (15)

(where we assume that f, g, h are continuous, have continuous partial derivatives, and have a single-valued
inverse) establish a one-to-one correspondence between points in an xyz and u, u,u, rectangular coordinate
system. In vector notation, the transformation (15) can be written

r=xi+yj+ 2K =1 (u,, uy, ui + g(uy, uy, u3)j + h(uy, uy, uy)k (16)

A point P in Figure 7.12 can then be defined not only by rec- z
tangular coordinates (x, y, z) but by coordinates (i, u,, i) as
well. We call (u,, u,, u;) the curvilinear coordinates of the point.

If u, and u; are constant, then as u, varies, r describes a
curve which we call the u, coordinate curve. Similarly, we de-
fine the u, and u; coordinate curves through P.

From Equation (16), we have

or ar or

dr = —du, + —du, + —du, (17)
du, u, u,

Jor or or

The collection of vectors —, —, — 1is a basis for the vec- x
ou, Oou, du, _
tor structure associated with the curvilinear system. If the cur- Figure 7.12
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vilinear system is orthogonal, then so is this set; however, in general, the vectors are not unit vectors. he
differential form for are length may be written

ds® = g,,(du,)* + gx(duy)’ + gs3(dus)’
where
or dr or dr or dr
= a_u]a_u,’ 822 = £2~£2, 833 = a_“%a_“%
The vector dr/du, is tangent to the u, coordinate curve at P. If e, is a unit vector at P in this direction, we

can write dr/du, = h,e, where h, = | or/du, | . Similarly, we can write or/du, = h,e, and dr/du, = hse,, where
hy = | or/du, | and h; = | or/du, | , respectively. Then Equation (17) can be written

811

dr=h,due, + h, du, e, + hs du, e, (18)

The quantities h,, h,, h; are sometimes called scale factors.

If e, e,, e; are mutually perpendicular at any point P, the curvilinear coordinates are called orthogonal.
Since the basis elements are unit vectors as well as orthogonal, this is an orthonormal basis. In such case the
element of arc length ds is given by

ds=dr - dr = I, du®, + I, du®, + W dur?s (19)

and corresponds to the square of the length of the diagonal in the preceding parallelepiped.
Also, in the case of othogonal coordinates referred to the orthonormal basis e, e,, e;, the volume of the
parallelepiped is given by

av=lg, | du, duy, duy= | (h, du, &) - (hy duy €)) x (hy dus e5) | = hyhohs du, du, dus (20)
which can be written as
or 0 0 a(x,y,
av =25 O O e, =|-222 | gy i, 1)
ou, du, du, o(u,,u,,u,) ‘

where d(x, y, 2)/d(u;, u,, u3) is the Jacobian of the transformation.

It is clear that when the Jacobian vanishes there is no parallelepiped and this explains geometrically the
significance of the vanishing of a Jacobian as treated in Chapter 6.

Note: The further significance of the Jacobian vanishing is that the transformation degenerates at the
point.

Gradient Divergence, Curl, and Laplacian in Orthogonal Curvilinear Coordinates

If ® is a scalar function and A = A, e, + A, e, + A;e; a vector function of orthogonal curvilinear coordinates
u,, Uy, U3, we have the following results.

1. VCI)=grad<I)=ia;q)e1 La;()ez 1o® 5
h, ou, h, du, hy Ou,
9
ou,

9

(hhA,) + ou.

2 VeA=divA=———| 2 na)+
hyhyhy | Ou,

(hthAB):|
hlel h2e2 h3e3

v loo0 o

hhh | Ou,  du,  Ou,
hlAl h2A2 h3A3

4 V0= Laplacian of @ = —. [i[hhaﬁ)i[ﬂaﬁ]i[wgﬂ

3. Vx A =curl A =

hhhy | Ou, | h oy, ou,| h, du, ou,| h, du,
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These reduce to the usual expressions in rectangular coordinates if we replace (u,, u,, us) by (x, y, z), in
which case e, e,, and e, are replaced by i, j, and k and i, = h, =h; = 1.

Special Curvilinear Coordinates

Cylindrical Coordinates (p, ¢, z) See Figure 7.13.
Transformation equations:

x=pcosdh,y=psind,z=z

where p > 0,0 < ¢ <2m, -0 <z <0,

Scale factors: hy =1, h,=p, hy;=1

Element of arc length: ds* = dp* + p* p* d§* + dz*
A(x,y,2) _
9(p.9,2)
Element of volume: dV=pdpdddz
19 ( E)UJ 1 U U

Jacobian:

Figure 7.13

Laplacian: VZU =— _— —_ +
iplacian 0 ap P ap p2 a¢2 azz

U 19U 1 U U
= —2 +——+ —2 + —2 + —2
p° pop p> 907 oz
Note that corresponding results can be obtained for polar coordinates in the plane by omitting z depend-
ence. In such case, for example, ds* = d p* + p? d¢?*, while the element of volume is replaced by the element

ofarea, dA=pdpd¢.
F4

Spherical Coordinates (r, 0, ¢) See Figure 7.14.
Transformation equations:

x=rsin 0 cos ¢,y =rsin O sin $, z=rcos 0
whererz 0,0 < 0 < T, 0 < 0 < 2m.
Scale factors: hy =1, hy=r, h;=rsin 0
Element of arc length: ds* = dr* + r* d 0% + r* sin” 0 d¢?
9xy0) _ r*sin@

Jacobian:
d(r,0,0)

Element of volume: dV =r*sin @ dr d® d ¢ Figure 7.14

19(,0U '
Laplacian: VU =——| r* —

practan r’ or (r or )
1 9(. U 1 U
| sinl — |+ 55—
r*sin® 00 200 ) r’sin’0 do

Other types of coordinate systems are possible.
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SOLVED PROBLEMS

Vector algebra

7.1.

7.2.

7.3.

Show that addition of vectors is commutative, i.e., A+ B=B + A.
See Figure 7.15.

OP+PQ=0QorA+B=C

and

OR+RQ=0QorB+A=C

Then A + B=B + A. )
Figure 7.15

Show that the addition of vectors is associative, i.e., A + (B + C) = P B 0
(A +B) + C. See Figure 7.16.

OP+PQ=0Q=(A +B)and PQ + QR=PR = (B + C)

Since

OP +PR=OR=D,ie,A+(B+C)=D

O0Q+QR=0OR=D,ie,(A+B)+C=D
wehave A+ (B +C)=(A +B)+ C. Figure 7.16

Extensions of the results of Problems 7.1 and 7.2 show that the
order of addition of any number of vectors is immaterial.

An automobile travels 3 miles due north, then 5 miles northeast as
shown in Figure 7.17. Represent these displacements graphically
and determine the resultant displacement (a) graphically and (b)
analytically.

Vector OP or A represents displacement of 3 miles due north.

Vector PQ or B represents displacement of 5 miles northeast.

Vector OQ or C represents the resultant displacement or sum of
vectors A and B, i.e., C = A + B. This is the triangle law of vector
addition.

The resultant vector OQ can also be obtained by constructing

the diagonal of the parallelogram O P Q R having vectors OP = A W

and OR (equal to vector PQ or B) as sides. This is the parallelogram Unit = 1 mile
law of vector addition. S

(a) Graphical Determination of Resultant. Lay off the 1-mile unit Figure 7.17

on vector OQ to find the magnitude 7.4 miles (approximately).

Angle EOQ = 61.5° using a protractor. Then vector OQ has magnitude 7.4 miles and direction 61.5° north
of east.

(b) Analytical Determination of Resultant. From triangle OPQ, denoting the magnitudes of A, B, C by A, B,
C, we have by the law of cosines

C?>=A%+ B> -2 AB cos OPQ = 3%+ 5> = 2(3)(5) cos 135° =34 + 15 \/5 =55.21
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and C = 7.43 (approximately).
A C

= . Then
sin ZOQP  sin ZOPQ

By the law of sines,

Asin ZOPQ _ 3(0.707)
C 7.43

Thus, vector OQ has magnitude 7.43 miles and direction (45° + 16°35") = 61°35 north of east.

sin ZOPQ = =0.2855 and ZOQP =16°35

74. Prove that if a and b are noncollinear, then xa + yb = 0 implies x = y = 0. Is the set {a, b} linearly
independent or linearly dependent?

Suppose x # 0. Then xa + yb = 0 implies xa = — yb or a =— (3/x) b; i.e., a and b must be parallel to the
same line (collinear), contrary to hypothesis. Thus, x = 0; then yb = 0, from which y = 0. The set is linearly
independent.

7.5. Prove that x,a + y,b = x,a + y,b, where a and b are noncollinear, then x; = x, and y, = y,.
x,a+y,;b =x,a + y,b can be written

xa+yb-(xa+yb)=0or(x,—x)a+y,-y,)b=0

Hence, by Problem 7.4, x, —x, =0, y, =y, =0, or x; = x,, y; = y,.
Extensions are possible (see Problem 7.49).

7.6. Prove that the diagonals of a parallelogram bisect each other.

Let ABCD be the given parallelogram with diagonals intersecting
at P, as shown in Figure 7.18.
Since BD + a=b, BD =b — a. Then BP = x(b — a). P

Since AC =a + b, AP = y(a + b). : !
But AB = AP + PB = AP - BP; i.e, a=y(a+b) — x(b —a)

=x+ya+(y-xb.
Since a and b are noncollinear, we have, by Problem 7.5, x +y=1 4 b D

andy —x=0;i.e., x=y=1/2 and P is the midpoint of both diagonals. Figure 7.18

7.7. Prove that the line joining the midpoints of two sides of a triangle is
parallel to the third side and has half
its length.

From Figure 7.19, AC+ CB=ABorb+a=c.
Let DE = d be the line joining the midpoints of sides AC and CB.

1 1 1 1
Thend =DC + CE = Eb+Ea=E(b+a)=5c. Figure 7.19
Thus, d is parallel to ¢ and has half its length.

7.8. Prove that the magnitude A of the vector A =A|i+A,j+Askis A P(d;, 45, A3)
= JA? + A2 + A2, See Figure 7.20. V1
3
By the Pythagorean theorem, 2 G : 7 3 —V
_ 2 —_ 2 _— 2 \\ I/'
(OP) =(0Q) +(QP) A 1

. R A5
where (OP) denotes the magnitude of vector OP, etc. Similarly, x

(00) =(OR)" +(RO) . Figure 7.20
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et o0 2 A2 2 2 2 2 2 . 2 2 2
Then (OP) =(OR) +(RQ) +(QP) orA"=A +A, +Aj,ie. A=A + A +A;].

7.9. Determine the vector having initial point P(x,, y,, z;) and _ _
terminal point Q(x,, y,, z,) and find its magnitude. See Figure P, y_l'_z_i')
7.21.

The position vector of P is r; = x,i + y,j + z,k. r; _
The position vector of Q is r, = x,i + y,j + k. ' O3, 12, 22)
r =PQ=r,or T,

PQ=r,-r =(i+y,j+ 2K - (i+yj+zK) 0
=0 —x i+ (= y)j+ (2 -2k
Magnitude of PQ = @ Figure 7.21

:\/(xz _x1)2+(yz _y1)2+(Z2 _Zl)z'

Note that this is the distance between points P and Q.

The dot or scalar product

A
7.10. Prove that the projection of A on B is equal to A - b, where b, where b is 7 :
a unit vector in the direction of B. £ | | F
| |
Through the initial and terminal points of A pass planes perpendicu- ! :
lar to B at G and H, respectively, as in Figure 7.22; then CL‘ .Lf ="
Projection of A on B = GH=EF =Acos0=A-b Figure 7.22

7.11. Prove A- (B+C)=A-B + A - C. See Figure 7.23.

Let a be a unit vector in the direction of A; then

Projection of (B + C) on A = projection of B on A + projection of C on A

B+C)-a=B-a+C-a

: | (B+()
Multiplying by A. ! I :
(B+C)-Aa=B-Aa+C-Aa | 1' |'
| I |
— -
B+C)-A=B-A+C-A Figure 7.23

Then by the commutative law for dot products.
A-B+C)=A-B+A-C

and the distributive law is valid.

7.12. Prove that(A+B)- (C+D)=A-C+A-D+B-C+B:D.

By Problem 7.11,(A+B) - (C+D)=A- (C+(C+D)+B-(C+D)=A-C+A-D+B-C+B-D.
The ordinary laws of algebra are valid for dot products where the operations are defined.
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7.13. Evaluate each of the following.
@ i-i= il |i] cos0°=()(D(1)=1

®) i-k=li|l [k| cos90°=(1)(1)(©0)=0

© k-j= k| [j] cos90°=(1)(1)0)=0

d j-Qi-3j+k)=2j-i-3j-j+j-k=0-3+0=-3

e) Ri—-j-G@Bi+k)=2i-Gi+k)—j-QGi+k)=6i-i+2i-k-3j-i—-j-k=6+0-0-0=6

7.14. IfA=Aji+A,j+Akand B=B,i+B,j+ B;k, prove that A - B=A,B, + A,B, + A;B;.
A-B=(Aji+A,j+AK) - (Bji+B,j+B;k)
=Aji-(Bji+B,j+Bk)+A,j - (Bji+B,j+B:k)+Ak:(Bji+B,]j+B;k)
=ABi-i+ABi-j+ABsi-k+ABj-i+AB,j-j+A,Bsj-k
+ABk-i+ABk-j+ABk -k

=AB, +A,B, + AsB;

sincei- j=k-k=1and all other dot products are zero.

715.  IfA=Aji+A,j+AK showthat A=+A-A=JA? + A% + A2
A-A=(A)A)cos0=A%ThenA=+A-A .
Also, A - A = (Aji+A,j+AK) - (Ai + A, +AK)
= (A)DA) + (A)(A)) + (A)(A3) = AT + A5 + A3

By Problem 7.14, taking B = A.
Then A=+A A =.A7+A3+A3. isthe magnitude of A. Sometimes A - A is written A2,

The cross or vector product

7.16. Prove A x B=-B x A.

A x B = C has magnitude AB sin 0 and direction such that A, B, and C form a right-handed system. See
Figure 7.24(a).

B x A =D has magnitude BA sin 0 and direction such that B, A, and D form a right-handed system. See
Figure 7.24(b).

Then D has the same magnitude as C but is opposite in direction; i.e., C=-D or A x B =-B x A.

The commutative law for cross products is not valid.

AxXB=C

(b)

Figure 7.24
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Prove that A x (B + C) = A x B + A x C for the case where A is perpendicular to B and also to C.

Since A is perpendicular to B, A x B is a vector
perpendicular to the plane of A and B and having A
magnitude AB sin 90° = AB or magnitude of AB.
This is equivalent to multiplying vector B by A and
rotating the resultant vector through 90° to the posi-
tion shown in Figure 7.25.

Similarly, A x C is the vector obtained by mul-
tiplying C by A and rotating the resultant vector
through 90° to the position shown.

In like manner, A x (B + C) is the vector ob-
tained by multiplying B + C by A and rotating the
resultant vector through 90° to the position shown.

Since A x (B + C) is the diagonal of the paral-
lelogram with A x B and A x C as sides, we have
AxB+C)=AxB+AxC.

Figure 7.25

Prove that A x (B + C) = A x B + A x C in the general case where A, B, and C are noncoplanar. See Figure 7.26.

Resolve B into two component vectors, one perpendicular to A and
the other parallel to A, and denote them by B, and B respectively. Then
B=B, + B,

If O is the angle between A and B, then B, = B sin 6. Thus, the mag- B,
nitude of A x B, is AB sin 0, the same as the magnitude of A x B. Also,
the direction of A x B is the same as the direction of A x B. Hence, A
xB, =AxB.

Similarly, if C is resolved into two component vectors C; and C,,
parallel and perpendicular, respectively, to A, then A x C, = A x C.

Also, since B+ C=B, +B;+C, + =B, +C) + B+ Cp, it
follows that

Figure 7.26
AxB, +C)H=AxB+0)

Now B, and C, are vectors perpendicular to A, and so by Problem 7.17,

AxB +C)=AxB +AxC,
Then

AxB+C)=AxB+AxC

and the distributive law holds. Multiplying by —1, using Problem 7.16, this becomes (B+ C) x A=B x A + C
% A. Note that the order of factors in cross products is important. The usual laws of algebra apply only if proper
order is maintained.

i j k
(a) fA=Aji+Aj+AkandB=B|i+B,j+Bk provethat AxB=AxXxB=|4 A, A,]|.
B B, B

1

)
o
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AxXxB=(Aji+Aj+AK)X(Bji+B,j+ B,k
=Aix(Bji+ B,j+ B,k + A, jx (Bji+ B,j+ B;k)+ A, kx (B|i+ B,j+ B,k)
=ABixi+AB)jix j+ABi xk+AB jxi+AB,jx j+A,B,jxk
+A,Bkxi+ABkx j+ABk xk

i j Kk
= (A,B, - A,B)i+(A,B, — A B,)j+(AB, - A,B)k= |A, A, A,
B] B2 B3

(b) Use the determinant representation to prove the result of Problem 7.18.

7.20. IfA=3i-j+2kand B=2i+3j-k, find A xB.

i j k
-1 20 13 2 3 -1
AxB=[3 -1 2|=i —j +k
3 -1 2 -1 2 3
2 3 -1
=-5i+7j+11k

7.21. Prove that the area of a parallelogram with sides A and B is
|A xB]|. See Figure 7.27.

A h
Area of parallelogram = h | B |
=|Alsin6[B] 9 .
=|AXB| B
Figure 7.27

Note that the area of the triangle with sides A and B =
12 |[AxB].

7.22. Find the area of the triangle with vertices at P(2, 3, 5), Q(4, 2, —1), and R(3, 6, 4).
PQ=(4-2)i+(2-3)j+ (-1 -5k=2i-j-6k

PR=(3-2)i+(6-3)j+@-5k=i+3j-k

Area of triangle = %|PQ x PR|= %|(2i —j—6K)x(i+3j—K)

1i Ik 1
=—|2 -1 —6|=—|19i-4j+ 7K
2 2
1 3 -1

= %\/(19)2 +(=4)Y +(7) = %\/426

Triple products

7.23. Show that A - (B x C) is in absolute value equal to the volume of a parallelepiped with sides A, B, and C.
See Figure 7.28.
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Figure 7.28

Let n be a unit normal to parallelogram /, having the direction of B x C, and let / be the height of the
terminal point of A above the parallelogram /.

Volume of a parallelepiped = (height &)(area of parallelogram /)
= (A n)(|BxC|)
=A-{|BxCln}=A-Bx0)

If A, B and C do not form a right-handed system, A - n < 0 and the volume = |A -(BxC) | .

7.24. IfA=Ai+A,j+AKk B=Bji+B,j+ Bk, C=Ci+ C,j+ Cik show that

A A, A,
A-BxC)=|B, B, B,
C, C, C
i j k
A-BxC)=A:|B, B, B,
Cl C2 C3
=(Ai+Aj+Ak): [(BZC3 - B,C,)i+(B,C, - B,C,)j+(BC, — BzCl)k]
Al AZ A3
=A/(B,C, -B,C,)+A,(B,C, - BC,)+A,(B,C, -B,C,)=|B, B, B,|
Cl CZ C3
7.25. Find the volume of a parallelepiped with sides A =3i—j, B=j + 2k, C =i+ 5j + 4k.
3 -10
By Problems 7.23 and 7.24, volume of parallelepiped =IA - (Bx C) I=1|0 1 2|1=1-201=20.
1 5 4
7.26. Prove that A - (B x C) = (A x B) - C, i.e., the dot and cross can be interchanged.
A A, A ¢ C G
By Problem 7.24:A-BxC)=|B, B, B,|,(AxB)-C=C-(AxB)=[|A A, A,
¢ C C B, B, B,

Since the two determinants are equal, the required result follows.

7.27. Letr, =x,i+y,j+zKk, r,=xi+y,j+ 2k and r; = x;i + y;j + z5k be the position vectors of points P,(x,, y,,
21), Pa(xy, ¥y, 25), and P5(x5, ¥, z3). Find an equation for the plane passing through P, P,, and P;. See Figure
7.29.

We assume that P, P,, and P; do not lie in the same straight line; hence, they determine a plane.
Let r = xi + yj + zk denote the position vectors of any point P(x, y, z) in the plane. Consider vectors PP,
=r,-r;,PP;=r;-r, and PP =r —r, which all lie in the plane. Then

PP-PP,xPP,=0
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7.28.

7.29 (1)

Figure 7.29

or
r-r) (r,-r)x@;—-r)=0

In terms of rectangular coordinates this becomes

[(c—xDi+ Y =y)j+ (@ —zDK] - [ —xDi+ (= y)j + (2o —2) K]
X [Co =xpi+ (v —y)j + (23— z2Dk] =0

or, using Problem 7.24,
X=X Y=y =%

X, =X, Y,=¥ Z,—%|=0
=X V3= L%
Find an equation for the plane passing through the points P|(3, 1, -2), P»(-1, 2, 4), P5(2, -1, 1).
The positions vectors of P,, P,, Py and any point P(x, y, z) on the plane are respectively
r=3i+j-2kr,=-i+2j+4k, r;=2i—j+ Kk r=xi+jj+zk

Then PP, =r-r, P,P, =1, —r,, P;P, =r;— 1, all lie in the required plane and so the required equation
is(r-r) - (ry—-r)x(@;—-r)=0,ie,

((x=3)i+(y—1)j+(+2k} - {—4i+j+6k}x {—i—2j+3k}=0
(x=3)i+(-1j+@+2k}-{15i+6j+9%k}=0
15(:=3)+6(y— 1)+ 9(z +2) =0 or Sx—2y+3z=11

Another method: By Problem 7.27, the required equation is
x=3 y-1 z+4+2
-1-3 2-1 4+42(=0 or 5x+2y+3z=11
2-3 —-1-1 1+2

IfA=i+j,B=2i-3j+k, and C=4j-3k, find (a) (AxB) x C, (b) A x (B xC).

i ok i j k

@ AxB=[l 1 0|=i-j-5k. Then(AxB)xC=|1 -1 =5/=23i+3j+4k.
2 3 1 0 4 -3
i ok i j ok

() BxC=[2 -3 1|=5i+6j+8k.ThenAx(BxC)=|1 1 0/=8i-8j+k.
0 4 -3 56 8

It can be proved that, in general, (A x B) x C # A x (B x C).
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729 (2) Ax(BxC)=B(A, C)-C (A, B). Use the same vectors as in Problem 7.29 (1). (Note: sometimes
remembered with the phrase “back to cab.”)

Derivatives
2
7.30. If r = (£ + 20)i — 3¢7%j + 2 sin 5¢k, find (a) — (b) (c) - and (d) atr =0, and give a possible
physical significance. dt
(a) ﬁ = —(t3 +20i+ i(—3e"2‘)j +i(2 sin5Hk = (3* +2)i + 6e"z’j +10cos 5tk
dt dt dt dt

Att=0,dr/dt =2i+6j+10k
(b) From (a), ldr/dt1=+/(2)> +(6)* +(10)* =/140 =235 at + = 0.

2
© T dt(drj —{(3t* +2)i + 6¢j+ 10 cos 5tk} = 61i — 12¢*'j — 50sin 5tk

dt dt
Att=0,d’r/dt’ =-12j.
(d) From(c), |dr/df| =12att=0.

If t represents time, these represent, respectively, the velocity, magnitude of the velocity, acceleration, and
magnitude of the acceleration at t = 0 of a particle moving along the space curve x = £ +2t, y = -3¢, 7 =2

sin 5t.
7.31. Prove that i(A B)=A- Q +% B where A and B are differentiable functions of u.
du du du
Method I: 4 L (A+AA)-(B+AB)-A-B
—(A B)=
450 Au
. A-AB+AA-B+AA-AB
= lim
Au—0 Au
b u Au Au du du
Method 2:

LetA=Aji+A,j+Ak B+Bji+B,j+ B;k. Then
d A d
E( -B) =—(AIB1 +A,B, + A,B,)

dB, dB dB dA dA dA,
_(Ald +A,—= y s 3J+[—1Bl+dzB+ B3]

u du u u du
=A- ﬁ+ﬁ B
du du
2

732, Ifd(x, y,2) =x*yz and A = 3x%yi + y25j — xzk, find A = 3x°yi + yz*j — xzk, find J
(1,-2,-1). dy 07

OA = (x*yz)(3x*yi + yz2°j — xzK) = 3x*y’zi + x*y* 2 j — ¥’y ’k

(0A) at the point

ai((])A) = ;(3X4yzzi +x*y* 2 j - ¥y’ 2°k) =3x*y'i + 317y 7 j - 24P yzk
Z Z

2
aa (¢A)=ai(3x4y i+3x°y’2%j—2x yzK) = 6x*yi + 6x°yz’j — 2x° 7k
z z

If x=1,y=-2, z=—1, this becomes —12i — 12 + 2k.
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7.33.  If A =x’sin yi + 2% cos yj — xy’k, find dA.
Method 1:

A A A
8_ =2xsinyi— y’k, 8_ x* cos yi — z° sin yj— 2xyk, 8_ =2zcosyj
ox dy 0z

= (2xsin yi — y’K)dx + (x* cos yi — z° sin yj — 2xyk)dy + (2z cos yjdz
= (2xsiny dx + x> cos y dy)i+ (2zcos y dz — 7 siny dy)j— (y*dx + 2xy dy)k
Method 2:
dA = d(x* sin y)i + d(z? cos y)j — d(xy*)k

= (2x sin y dx + x* cos y dy)i + (2z cos y dz — 7% sin y dy)j — (y* dx + 2xy dy)k
Gradient, divergence, and curl

734, If o =x%z and A = xzi — y3j + 2x3)k, find (a) Vo, (b) V - A, (c) V x A, (d) div (§A), (¢) curl (0A).

I 99 . _¢ 99 -
(a) V¢_(lax+Jay azjcb—ax +ay +a k= ( x*yz) )i+ (xyz )J+ (xyz )k

=2xy2i+x° 2 j+ 3x°y7’k

b V-A= (l§+J%+ kai] (xzi— ¥ j+ 2x7yk)

2 a 2
=— —(- —2x%y)=z-2
ax(xz)+ay( y)+az( xXy)=z-2y

() VxA= 1i+§|i+k3 X (xzi — y*j+ 2x°yk)
ox “dy oz

i j ok
=|d/ox d/dy d/oz

2

xz =y 2x%y
(2 _i_z)- (2 _9 ) 9 .9
—(ax(Zx ») aZ( ) |i+ aZ(xz) a)C(Zx ) |+ ax( y) ay(xz) k
=2x%+(x — 4xy)j

(d) div(gA)=V -(¢A)=V-(x’yz'i- x2y3z3j+ 2x*y*7’k)

2.3.3 4.2.3

=i(x3yz4)+ ( x’y’z )+ (2x y'z')
ox

=3xyz" = 357y + 6x* Yy
(e) curl (0A)=Vx(@A)=Vx(x'yz*i—x*y’7’j+2x*y’7’k)
i j k
=[d/dx  d/dy d/9z

x3yZ4 _x2y3Z3 2x4 2 3

232

=(4x* yz —-3x7y Yi+(4x® vz —8x3 2 3)J (2xyz +x°zHk
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7.35.  Prove V- (0A) = (Vo) - A+ 0 (V- A).
V-(¢A)=V~(¢ Ai+¢ Aj+0 A, k)

(¢A)+ (¢A)+ (¢A3)

¢A + = ¢ _¢A3+¢ %.’_ai.’_ai
T ox By oz ox dy 0z

= —i+—j+—k ]~(A1i+A2j + Ak)

Jd. d. d . .
+(])(gl+$]+£k]-(All+A2J + AK)

=(Vo)- A+ (V-A)
7.36. Express a formula for the tangent plane to the surface ¢(x, y, z) = 0 at one of its points Py(xy, ¥, Zo)-

(Vo) - (r—rp) =0

7.37.  Find a unit normal to the surface 2x* + 4yz — 5z = —10 at the point P(3, -1, 2).
By Problem 7.36, a vector normal to the surface is
V(2x* + 4yz — 57°) = 4xi + 4zj + (4y — 102)k = 12i + 8j — 24k at (3, -1, 2)

Them a unit normal to the surface at P is

12i + 8j — 24k _3i+2j-6k
Jaor + @ + (247 7
Another unit normal to the surface at P is
_3i+2j-6k
7

7.38.  If ¢ =2x% —x2, find (a) Vo and (b) V2 6.

(a) V¢——¢ +g—¢1+g¢k (4xy—2)i+2x*j- 3xz’k
y

(b) V?0 = Laplacian of ¢ = VV¢——(4)cy—z)+ (2x )+—( 3xz®) =4y —6xz
Another method:
0% 9% 9% o 0’ 0’
VO e Ty Tar ae O TRy ) Gy m)

=4y —6xz
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7.39. Prove div curl A =0.

i j Ok
diveurl A=V-(VxA)=V-|[d/dx d/dy d/dz
A A A

=V.H%_aﬁ}+(%_%)ﬁ_(%_%jk

dy 0z dz  ox ox dy

:i(%_%jJri(%_%)Jri(%_%
ox\ dy dz ) dy\dz dx /) dz\ dx dy

_ A, A, N I’A DA, N I’A, DA
O0xdy o0xdz dydz dyox 0dzodx 0Jzdy

=0

assuming that A has continuous second partial derivatives so that the order of differentiation is immaterial.

Jacobians and curvilinear coordinates

7.40. Find ds? in (a) cylindrical and (b) spherical coordinates and determine the scale factors.

(a) Method 1:
x=pcosh,y=psing, =z
dx = —p sin ¢do + cos ¢ddp, dy = p cos 0do + sin ¢dp, dz=dz

Then
ds’ =dx* +dy’ +dz’ = (—p sinddd + cosddp)’ +(p cosddd +sinddp)’ +(dz)’
=(dp)’ +p*(d0)’ + (d2)’ =h/(dp)’ + 1y (d6)’ +ds (dz)’

and hy=hy,=1, hy=hy=p, hy=h, =1 are the scale factors.
Method 2: The position vector is r = p cos ¢i + p sin ¢j + zk. Then

or or or
dr=—dp+—dp+—dz
T= P a0
= (cos @i + sin@j)dp + (—psingi + pcos@jdo + k dz

= (cospdp — psindd@)i+(sin@ddp + pcosddg)j+ kdz
Thus, ds® = dr - dr = (cos ddp — p sin ¢pd)> + (sin ddp + p cos ¢pdd)* + (dz)*

=(dp)*+p*(d ¢)’ + (d2)’
(b) x=rsinBcosd, y=rsin@sind, z=rcos6

Then
dx =—rsin 0 sin 0dd + r cos 0 cos ¢d0O + sin O cos ddr
dy =rsin 0 cos ¢dd + r cos 6 sin ¢dO + sin O sin dpdr
dz = —r sin 0d¢ + cos 0dr

and

(ds)? = (dx)* + (dy)* + (dz)> = (dr)* + 1* (d©)* + r* sin® 0 (d0)>

The scale factors are h; = h, =1, hy = hg=r, hy= h, = r sin 6.
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7.41. Find the volume element dV in (a) cylindrical and (b) spherical coordinates and sketch.
The volume element in orthogonal curvilinear coordinates u, u,, us is

o(x, v, 2)

dV = h h,hy dudu,du; = Y, 0, 1)
1> Yo

du,du,du;

(a) Incylindrical coordinates, u, = p, u, = 0, u3 =z, h; = 1, h, = p, hy = 1 [see Problem 7.40(a)]. Then

dV = (1)(p)(1)dpdodz = pdpdodz

This can also be observed directly from Figure 7.30(a).
(b) In spherical coordinates, u, = r, u, =0, u3 =0, hy = 1, h, = r, hy; = r sin 0 [see Problem 7.40(b)]. Then

dV = (1)(r) (r sin ) drd0dd = r* sin Odrd0d ¢
This can also be observed directly from Figure 7.30(b).

z z
dV=(p d¢) (dp) (dz) dV = (r sin @ d) (r d6) (dr)
=pdpdpdz =r2sin O dr dO d¢
A rsin 0 dop
P2
rsin@4
8 rdé
df
y
}J
x X
(@) Volume element in cylindrical coordinates. (b) Volume element in spherical coordinates.
Figure 7.30

7.42. Express in cylindrical coordinates: (a) grad @, (b) div A, and (c) V> ®
Letu,=p,u,=¢,u3=2,h =1, h,=p, hy=1 [see Problem 7.40(a) and (b).] Then
1 0® 1 0@ 10D oD 1 0® oD

dod= VdD——— +—— e, F——e;=— e, +—— e, +—
@ e Top pae 2Tz T ap pae e
where e, e,, e; are the unit vectors in the directions of increasing p, ¢, z, respectively.
. 1
() divA=V-A [—« DA+ (DDA, )+ ((1)( )A )}
“memlap " % P4
1|0 0A
=_|: ( 1) _+_3:|
pLIp Iz

where A =A e, + A,e, + Ase;.

© Voo { (P39 ), 3 (MM, 3 (1)p)IP }
ME)Dp{ @) Ip ¢ (p) 90 | oz( (1) oz
10 0D 1 *°® o°D
p— +——+—
pap( 89] p? 00 0z
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Miscellaneous problems

7.43. Prove that grad f (r) = S0
r

erad £(r) = VF(r) = aif<r>i+3f<r>j + 2 fk
X dy 0z

- f’(r)%ﬂf'(r)g—;ﬁf'(r)g—zk

S+ 0L+ o k=D ity = LDy
r r r r -

Another method: In orthogonal curvilinear coordinates u,, u,, u;, we have

1 00 1 00 1 00

VOo=——e +——e, +——e,
h ou, h, du, hy du, -

r, where r = qlxz +y* + 2> and f'(r) = dfis df/dr is assumed to exist.

(e))

If, in particular, we use spherical coordinates, we have u, = r, u, = 0, uy = ¢. Then letting ® = f(r), a func-
tion of r alone, the last two terms on the right of Equation (/) are zero. Hence, on observing that e, = r/r and

h,, =1, we have, the result

1S,

Vf(r)=1 or r r

7.44. (a) Find the Laplacian of ¢ = f(r). (b) Prove that ¢ = 1/r is a solution of Laplace’s equation V? ¢ = 0.
(a) By Problem 7.43,

Vo = V()= @r

By Problem 7.35, assuming that f{r) has continuous second partial derivatives, we have

Laplacian of ¢ =V? =V -(V$)=V- {f(r) }

:v{&} f(r)(V )_ld{f }r f(r))
r rdr r

_O+F0 3f( r)

3
r

f()+ f(r)

Another method: In spherical coordinates, we have

2
VU == 19 rza—U +—— ! J smea—U +—1 a—U
P or\" ar | r’sin@ 90 00 ) r’sin*@ 99’

If U = f(r), the last two terms on the right are zero and we find
1 d , ” 2,
V() ==—f )= +=f(r)
r-dr r
(b) From the result in (a), we have

2
(Lo d(1),24(1).2 2 g
r dro\r ) rdrir ror

showing that 1/r is a solution of Laplace’s equation.

(@)
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A particle moves along a space curve r = r(t), where # is the time measured from some initial time. If
V= | dr/dt | = ds/dt is the magnitude of the velocity of the particle (s is the arc length along the space curve
measured from the initial position), prove that the acceleration a of the particle is given by

2
a :ﬂT+V—N
dt p

where T and N are unit tangent and normal vectors to the space curve and

—1 d2x 2 dzy 2 d2Z ) ~1/2
= i el ey
ds ds ds

The velocity of the particle is given by v = VT. Then the acceleration is given by

o
ds®

a=ﬂ=i(1)T)=QT+U£=d—DT+v££=@T+02£ D
dt dt dt dt dt ds dt dt ds
Since T has a unit magnitude, we have T - T = 1. Then, differentiating with respect to s,
940 p o 1T g o -T2
ds ds ds ds

from which it follows that dT/ds is perpendicular to T. Denoting by N the unit vector in the direction of dT/
ds, and called the principal normal to the space curve, we have

drT

ds
where k is the magnitude of dT/ds. Now, since T = d/r/ds [see Equation (7), Page 168], we have dT/ds = d’r/
ds?. Hence,

=xN (€3

2 2
d’r d’x d’y d’
K= — = - + — +| —
ds ds ds ds
Defining p = 1/k, Equation (2) becomes dT/ds = N/p. Thus, from Equation (/) we have, as required,

v, v’
a=—T+—N
dt p
The components dv/dt and v*/p in the direction of T and N are called the tangential and normal compo-
nents of the acceleration, the latter being sometimes called the centripetal acceleration. The quantities p and

k are, respectively, the radius of curvature and curvature of the space curve.

SUPPLEMENTARY PROBLEMS

Vector algebra

7.46.

747.

7.48.

Given any two vectors A and B, illustrate geometrically the equality 4A + 3(B - A) = A + 3B.

A man travels 25 miles northeast, 15 miles due east, and 10 miles due south. By using an appropriate scale,
determine graphically (a) how far and (b) in what direction he is from his starting position. Is it possible to
determine the answer analytically?

Ans. 33.6 miles, 13.2° north of east

If A and B are any two nonzero vectors which do not have the same direction, prove that mA + nB is a
vector lying in the plane determined by A and B.
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7.49. If A, B, and C are non-coplanar vectors (vectors which do not all lie in the same plane) and x;A + y,B + z;
C=x,A +y,B +z,C, prove that, necessarily, x, = x,, ¥, = Y5, 2; = 2.

7.50. Let ABCD be any quadrilateral and points P, Q, R, and S the midpoints of successive sides. Prove that (a) PORS is
a parallelogram and (b) the perimeter of PORS is equal to the sum of the lengths of the diagonals of ABCD.

7.51. Prove that the medians of a triangle intersect at a point which is a trisection point of each median.

7.52. Find a unit vector in the direction of the resultant of vectors A =2i—j+ k, B=1i+j + 2k, C = 3i - 2j + 4k.
Ans. (6i — 2j + Tk)/+/89

The dot or scalar product

7.53.  Evaluate |(A +B) - (A—B)| if A =2i—3j+5kand B =3i+j-2k.
Ans. 24

7.54. Verify the consistency of the law of cosines for a triangle. [Hint: Take the sides of A, B, C where C = A — B.
Thenuse C-C=(A-B)-(A-B).]

7.55.  Find a so that 2i — 3j + 5k and 3i + aj — 2k are perpendicular.
Ans.a=-4/3

7.56. IfA=2i+j+k B=1i-2j+2kand C = 3i-4j + 2Kk, find the projection of A + C in the direction of B.
Ans. 17/3

7.57. A triangle has vertices at A(2, 3, 1), B (-1, 1, 2), and C(1, -2, 3). Find (a) the length of the median drawn
from B to side AC and (b) the acute angle which this median makes with side BC.

Ans. (a) %\/% (b) cos™! Jo1/14

7.58. Prove that the diagonals of a rhombus are perpendicular to each other.

7.59. Prove that the vector (AB + BA)/(A + B) represents the bisector of the angle between A and B.

The cross or vector product

7.60. IfA=2i—j+kandB=i+2j-3k find | (2A + B) x (A - 2B)|.

Ans. 5 x/§

7.61. Find a unit vector perpendicular to the plane of the vectors A = 3i —2j + 4k and B =i + j — 2k.
Ans. +2j + K)/~/5
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7.62. If AxB=A xC, does B = C necessarily?

7.63. Find the area of the triangle with vertices (2, -3, 1), (1, -1, 2), (-1, 2, 3).

1
Ans. =3
ns2

7.64 Find the shortest distance from the point (3, 2, 1) to the plane determine by (1, 1, 0), (3, -1, 1), (-1, 0, 2).
Ans. 2

Triple products

7.65. IfA=2i+j-3k B=i-2j+k,C=—i+j—4, find@@A-BxC),(b) C-(AxB),(c)Ax(BxC), and
(d) (A x B) x C.
Ans. (a) 20 (b) 20 (c) 8i — 19§ — k (d) 25i — 15j — 10k
7.66.  Prove that () A-(BxC)=B-(CxA)=C-(AxB)and (b))Ax (BxC)=B (A -C)-C(A - B).

7.67. Find an equation for the plane passing through (2, -1, -2), (-1, 2, -3), (4, 1, 0).
Ans. 2x+y—-3z=9

7.68. Find the volume of the tetrahedron with vertices at (2, 1, 1), (1, -1, 2), (0, 1, -1), (1, =2, 1).

Ans. —

7.69. Prove that (A X B) - (CxD)+ (B xC) - (AxD)+(CxA) - (BxD)=0.

Derivatives

7.70 A particle moves along the space curve r = e’ cos #i + ¢ sin #j + ¢~ k. Find the magnitude of the (a) the
velocity and (b) the acceleration at any time z.

Ans. (a) 3e™ (b) /5e™!

d dB dA
7.71. Prove that — (A X B) = A X — + — X B where A and B are differentiable functions of u.
du du du
7.72. Find a unit vector tangent to the space curve x =1, y = 2 z = £ at the point where = 1.
Ans. (i+2j + 3k)/V14
7.73. If r = acos of + b sin ®f, where a and b are any constant noncollinear vectors and ® is a constant scalar.

2
prove that (a) r = ﬂ = w(a X b) and (b) d_zr +0’r=0.
dr dt

2

0
7.74. If A = 2% — yj + xzk, B = yi + xj — xyzK, and C =i — yj + x° zk, find (a) 3

(A +B) and
(b)d[ A - (B x C)] at the point (1, -1, 2). x Jy

Ans. (a) —4i + 8j (b) 8 dx



CHAPTER 7 Vectors

2 2

— X —| at the point (2, 1, —2).

7.75.  If R =x’yi—2y’zj+xy’z’k, find
YI=2y°zg)+xy oy

Ans. 16\/§

Gradient, divergence, and curl

7.76. If U, V, A, B have continuous partial derivatives, prove that (a) V(U+ V)=V U+ V V,(b) V- (A + B)
=V-A+V-Band(c) Vx(A+B)=VxA+VxB.

7.77.  Ifo=xy+yz+zxand A =x% yi+)? zj + 22 xKk, find (a) A - Vo, (b) ¢V - A, and (c) (V) x A at the point
3,-1,2).
Ans. (a) 25, (b) 2, (c) 56i — 30j + 47k

7.78.  Show that V x (#°r) = 0 where r = xi + yj + zk and r = |r/|.
7.79. Prove that (a) V x (UA) = (VU) x A+ U(VxA)and b) V- (AxB)=B-(VxA)-A . (VxB).
7.80. Prove that curl grad u = 0, stating appropriate conditions on U.

7.81.  Find a unit normal to the surface x* y — 2xz + 2y’z* = 10 at the point (2, 1, -1).

Ans. =(3i + 4j — 6k) /61

7.82.  If A =3xz%i — yzj + (x + 22)k, find curl A.
Ans. —6xi + (62— 1k

7.83. (a) Prove that V x (V x A) =— V2 A + V(V - A). (b) Verify the result in (a) if A is given as in problem 7.82.

Jacobians and curvilinear coordinates

a(x,y,2)

o(uy, u, uy)

or oJr or
_._X

7.84. Prove that P—
ou, du, du,

7.85. Express (a) grad @, (b) div A, and (c) V> @ in spherical coordinates.

0 1 00 1 00
Ans. (a) —e, +——e, + ———¢,
or r 00 rsin® oo
9 1 oA’

1 0 1
b)) ——=—*A)+—— sinOA )+ ———whereA=Ae, +Ae, +Ae
r ar( ) 7 sin O ae( 2) rsin® o e

2
(©) (o) izai[rzag}r I 9 (sineaﬁ)+—l oo
r

r ar ) r*sin® 90 r’sin® 0 99’



7.86.

7.87.

7.88.

7.89.
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The transformation from rectangular to parabolic cylindrical coordinates is defined by the equations x = 1/2
(u? —v?),y =uv, 7=z (a) Prove that the system is orthogonal. (b) Find ds* and the scale factors. (c) Find
the Jacobian of the transformation and the volume element.

Ans. (b) ds® = (u? + V)du® + (u)* + VA V> + d hy = hy = \Ju’ +0° , hy=1

©) >+ V% (W +V%) dudvdz

Write (a) V2 @ and (b) div A in parabolic cylindrical coordinates.

1 ’d 9@ o*d
Ans. (2) V@ = + +
A w40’ (8»12 v’ J 0z’
0A,
(b) divA=— ! 3 {i(\/uz +v’ A)+ J (\juz +v? A,) }+ -
u +v° (du v 0z

Prove that for orthogonal curvilinear coordinates,

V(I):e_lag+e_za£+ 6_38;()
h, du, h, du, h, du,

(Hint: Let V @ = a,e, + a,e, + a;e; and use the fact that d @ =V @ - d r must be the same in both rectangular
and curvilinear coordinates.)

Give a vector interpretation to the theorem in Problem 6.35.

Miscellaneous problems

7.90.

7.91.

7.92.

7.93.

7.94.

7.95.

If A is a differentiable function of u and | A(u) | = 1, prove that dA/du is perpendicular to A.
Prove formulas 6, 7, and 8 on Page 171.

If p and ¢ are polar coordinates and A, B, n are any constants, prove that U = p" (A cos n¢ + B sin n 0)
satisfies Laplace’s equation.

- 3

2cosH +3§1n Ocosd)’ﬁnd Vv,
r

6sinB cos(4 — 5sin’0)

4
r

Ifv=

Ans

Find the most general function of (a) the cylindrical coordinate p, (b) the spherical coordinate r, and (c) the
spherical coordinate 6 which satisfies Laplace’s equation.

Ans.(a)A+ Blnp (b) A+ B/r(c) A+ B In(cscO — cot) where A and B are any constants

Let T and N denote, respectively, the unit tangent vector and unit principal normal vector to a space curve r
= r(u), where r(u) is assumed differentiable. Define a vector B =T =T x N called the unit binormal vector
to the space curve. Prove that

dT dB dN

—=kN,—=—-7N, —=1B-«T
ds ds ds
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7.96.

7.97.

7.98.

7.99.

7.100.

These are called the Frenet-Serret formulas and are of fundamental importance in differential geometry. In
these formulas k is called the curvature, T is called the forsion; and the reciprocals of these, p = 1/k and 6 =
1/, are called the radius of curvature and radius of torsion, respectively.

(a) Prove that the radius of curvature at any point of the plane curve y = f(x), z = 0 where f(x) is

differentiable, is given by
(1 + y’Z )3/2

y
(b) Find the radius of curvature at the point (n/2, 1, 0) of the curve y = sin x, z = 0.

Ans. (b) 242

Prove that the acceleration of a particle along a space curve is given respectively in (a) cylindrical and (b)
spherical coordinates by

(B - pd)e,+ (pd + 2pde, + ze,
(¥ - o - r(i)2 sin? O)e, + (rO+ 270 r(i)z sin O cos 0)e, + (2;‘"4) sin 0 + 2réd) cos 0 + riii sin 6 )e,,

where dots denote time derivatives and €,, € €, €, e €,are unit vectors in the directions of increasing p, 0,
z, 1, 0, ¢, respectively.

Let E and H be two vectors assumed to have continuous partial derivatives (of second order at least) with
respect to position and time. Suppose further that E and H satisfy the equations
1 oH _10E

V-E=0, V-H=0, VxE:——a—, VxH

= 1
¢ ot cot’ W

prove that E and H satisfy the equation
1 oy
Viy =— @)
¢t or
where y is a generic meaning and, in particular, can represent any component of E or H.
[The vectors E and H are called electric and magnetic field vectors in electromagnetic theory. Equations

(1) are a special case of Maxwell’s equations. The result (2) led Maxwell to the conclusion that light was an
electromagnetic phenomena. The constant ¢ is the velocity of light.]

Use the relations in Problem 7.98 to show that

i{l(E2 +HH}+ V- (ExH)=0
ot 2

Let A,, A,, A; be the components of vector A in an xyz rectangular coordinate system with unit vectors i, i,
i; (the usual i, j, k vectors), and A"}, A’,, A’; the components of A in an x” y" 7’ rectangular coordinate system
which has the same origin as the xyz system but is rotated with respect to it and has the unit vectors i’,, i’,, i’5.

Prove that the following relations (often called invariance relations) must hold:

An = ler’] + 12;114,2 + l.?nA,3 n= 1’ 2? 3

wherei’, -i =1

m n mn*



7.101.

7.102.

7.103.

7.104.

7.105.

7.106.
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If A is the vector of Problem 7.100, prove that the divergence of A (V - A) is an invariant (often called a
scalar invariant); i.e., prove that
aAl, +%+%:aﬁ+aﬁ+aﬁ
ox" 9y 97 dx dy oz
The results of this and the preceding problem express an obvious requirement that physical quantities must not

depend on coordinate systems in which they are observed. Such ideas when generalized lead to an important
subject called fensor analysis, which is basic to the theory of relativity.

Prove that (a) A - B, (b) A x B, and (c) V x A are invariant under the transformation of Problem 7.100.

If u,, u,, uy are orthogonal curvilinear coordinates, prove that

=Vu, -Vu, xVu, (b) ii><i (Vu, - Vu, xVu) =1
du, du, du, ’

1 2

ou,, u,, uy)
a(x, y,2)

and give the significance of these in terms of Jacobians.

(a)

Use the axiomatic approach to vectors to prove relation 8 on Page 167.

A set of n vectors A, A,, . . ., A, is called linearly dependent if there exists a set of scalars ¢, ¢,, . . ., ¢, not
all zero such that c,A| + c,A, + - - - + ¢,A,, = 0 identically; otherwise, the set is called linearly independent.
(a) Prove that the vectors A = 2i —3j + 5k, A, =i+ j— 2k, A; = 3i — 7j + 12k are linearly dependent. (b)
Prove that any four three-dimensional vectors are linearly dependent. (c) Prove that a necessary and
sufficient condition that the vectors A, = a,i+ b,j + ¢k, A, =a,i + b,j + ¢k, and A; = a4i + b3 j + c;k be

linearly independent is that A, - A, x A; # 0. Give a geometrical interpretation of this.

A complex number can be defined as an ordered pair (a, b) of real numbers a and b subject to certain rules of
operation for addition and multiplication. (a) What are these rules? (b) How can the rules in (a) be used to
define subtraction and division? (c¢) Explain why complex numbers can be considered as two-dimensional
vectors. (d) Describe similarities and differences between various operations involving complex numbers
and the vectors considered in this chapter.



CHAPTER 8

Applications of Partial
Derivatives

Applications to Geometry

The theoretical study of curves and surfaces began more than two thousand years ago when Greek philoso-
pher-mathematicians explored the properties of conic sections, helixes, spirals, and surfaces of revolution
generated from them. While applications were not on their minds, many practical consequences evolved.
These included representation of the elliptical paths of planets about the sun, employment of the focal prop-
erties of paraboloids, and use of the special properties of helixes to construct the double helical model of
DNA.

The analytic tool for studying functions of more than one variable is the partial derivative. Surfaces are
a geometric starting point, since they are represented by functions of two independent variables. Vector forms
of many of these concepts were introduced in Chapter 7. In this chapter, corresponding coordinate equations
are exhibited.

No=VFlp
P(Xo‘ Yo» Z0)
Sy o O(x, . 2)

Iy

;

Figure 8.1

1. Tangent Plane to a Surface Let F(x, y, z) = 0 be the equation of a surface S such as that shown in Figure
8.1. Assume that F, and all other functions in this chapter are continuously differentiable unless otherwise
indicated. Suppose we wish to find the equation of a tangent plane to S at the point P(x,, y,, z,)- A vector
normal to S at this point is N, = VF | p» the subscript P indicating that the gradient is to be evaluated at the

point P(x,, ¥y, Zo)-
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If ry and r are tangent, the vectors drawn, respectively, from O to P(x,, ¥, z,) and Q(x, y, z) on the tangent
plane, the equation of the plane is

(r-ry)-Ny=(@-r)) VF|,=0 (1)
since r — r|, is perpendicular to N,,.
In rectangular form this is
oF oF oF
—| (x=x)+—| =y +—| (2-2)=0 2)
ox|p |p 9z |p

In case the equation of the surface is given in orthogonal curvilinear coordinates in the form F(u,, u,, u;)
= 0, the equation of the tangent plane can be obtained using the result on Page 172 for the gradient in these
coordinates. See Problem 8.4.

2. Normal Line to a Surface. Suppose we require equations for the normal line to the surface S at P(x,,
Yo» 20)» 1.€., the line perpendicular to the tangent plane of the surface at P. If we now let r be the vector drawn
from O in Figure 8.1 to any point (x, y, z) on the normal N,,, we see that r — r,, is collinear with N, and so
the required condition is

(r—roxNoz(r—rO)xxVF|P=0 3)
By expressing the cross product in the determinant form
i J k
X=Xy Y=o Z7%
F.l F|l F,
we find that o v o
X=X _ Y=Y _27%
oF " aF| oF
ox|p dy 0z
Setting each of these ratios equal to a parameter (such as 7 or «) and solving for x, y, and z yields the
parametric equations of the normal line.

The equations for the normal line can also be written when the equation of the surface is expressed in
orthogonal curvilinear coordinates. [See Problem 8.1(b).]

“

P P

3. Tangent Line to a Curve Let the parametric equations of curve C of Figure 8.2 be x = f(u), y = g(u),
z = h(u), where we shall suppose, unless otherwise indicated, that f, g, and & are continuously differentiable.
We wish to find equations for the tangent line to C at the point P(x,, y,, Z,) where u = u,,.

Fig. 8.2
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If R = f(w)i + g(u)j + h(u)k, then a vector tangent to C at the point P is given by T, = ;lﬁ . Ifryandr
Ulp
denote the vectors drawn respectively from O to P(x,, ¥, z,) and Q(x, y, z) on the tangent line, then r —r is
collinear with T,. Thus,
dR
(r-ry)xT, =(r-r)x—| =0 (5)
du|p
In rectangular form this becomes
X=X _ Y=Y _27%
f,(uo ) g,(u() ) h’(uo )
The parametric form is obtained by setting each ratio equal to u.
If the curve C is given as the intersection of two surfaces with equations F (x, y, z) = 0 and G(x, y, ) =0,
observe that VF x VG has the direction of the line of intersection of the tangent planes; therefore, the cor-
responding equations of the tangent line are

(6)

F, F,

F, F,
G, G| 6. G,

» |G, G,

P P

Note that the determinants in Equation (7) are Jacobians. A similar result can be found when the surfaces are
given in terms of orthogonal curvilinear coordinates.

4. Normal Plane to a Curve Suppose we wish to find an equation for the normal plane to curve C at P(x,,
Yo» Zo) in Figure 8.2 (i.e., the plane perpendicular to the tangent line to C at this point). Letting r be the vector
from O to any point (x, y, z) on this plane, it follows that r — r,, is perpendicular to T,. Then the required
equation is

dR
(r-r)).Ty=(r-r,).—| =0 (®)
du |p

When the curve has parametric equations x = f(«), y = g(u), z = h(u) this becomes
I (ue)(x = x0) + & (up)(y = yo) + h'(up)(z — 2) =0 )
Furthermore, when the curve is the intersection of the implicitly defined surfaces

F(x,y,z)=0and G(x, y,z) =0

then
Bk (x=x)+| T & y)+Fx 5 (z—25)=0 (10)
- —J)o <0/ —
G, G|, G. G|, G, Gy,

5. Envelopes Solutions of differential equations in two variables are geometrically represented by one-
parameter families of curves. Sometimes such a family characterizes a curve called an envelope.

For example, the family of all lines (see Problem 8.9) one unit from the origin may be represented by x
sin 0. —y cos o, — 1 = 0, where o is a parameter. The envelope of this family is the circle x* + y* = 1.

If ¢(x, y, 2) = 0, is a one-parameter family of curves in the xy plane, there may be a curve E which is tan-
gent at each point to some member of the family and such that each member of the family is tangent to E. If
E exists, its equation can be found by solving simultaneously the equations

ox, y, 00) = 0, 0(o(x, y, ) =0 (1)

and E is called the envelope of the family.
The result can be extended to determine the envelope of a one-parameter family of surfaces ¢(x, y, z, o).
This envelope can be found from

ox, y,z,0) =0, ¢ (x,y,z,00=0 (12)

Extensions to two- (or more) parameter families can be made.
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Directional Derivatives

Suppose F(x, y, z) is defined at a point (x, y, ) on a given space curve C. Let F(x + Ax, y + Ay, z + Az) be the
value of the function at a neighboring point on C and let As denote the length of arc of the curve between
those points. Then

lim AF _ 1im F(x+Ax, y+Ay, z+A2)-F(x, y, 2)
Ay—>OA_s_As—>O As

(13)

if it exists, is called the directional derivative of F at the point (x, y, z) along the curve C and is given by
dF _oFdx oFdy OFdz

ds Jxds dyds 0z ds (14
In vector form this can be written
d_Fz 8_17i+8_Fj+8_Fk -(d—xi+d—yj+%k)=VF-£=VF' T (15)
ds ox dy" 0z ds ds” ds ds

from which it follows that the directional derivative is given by the component of VF in the direction of the
tangent to C.

Thus, the maximum value of the directional derivative is given by | VF | and these maxima occur in direc-
tions normal to the surfaces F(x, y, 7) = ¢ is (where ¢ is any constant), which are sometimes called equipo-
tential surfaces or level surfaces.

Differentiation Under the Integral Sign

Let
¢(a)=Ju2f(x,a)dx ago<b (16)
iy
where u, and u, may depend on the parameter o.. Then
do  wof du, du,
— = ——dx+f(u,,0)—=— f(u,o0)— 17
do  Ju, do f )doc /(e )doc a7

fora < o < b, if fix, o) and df/do. are continuous in both x and o in some region of the xo. plane including
Uy < x < Uuy,a < 0o < bandif u, and u, are continuous and have continuous derivatives fora < a < b.

In case u, and u, are constants, the last two terms of Equation (/7) are zero.
The result (/7), called Leibniz’s rule, is often useful in evaluating definite integrals (see Problems 8.15
and 8.29).

Integration Under the Integral Sign

If ¢(cv) is defined by Equation (/6) and f (x, o) is continuous in x and o in a region including u; < x < u,, a
<x< b, then if u, and u, are constants,

b (o) do =b uzf(x,oc)dx a’oc=u2 bf(x,(x)doc dx (18)
Jowde=[: | Ji]

a u a

The result is known as interchange of the order of integration or integration under the integral sign. (See
Problem 8.18.)
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Maxima and Minima

In Chapter 4 we briefly examined relative extrema for functions of one variable. The general idea was that
for points of the graph of y = g(x) that were locally highest or lowest, the condition g"(x) = 0 was necessary.
Such points P(x,) were called critical points. [See Figure 8.5(a and b).] The condition g“(x) = 0 was useful
in searching for relative maxima and minima, but it was not decisive. [See Figure 8.3(c).]

o)

(a) (b) () x

Figure 8.3 Figure 8.4

To determine the exact nature of the function at a critical point, P,, g”(x,) ) had to be examined.

>0 counterclockwise rotation (relative minimum)
g"(x)) <0 implied a clockwise rotation (relative maximum)
=0 need for further investigation

This section describes the n ecessary and sufficient conditions for relative extrema of functions of two
variables. Geometrically, we think of surfaces S represented by z = f(x, y). If at a point Py(x,, ¥,) then f.(x,
¥o) = 0, means that the curve of intersection of S and the plane y = y, has a tangent parallel to the x axis.
Similarly, f,(x,, y,) = 0 indicates that the curve of intersection of S and the cross section x = x, has a tangent
parallel the y axis. (See Problem 8.20.)

Thus,

Slx, yo) = va:v(xov »=0

are necessary conditions for a relative extrema of z = f (x, y) at P; however, they are not sufficient because
there are directions associated with a rotation through 360° that have not been examined. Of course, no dif-
ferentiation between relative maxima and relative minima has been made. (See Figure 8.4.)

A very special form f,, — f. f,, invariant under plane rotation and capable of characterizing the roots of a
quadratic equation Ax? + 2Bx + C = 0, allows us to form sufficient conditions for relative extrema. (See
Problem 8.21.)

A point (x,, y,) is called a relative maximum point or relative minimum point of f(x, y) respectively accord-
ing as £ (x, + h, o + k) <f (xgs ¥o) OF f (X + I, yo + k) > f(xo, y,) for all 4 and k such that 0 < |h| <8,0< | k|
< 0 where 8 is a sufficiently small positive number.

A necessary condition that a differentiable function f'(x, y) have a relative maximum or minimum is

a_f =0 a_f =0 (19)
ox dy
If (x4, y,) 1s a point (called a critical point) satisfying Equations (19) and if A is defined by

alf@ryer) (@) o0
| o 9y? 0x dy

(x(),yo)

s

then
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. . ) . o f o f

L. (xg, o) is a relative maximum point if A > 0 and —- <0jor — <0 |
ox , dy
(xo,yo) (xo,)’o)

. L . 9’ f 9% f

2. (xp, ) 1s a relative minimum point of A> 0 and —- >0 for  —- >0 |.
ox ) dy
XO,)/O) (xov)’())

3. (xp Yp) is neither a relative maximum nor a relative minimum point if A < 0. If A < 0, <0, (x,, y,) is
sometimes called a saddle point.

4. No information is obtained if A =0 (in such case further investigation is necessary).

Method of Lagrange Multipliers for Maxima and Minima

A method for obtaining the relative maximum or minimum values of a function F(x, y, z) subject to a con-
straint condition ¢(x, y, z) = 0, consists of the formation of the auxiliary function

G(x, y,2) = F(x, y, 2) + M(x, y, 2) 2D
subject to the conditions
a_G =0, a_G = ()’ a_G = () (22)
0x dy 0z

which are necessary conditions for a relative maximum or minimum. The parameter A, which is independent
of x, y, z, is called a Lagrange multiplier.

The conditions in Equation (22) are equivalent to VG = 0, and, hence, 0 = VF + A V ¢.

Geometrically, this means that VF and V¢ are parallel. This fact gives rise to the method of Lagrange
multipliers in the following way.

Let the maximum value of F on ¢(x, y, z) = 0 be A and suppose it occurs at Py(x,, ¥y, Zo)- (A similar argu-
ment can be made for a minimum value of F.) Now consider a family of surfaces F(x, y, z) = C.

The member F(x, y, z) = A passes through P, while those surface F(x, y, z) = B with B < A do not. (This
choice of a surface, i.e., fix, y, z) = A, geometrically imposes the condition ¢(x, y, z) = 0 on F.) Since at P,
the condition 0 = VF + A V ¢ tells us that the gradients of F(x, y, z) = A and 0(x, y, ) are parallel, we know
that the surfaces have a common tangent plane at a point that is maximum for F. Thus, VG = 0 is a necessary
condition for a relative maximum of F at P,. Of course, the condition is not sufficient. The critical point so
determined may not be unique and it may not produce a relative extremum.

The method can be generalized. If we wish to find the relative maximum or minimum values of a function
F(x,, x,, X3, . . ., x,,) subject to the constraint conditions ¢(x,, . . ., x,) =0, dx(x}, . . ., x,) =0, .. ., Oplx;, . - o,
x,) = 0, we form the we form the auxiliary function

G(xXy, Xy, oo 0 X)) = F+ 00, + 4,0, + - - - + A0, (23)
subject to the (necessary) conditions

9G o 99 g 96y 24)
ox,

ox,
where A, A, . . ., A;, which are independent of x , x,, . . ., x,, are the Lagrange multipliers.

Applications to Errors

The theory of differentials can be applied to obtain errors in a function of x, y, z, etc., when the errors in x,
y, Z, etc., are known. See Problem 8.28.
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SOLVED PROBLEMS

Tangent Plane And Normal Line To A Surface

8.1. Find equations for the (a) tangent plane and (b) normal line to the surface x*yz + 3y = 2xz* — 8z at the point
(1,2,-1).

(a) The equation of the surface is F = x*yz + 3y* — 2xz> + 8z = 0. A normal line to the surface at (1, 2, —1) is
No=VF| 4 1= Qxyz -2+ (P2 +6y)j + (xy—dnz + 8)k | (5 )

=-6i+ 11j+ 14k

Referring to Figure 8.1:
The vector from O to any point (x, y, z) on the tangent plane is r = xi + yj + zk.
The vector from O to the point (1, 2, —1) on the tangent plane is r, =i + 2j — k.
The vector r —ry = (x — )i + (v — 2)j + (z + DKk lies in the tangent plane and is thus perpendicular
to Nj.

Then the required equation is

(r-ry) Ny=0 ie, {(x=Di+-2)j+@+Dk}{-6i+11j+14k} =0

-6(x—-1)+11(y-2)+14(z+1)=0o0rb6x—11y—-14z+2=0

(b) Letr =xi+yj+ zk be the vector from O to any point (x, y, z) of the normal N,,. The vector from O to the
point (1, 2, —1) on the normal is r, = 2i + 2j — k. The vectorr —r, = (x — )i + (y — 2)j + (z + )k is col-
linear with N,. Then

i J k
(r—r)xXNy=0 ie, |x—-1 y-2 x+1|=0
-6 11 14

which is equivalent to the equations
IHx-1)=-6(y-2),14y-2)=11(z+ 1), 14(x - 1) =-6(z + 1)
These can be written as
x=1_ y-2 z+1
-6 11 14

often called the standard form for the equations of a line. By setting each of these ratios equal to the parameter
t, we have

x=1-6f, y=2+11t, z=14r-1
called the parametric equations for the line.
8.2. In what point does the normal line of Problem 8.1(b) meet the plane x + 3y — 2z = 10?

Substituting the parametric equations of Problem 8.1(b), we have

1-66+32+11H-2(14t—1)=100rt=-1

Thenx=1-6t=7,y=2+11t=-9, z=14r— 1 =-15 and the required point is (7, - 9, —15).

8.3. Show that the surface x* — 2yz + y* = 4 is perpendicular to any member of the family of surfaces x*> + 1 =
(2 — 4a)y* + az* at the point of intersection (1, -1, 2).
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Let the equations of the two surfaces be written in the form

F=x*-2yz+y'—4=0and G=x*+1-Q2-4a)y*-az*=0

Then
VF = 2xi + (3y? — 22)j — 2yk, VG =2xi - 2(2 - 4a)yj — 2azk

Thus, the normals to the two surfaces at (1, —1, 2) are given by
N, =2i-j+2k, N, =2i + 2(2 - 4a)j — 4ak

Since N, - N, = (2)(2) — 2(2 — 4a) — (2)(4a) = 0, it it follows that N, and N, are perpendicular for all «,
and so the required result follows.

The equation of a surface is given in spherical coordinates by F(r, 0, ¢) = 0, where we suppose that F is
continuously differentiable. (a) Find an equation for the tangent plane to the surface at the point (7, 6, ¢).
(b) Find an equation for the tangent plane to the surface r = 4 cos 0 at the point (2 \/5 , ©/4,3m/4). (c) Find
a set of equations for the normal line to the surface in ( ) at the indicated point.

(a) The gradient of @ in orthogonal curvilinear coordinates is

19D 100 19D

Vo = e e, +——e;
hy ou, h, du, hy duy
1 or 1 or 1 or
where e =———, e=""—, €3=——
hy ou, h, du, hy du,

(see Pages 170 and 172).

In spherical coordinates u; =r, u, =0, u3; =0, h; =1, hy =r, hy=rsin 6 and r = xi + yj + zk = r sin 6 cos
0i + 7 sin O sin ¢j + r cos Ok.

Then

e, =sin0 cosO1i + sinO sin6 j + cos6 k
e, =cos0 cosfi + cosO sin¢ j —sinOk @)

€; =—sin@i+ cos j

and

oF 10F 1 OoF

- - - 2
r r 00 ez-I-rsine 20 ® @

As on Page 196, the required equation is (r —r,) - VF | p=0.
Now, substituting Equations (1) and (2), we have

VF = B_F sin@, cosQ, +la—F cosB, cosd, _ﬂa_F i
or|p 1t 00 |p 1, sin@; 90|,
+ a—F sin@ sing, +L8—F cosf, sing, +CO.L¢0 a_F j
or|p 1y 99|, 1, sin@, 90|,
+ o cos0, _ Lok sin@, rk
or|p % p

Denoting the expressions in braces by A, B, C, respectively, so that V F | = Ai + Bj + CKk, we see that the
required equation is A(x — x,) + B(y — y,) + C(z — z,) = 0. This can be written in spherical coordinates by using
the transformation equations for x, y, and z in these coordinates.

(b) We have F=r—4cos 0 =0. Then 0F/dr =1, dF/d0 = 4 sin 0, dF/d¢ = 0.
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Since r, =2 \/5 , 0, = 1/4, ¢, = 3m/4, we have from (a), V F|p =Ai+Bj+Ck=-i+].

From the transformation equations, the given point has rectangular coordinates (—\/E , \/5 , 2), and so
rery= o+ V2)i+ (- V2)j+ -2k

The required equation of the plane is thus —(x + \/5 )+ (- \/5 )=0ory—x=2 \/E . In spherical coor-
dinates this becomes r sin 0 sin¢ — r sin 6 cos ¢ =2 \/E .

In rectangular coordinates the equation r = 4 cos 6 becomes x* + y* + (z — 2)?) = 4 and the tangent plane
can be determined from this as in Problem 8.1. In other cases, however, it may not be so easy to obtain the
equation in rectangular form, and in such cases the method of part (a) is simpler to use.

(c) The equations of the normal line can be represented by

x4V2 _y-2

z=2
-1 1
Tangent Line and Normal Plane to a Curve
8.5. Find equations for (a) the tangent line and (b) the normal plane to the curve x =¢—cos t,y =3 +sin 2t, z =

1 + cos 3t at the point where t = 1/27.

(a) The vector from origin O (see Figure 8.2) to any point of curve Cis R = (¢ — cos H)i + (3 + sin 27)j + (1 +

cos 31Hk. Then a vector tangent to C at the point where ¢ = %TE is
Ty =— =(1+sint)i+2cos2tj—3sin3tkl,_;,,, =2i—2j+3k
dt |—1/2n

The vector from O to the point where 7 = 1/2 is r, = 1/2mi + 3j + k.
The vector from O to any point (x, y, z) on the tangent line is r = xi + yj + zk.
Thenr-ry=(x— %n)i +y-3)j+ (z—1) ks collinear with T, so that the required equation is
i J k
(r—r)xT, =0, ie. |x—In y-3 z-1/=0
2 -2 3
1
o -3 -1
and the required equations are 2= Y =z
z=3t+1. -2
(b) Letr=uxi+ yj+ zk be the vector from O to any point (x, y, z) of the normal plane. The vector from O to
the point where 7 = %TC isry= %ni +3j + k. The vectorr —r, = (x — %n)i +(y—-3)j + (z— Dk lies in the
normal plane and, hence, is perpendicular to T,. Then the required equation is (r — r;) - T, = 0 or 2
(x— 3™ -2(y-3)+3-1)=0.

X —

or, in parametric form, x =2f + %TC, y=3-2t,

8.6. Find equations for (a) the tangent line and (b) the normal plane to the curve 3x%y + y’z = -2, 2xz — x*y = 3 at
the point (1, -1, 1).

(a) The equations of the surfaces intersecting in the curve are
F=3x%y+y2+2=0,G=2xz-x*y-3=0
The normals to each surface at the point P(1, —1, 1) are, respectively,
N,=VF|,=6xyi+GB2+22)j+yk=-6+j+k

N,=V G|, =2z-2xy)i - 2% + 2xk = 4i — j + 2k

Then a tangent vector to the curve at P is

Ty =N, x N, = (=61 + j + k) x (4 — j + 2k) = 3i + 16j + 2Kk
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Thus, as in Problem 8.5(a), the tangent line is given by
r-r)xTy=0o0r {(x-Di+(+1j+(z-Dk} x {3i+16j +2k} =0

ie.,
x-1_y+1 z-1
3 16 2

(b) As in Problem 8.5(b), the normal plane is given by

or x=1+3t, y=16t—-1, z=2t+1

(r—ry) - Ty=0o0r {(x— Di+(y+ 1)j+ (- Dk} - {3i+16j+2k} =0

i.e.,
3x-1)+16(y+1)+2(z—1)=0o0r3x+ 16y + 2z =-11

The results in (a) and (b) can also be obtained by using Equations (7) and (10), respectively, from Page
197.

8.7. Establish equation (10), from Page 197.

Suppose the curve is defined by the intersection of two surfaces whose equations are F(x, y, z) = 0, G(x,
¥, z) = 0, where we assume F and G to be continuously differentiable.

The normals to each surface at point P are given, respectively, by Ny =V F | pand N, =V G | p- Then a
tangent vector to the curve at P is Ty=N;, xN,=V F | X VG | p- Thus, the equation of the normal plane is
(r-ry - Ty=0. Now

T, =VF 1, xVGlp = {(Fi+F,j+ F.k)x(G,i +G,j+G.k)}l

e I L Y I
= Fx Fy Fz = 1+ J+
G, GZP G, G|, G, GYP
G, G, G, »
and so the required equation is
y FZ z x X Fy
(r=r).VFIl,=0 or (x—x0)+G G =y + (z—275)=0
GY Zlp z xip Gx Yip

Envelopes

8.8. Prove that the envelope of the family ¢(x, y, o) = 0, if it exists, can be obtained by solving simultaneously

the equations ¢ = 0 and ¢, = 0.

Assume parametric equations of the envelope to be x = f(a), y = g (o). Then ¢(f (o), g(o), o) = 0 identi-
cally, so, upon differentiating with respect to o (assuming that ¢, f, and g have continuous derivatives), we
have

O f (@) + 0, 8'(a) + 9, =0 (e))

d
The slope of any member of the family ¢(x, y, o) = 0 at (x, y) is given by 0, dx + ¢, dy =0 or Ey =-— i—x
y

dy dyldo g'(o
o _DI_ & Then at any point where the envelope and a

dx dx/do  f'(o)

member of the family are tangent, we must have

o, _ g’

0, f'@)

Comparing Equations (2) with (1), we see that ¢, = 0, and the required result follows.

The slope of the envelope at (x, y) is

0, f (@) +0,8')=0 )
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8.9. (a) Find the envelope of the family x sin o + y cos o = 1. (b) Illustrate the results geometrically.

(a) By Problem 8.8 the envelope, if it exists, is obtained by solving simultaneously the equations ¢ (x, y, o)
=xsino+ycoso—1=0and ¢, (x, y, &) =x cos o. —y cos o = 0. From these equations we find x = sin
o, y=cosoorx’+y =1

(b) The given family is a family of straight lines, some members of which are indicated in Figure 8.5. The
envelope is the circle x* + y* = 1.

Fig. 8.5

8.10. Find the envelope of the family of surfaces z = 2 ox — a?y.

By a generalization of Problem 8.8, the required envelope, if it exists, is obtained by solving simultane-
ously the equations

0=2o0x-0’y—z=0 (1)
and

0 =220y =0 @

From Equation (2), o = x/y. Then substitution in Equation (1) yields x*> = yz, the required envelope.

8.11. Find the envelope of the two-parameter family of surfaces z = o + By — o8.

The envelope of the family F(x, y, z, o, B) = 0, if it exists, is obtained by eliminating o and [3 between the
equations F'=0, F, =0, FB =0 (see Problem 8.43). Now

F=z-ox-By+oaB=0,F,=-x+B=0,Fg=—y+0a=0

Then 3 = x, o0 =y, and we have z = xy.

Directional derivatives

8.12. Find the directional derivative of F' = x?yz’ along the curve x = ¢™, y = 2 sinu + 1, z = u — cos u at the point P
where u = 0.

The point P corresponding to u =01is (1, 1, —1). Then
V F=2xy7i+ %2+ 3x%yz’k=-2i-j+ 3k at P
A tangent vector to the curve is

dr

i{e_“i +(2sinu + 1)j+ (u — cosu)k}
du du

=—e¢"i+2cosuj+ (1 +sinu)k=—i+2j+kar P

and the unit tangent vector in this direction is
—-i+2j+k

J6

T =
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Then

NG

N | —

-i+2j+k
Directional derivative = VF . T, =(-2i—j+ 3k).($] 3

N

Since this is positive, F is increasing in this direction.

8.13. Prove that the greatest rate of change of F, i.e., the maximum directional derivative, takes place in the

direction of, and has the magnitude of, the vector V F.

dF dr dr
— = VF.— is the projection of V F in the direction d_ . This projection is a maximum when V F and
s

ds ds
dr/ds have the same direction. Then the maximum value of dF/ds takes place in the direction of V F, and the

magnitude is v Fl.

8.14. (a) Find the directional derivative of U = 2x*y — 3y’z at P (1, 2, —1) in a direction toward Q(3, —1, 5). (b) In
what direction from P is the directional derivative a maximum? (c) What is the magnitude of the maximum
directional derivative?

(a) V U= 6xi+ (28 —6y2)j — 3y°k = 12i + 14j — 12k at P.

The vector from Pto Q=3 - Di+ (-1 -2)j+[5-(-1)]k=2i-3j + 6k
2i—-3j+6k _2i-3j+6k
J@)P + (-3 +(6) 7

The unit vector from P to Q = T=

Then

Directional derivative at P = (121 +14j — 12k).[w)= %

i.e., U is decreasing in this direction.
(b) From Problem 8.13, the directional derivative is a maximum in the direction 12i + 14j — 12k.

(c) From Problem 8.13, the value of the maximum directional derivative is [12i+14j—12k|=

144 +196 + 144 =22 .

Differentiation under the integral sign

8.15. Prove Leibnitz’s rule for differentiating under the integral sign.

u, ()
Let ¢(a)=f2 f(x, a)dx. Then
u (o)

0, (0 +AQ) uy (o)
Ab =00 + Act) — (L) = flx, o +A0L)dx—f Fx, o) dx
u, (a+Ao uy (o)
(o) i, (00) u, (0 +Aar) i, (00)
=j f(x,a+Aa)dx+_[ f(x,a+A0c)+J f(x,a+A(x)dx—I Fx, o) dx
u (0L+Aa u; (o) (o) uy (o)
iy (01) i, (0.+AaL) u (oL+Aa)
=j [f(x,oc+AOL)—f(x,0c)]dx+J. fix, o +Aoc)dx—_[ F(x, o+ Ao dx
u, (o) u, (o uy (01)
By the mean value theorem for integrals, we have
u, (01) u, (O)
|7 UG o o) - fronldr=aa [ £(nE) dx (1)
u (o) uy (0n)
u (oL+Aa)
_[ Fx00+ A0 dr = £, 0+ Ac) [y (0 + Adt) — 1, ()] @)
uy (o)



CHAPTER 8 Applications of Partial Derivatives

J‘uz (o+Aa)

uy (01)

where & is between o + Aa,, &, is between u, (o) and u, (0L + Ac) and &, is between u, (o) and u,(0L + A Q).

Then

A¢ _ u, (o
Aq) Uy (o)

fx,o+Aa) de = f(&,, 0 + Aa) [ (0L + Adt) —u; ()]

)fa(x,ﬁ)dx+f(§2,oc +Aa)%-f(§1,oc T Aoy 24
Ao Ao

3

Taking the limit as Aot — 0, making use of the fact that the functions are assumed to have continuous deriva-

tives, we obtain

) Au, Au,
—= E) dx + ,0 +Ao) —= — ,o 4+ Ao) —
a0 du@ fo (&) dx + (&, )Aoc fE, )Aoc
2 sin oLx

o
8.16. If o(0)= j dx, find o’ (o) where o, # 0.
o

X

By Leibniz’s rule,

¢,(a)=j:25)_a(sinax)dx+ shl(a—ﬂz)i(az)_w d

X o2 do.
o2 2sino’®  sino’
= J cosoLx dx + -
o o o
2
_sinocx|“ 2sino®  sino®  3sino’ —2sino’
o |u o o o
T d . m d
8.17. Ifj X T o>l find —xz(See Problem 5.58.)
0o —cosx  Ju2_1 0 (2 -cosx)”
T dx _
By Leibniz’s rule, if ¢(00) = — = =n@?®-1)""% then
0 (00 — cosx)
T dx 1 _ g 704
po=- [ —F— ="’ - )20 =
0 (o0 —cosx) 2 (o” =1
T — T
Thus,J- _ _ T from which dx —= n
0 (o —cosx) (o -1 0 (2-cosx)® 33

Integration under the integral sign

8.18. Prove the result (18), on Page 198, for integration under the integral sign.

v() = jz { j: Fx o) dx} dx

Consider:

By Leibniz’s rule,

, (e p) o (- _
vier=[ @{ [/ f(x,a)dx} de= [ fno de=0@)

Then, by integration,
o
(= o) do+e
o

2

(@)
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Since y(a) = 0 from Equation (1), we have ¢ = 0 in (2). Thus from Equation (1) and (2) with ¢ =0, we

L"z {J: Fx,0) dx} dx = J: {IZ F(x, 0 dx} dx

Putting o = b, the required result follows.

find

n _ b++lb* —1
8.19.  Prove thatJ- | 276 ) e | 2V T e s,
0 a—Ccosx a+ Ia2_1

T
From Problem 5.58, dx -_T o >1.

0 0L —COSX \/ocz—l

Integrating the left side with respect to o from a to b yields

b
T b dx T T b —cosx
I J S EE— dxz'[ In (00 — cos x) dxf In| —— |dx
0 |Ja oL —cosx 0 ; 0 a—cosx
Integrating the right side with respect to o to b yields
b

T mdo b++b* -1
Lﬁznln(a +w/a2—1)a:nln ﬁ

and the required result follows.

Maxima and minima

8.20. Prove that a necessary condition for f(x, y) to have a relative extremum (maximum or minimum) at (x,, y,) is
that f,(xo, yo) = 0, f; (xg, ¥o) = 0.

If f(x,, y,) is to be an extreme value for f (x, y), then it must be an extreme value for both f(x, y,) and f (x,,
y). But a necessary condition that these have extreme values at x, = 0 and y = y,, respectively, is f, (xo, ¥o) =0,
(X0, ¥o) = 0 (using results for functions of one variable).

8.21. Let f'be continuous and have continuous partial derivatives of order two, at least, in a region R with the
critical point Py(x,, y,) an interior point. Determine the sufficient conditions for relative extrema at P,,.

In the case of one variable, sufficient conditions for a relative extrema were formulated through the second
derivative [if positive then a relative minimum, if negative then a relative maximum, if zero a possible point of
inflection but more investigation is necessary]. In the case of z = f(x, y) that is before us we can expect the
second partial derivatives to supply information. (See Figure 8.6.)

Py

"
< |

Py
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8.22.

8.23.

2B +.+/4B% —4AC

2A

Further observe that the nature of these solutions is determined by B> — AC. If the quantity is positive, the
solutions are real and distinct; if negative, they are complex conjugate; and if zero, the two solutions are coin-
cident.

The expression B> — AC also has the property of invariance with respect to plane rotations

First observe that solutions of the quadratic equation At* +2Bt+C=0arer=

xX=Xcos® —ysin0
y=xcosO —ysin0
It has been discovered that with the identifications A =f,,, B = fxy, C= fw, we have the partial derivative
form f 2xy — [,y that characterizes relative extrema.

The demonstration of invariance of this form can be found in analytic geometric books. However, if you
would like to put the problem in the context of the second partial derivative, observe that

fe= Xa—f+fxa%=fx cos + f, sin®
ox X !
5= xg—;+ yg—;:—fx sin + f cosB

Then, using the chain rule to compute the second partial derivatives and proceeding by straightforward
but tedious calculation, we show that.

2 2
fo=laly =t~ fsls
The following equivalences are a consequence of this invariant form (independently of direction in the
tangent plane at P):

fo=Ffafy<0 and f.f, >0 (1)

fo=Ffafy <0 and f f, <0 2

The key relation is (1) because in order that this equivalence hold, both terms f, f, must have the same
sign. We can look to the one-variable case (make the same argument for each coordinate direction) and con-
clude that there is a relative minimum at P, if both partial derivatives are positive and a relative maximum if
both are negative. We can make this argument for any pair of coordinate directions because of the invariance
under rotation that was established.

If relation (2) holds, then the point is called a saddle point. If the quadratic form is zero, no information
results.

Observe that this situation is analogous to the one-variable extreme value theory in which the nature of f
at x, and with f’(x) = 0, is undecided if f”(x) = 0.

Find the relative maxima and minima of f(x, y) = x> + y* — 3x — 12y + 20.

fi= 3x> -3 =0 whenx = :l,fV = 3y2 — 12 = 0 when y = £2. Then critical points are P(1, 2), Q(-1, 2),
R(1,-2), S(-1, -2).

fu=6xf,=0.ThenA=f_ f, —fzx_v = 36xy.

At P(1,2), A>0and f,, (or f;,) > 0; hence P is a relative minimum point.

At Q(-1, 2), A< 0 and Q is neither a relative maximum or minimum point.

At R(1,-2), A <0 and R is neither a relative maximum or minimum point.

At S(-1,-2), A>0and f,, (or f,,) <0 so § is a relative maximum point.

Thus, the relative minimum value of f(x, y) occurring at P is 2, while the relative maximum value occur-
ring at S is 38. Points Q and R are saddle points.

A rectangular box, open at the top, is to have a volume of 32 cubic feet. What must be the dimensions so that
the total surface is a minimum?
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If x, y, and z are the edges (see Fig. 8.7), then
Volume of box = V = xyz =32 (D

Surface area of box = S = xy + 2yz + 2xz7 )

or, since z = 32/xy from Equation (1),

Fig. 8.7
as 64 5
—=y-——=0when x“y=64 (3)
ax x2
§=x—6—j=0whenxyzz64 (€]
dy y

Dividing Equations (3) and (4), we find y = x so that x> = 64 or x = y = 4 and 7 = 2.

12
For x=y=4, A=SX_xSyy — Sfy =[%](£j—l >0ands,, =—38>O. Hence, it follows that the
X y X

dimensions 4 feet x 4 feet x 2 feet give the minimum surface.

Lagrange multipliers for maxima and minima

8.24.

8.25.

Consider F(x, y, z) subject to the constraint condition G(x, y, z) = 0. Prove that a necessary condition that
F(x, y, z) have an extreme value is that F,.G, - F\,G, = 0.

Since G(x, y, z) = 0, we can consider z as a function of x and y—say, z =f(x, y). A necessary condition that
Flx, y, f(x, y)] have an extreme value is that the partial derivatives with respect to x and y be zero. This gives

F.+Fz,=0 6
F,+FZ,=0 @
Since G(x, y, z) = 0, we also have
G, +Gz,=0 3)
G,+Gz,=0 @
From Equations (1) and (3) we have
E‘CGX - F).'Gx =0 (5)
and from Equations (2) and (4) we have
F,G.-F.G,=0 (6)

Then from Equations (5) and (6) we find F,G, - F,G, = 0.

Xy

These results hold only if F, # 0, G, # 0.

Referring to Problem 8.24, show that the stated condition is equivalent to the conditions ¢, = 0, ¢, = 0 where
0 =F + AG and A is a constant.

If¢,=0,F +AG,=0.1f ¢, = 0, F, + AG, = 0. Elimination of A between these equations yields F,G, -
F G.=0.
y “x
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8.26.

8.27.

The multiplier A is the Lagrange multiplier. If desired, we can consider equivalently ¢ = AF + G where
$,=0,¢,=0.

Find the shortest distance from the origin to the hyperbola x*> + 8xy + 7y* = 225, z = 0.

We must find the minimum value of x? + y? (the square of the distance from the origin to any point in the
xy plane) subject to the constraint x*> + 8xy + 7y* = 225.

According to the method of Lagrange multipliers, we consider ¢ = x> + 8xy + 7y? — 225 + A(x? + y?).
Then

0,=2x+8y+2Mx=0 or A+Dx+4y=0 (1)
¢, =8x+ 14y +2Ahy=0 or dx+(A+T7)y=0 2)

From Equations (1) and (2), since (x, y) # (0, 0), we must have
A+l 4

=0, ie, A>+8-9=or A=1,-9
4 A+7

Case 1: A= 1. From Equation (1) or (2), x = -2y, and substitution in x> + 8xy + 7y* = 225 yields —5y* = 225,
for which no real solution exists.

Case 2: A =-9. From Equation (1) or (2), y = 2x, and substitution in x> + 8xy + 7y* = 225 yields 45x* = 225.
Then x% = 5, y* = 4x> = 20 and so x”> + y* = 25. Thus, the required shortest distance is V25 = 5.

(a) Find the maximum and minimum values of x> + y* + z subject to the constraint conditions x*/4 + y*/5 +
725 =1 and z = x + y. (b) Give a geometric interpretation of the result in (a).

2 2

x
(a) We must find the extrema of F = x? + y* + z* subject to the constraint conditions ¢, = ” + 5 +
2
;—5 —1=0 and ¢, =x+y—z=0.In this case we use two Lagrange multipliers A,, A, and consider
the function
PER
G=F+M0, + 0,0, = x>+ + 22+ Tty +0(x+y—2)

Taking the partial derivatives of G with respect to x, y, z and setting them equal to zero, we find

2 2
Gx:2x+%+7\2:0, G =2y+%+7\2=0, G =2z+%—7\220 (1

y X

Solving these equations for x, y, z, we find
-2, -5k, 25M,
e T TTaeso
From the second constraint condition, x + y — z = 0, we obtain, on division by A,, assumed different from

zero (this is justified, since otherwise we would have x = 0, y = 0, z = 0, which would not satisfy the first con-
straint condition), the result

(@)

2 5 25
+ + =0
M+4 20 +10 2% +50
Multiplying both sides by 2(A, + 4)(A, + 5)(A, + 5)(A, + 25) and simplifying yields

1702, + 245, + 750 = 0 or (A, + 10)(17A, +75) =0

from which A, = —10 or —-75/17.
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Case 1: A =-
From (2), x= 1+ > A y= 7»2, 7= 5/6\,. Substituting in the first constraint condition, x*/4 + y* /5 + z%/25

=1, yields A%, = 180/ 19 or A, = +6+/5/19 . This gives the two critical points

(2J5/19,3J5/19,5J5/19) (—2J5/19,—3J5/19,—5J5/19)

The value of x* + y? + z° corresponding to these critical points is (20 + 45 + 125)/19 = 10.

Case 2: h,=-T75/117.
From (2), x = 34/7 \,, y = —17/4\,, z = 17/28\,. Substituting in the first constraint condition, x*/4 + y*/5

+ 72125 = 1, yields A, = £140/(17 /646 ) which give the critical points

(40/x/646 ,—35646 . 5 /\/646) (40 /646 , —35646 , — 5/\/646)

The value of x* + y? + z* corresponding to these is (1600 + 1225 + 25)/646 = 75/17.
Thus, the required maximum value is 10 and the minimum value is 75/17.

(b) Since x* + y* + 7 represents the square of the distance of (x, y, z) from the origin (0, 0, 0), the problem is
equivalent to determining the largest and smallest distances from the origin to the curve of intersection of
the ellipsoid x*/4 + y*/5 + z%/25 = 1 and the plane z = x + y. Since this curve is an ellipse, we have the

interpretation that 10 and +/75/17 are the lengths of the semimajor and semiminor axes of this el-
lipse.

The fact that the maximum and minimum values happen to be given by —A, in both Case 1 and Case 2 is
more than a coincidence. It follows, in fact, on multiplying Equations (/) by x, y, and z in succession and add-
ing, for we then obtain

2
2x2+k2 +hx+ 2y + KS + Ay + 277 + }”' -2z=0
i.e.,
2 2, .2 ’ y2 2
Xy +z7+A +—+= |+ (x+y-2)=0
y 1[4 5 25] A ( y-z)=

Then, using the constraint conditions, we find x* + y* + 72 = —A,.
For a generalization of this problem, see Problem 8.76.

Applications to errors

8.28.

The period 7 of a simple pendulum of length / is given by 7= 2 4/l/ g . Find (a) the error and (b) the percent
error made in computing 7 by using /=2 m and g = 9.75 m/ sec?, if the true values are /= 19.5m and g =
9.81 m/sec?.

(a) T=2mi"g "2 Then
dr =(27tg"”2(% 72 an + (21tl”2)(—%g_3/2 dg) ——dl / dg (1)

Errorin g = Ag =dg =+ 0.06; errorin [ =Al=dl=-0.5

The error in T is actually AT, which is in this case approximately equal to d7. Thus, we have from Equa-

tion (1),
T 2
Error in T =dT = ———=(-0.05) -7 (+0.06) = —0.0444 sec (approx.)
J(2)(9.75) \/ 9.75)° PP

The value of T for[=2,¢=9.75isT =2n /9—275 =2.846 sec (approx.)
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(b) Percent error (or relative error) in T = d—T = M =-1.56%.

T 2.846

1 1
Another method: Sinceln 7 =1n 2w + E In/— E In g,

ar _ldi _1dg 1 (-005) 1040061 g0 @
T 21 2g¢ 2 2 ) 2(975

as before. Note that Equation (2) can be written

1 1
Percent error in 7' = 5 Percent error in / — E Percent error in g

Miscellaneous problems

8.29.

8.30.

|
EvaluateJ. s dx.
0 Inx
In order to evaluate this integral, we resort to the following device. Define
|
o) = j dx o0
0 Inx

Then by Leibniz’s rule

1 o _ 1,0 1
¢'(0L)=J.i x* -1 dx=J.x Inxdx=J.dx= 1
00o,| Inx 0 Inx 0 o+1

Integrating with respect to o, ¢(ct) = In(o. + 1) + c. But since ¢(0) =0, ¢ =0, and so ¢p(o) = In(o + 1).

Then the value of the required integral is ¢(1) = In 2.

The applicability of Leibniz’s rule can be justified here, since if we define F(x, o) = (x* — 1)/Inx, 0 < x <
1, F(0, o) =0, F(1, o) = o, then F(x, o) is continuous in both x and o for 0 < x < 1 and all finite o > 0.

11
Find constants a and b for which F(a, b) = J. {sin x — (a)c2 + bx) }2 dx is a minimum.
0

The necessary conditions for a minimum are dF/da = 0. Performing these differentiations, we obtain

a—I::‘l%i{sin)c—(zz)c2 +b)c)}2 dx:—ZJ‘Tt)cz{sinx—(a)c2 +bx)}dx=0
da Jo da 0
3—Z= ;[aa—b{sinx—(axz + b)) dxz—ZJ:x{sinx—(axz +b0)}dx=0

From these we find

T 4 T 3 T 2
OLJ.)C dx+bjx dx=J.xsinxdx
0 0 0

' 3 ' 2 T
OLJ. X dx+bj X dxzj. xsin x dx
0

0 0
or 5 4
Tt_a T b=n2_4
5 4
na wb
- =T
4 3

Solving for a and b, we find

=20 330 ga0065. 5=220 12124708
T T T T

a
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We can show that for these values, F(a, b) is indeed a minimum using the sufficiency conditions on Page
200.

The polynomial ax® + bx is said to be a least square approximation of sin x over the interval (0, ). The
ideas involved here are of importance in many branches of mathematics and their applications.

SUPPLEMENTARY PROBLEMS

Tangent plane and normal line to a surface

8.31.

8.32.

8.33.

8.34.

8.35.

Find the equations of (a) the tangent plane and (b) the normal line to the surface x> + y* = 4z at (2, 4, 5).

x=2 y+4 z-5
1 -2 -1

Ans. (a) x =2y —z=5(b)

If z=f(x, y), prove that the equations for the tangent plane and normal line at point P(x,, y,, z,) are given,
X=X Y=y, 22-7%
p»(x—x0)+fy|p(y—yo)and(b) 7 0 — 7 0 — _10
x|p x|p

respectively, by (a) z — z, = f,

Prove that the acute angle y between the z axis and the normal line to the surface F(x, y, z) = 0 at any point is

given by secy =,IFX2 +F)2 Fz2 /|E|

The equation of a surface is given in cylindrical coordinates by F(p, ¢, z) = 0, where F is continuously

differentiable. Prove that the equations of (a) the tangent plane and () the normal line at the point P(p,, ¢,
X =X - 72—z

z,) are given, respectively, by A(x — x,) + B(y — y,) + C(z — z,) =0 and 1 02 B)’o = c 0

where x, = p, cos ¢g, ¥y = Py sin ¢, and A = F |p cosf, — — ¢|p sing,, B=F |p sing, + Eb|p cosQ,,
andC = F|

Use Problem 8.34 to find the equation of the tangent plane to the surface mz = p¢ at the point where p = 2,
¢ =m/2, z = 1. To check your answer, work the problem using rectangular coordinates.

Ans. 2x —my +2nz=0

Tangent line and normal plane to a curve

8.36.

8.37.

Find the equations of (a) the tangent line and (b) the normal plane to the space curve x = 6 sin ¢, y = 4 cos 3.
z =2 sin 5¢ at the point where ¢ = /4.

x—3x/§_y+2«/§ z+\/_
3

: (b) 3x— 6y —52=2632

Ans. (a)

The surfaces x + y + z = 3 and x*> — y* + 27> = 2 intersect in a space curve. Find the equations of (a) the
tangent line and (b) the normal plane to this space curve at the point (1, 1, 1).
1 y-1 z

X — -1
Ans. = = b)3x—-y-2z=0
ns. (a) 3 ] 5 (b) y—22
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Envelopes

8.38.

8.39.

8.40.

8.41.

8.42.

8.43.

8.44.

Find the envelope of each of the following families of curves in the xy plane: (a) y = ax — o.” and
2 2
) 24 2
o

= 1. In each case construct a graph.

Ans.(2) x* =4y (D) x+y=tLx—y==1

Find the envelope of a family of lines having the property that the length intercepted between the x and y
axes is a constant a.

Ans x2/3 +y2/3 — a2/3

Find the envelope of the family of circles having centers on the parabola y = x* and passing through its
vertex. [Hint: Let (o, o) be any point on the parabola.]

Ans. x> =2y + 1)

1
Find the envelope of the normals (called an evolute) to the parabola y = 3 x and construct a graph.

Ans. 8(y — 1)* = 27x?

Find the envelope of the following families of surfaces: (a) ox — y) — 0’z = 1 and (b) (x — )* + y* = 201z

Ans. (a) 4z = (x—y)% (b) y* =22 + 2xz

Prove that the envelope of the two-parameter family of surfaces F(x, y, z, o, B) = 0, if it exists, is obtained by
eliminating o and P in the equations F' =0, F, = 0, and Fj; = 0.

Find the envelope of the two-parameter families (a) z = ox + By — o> — 3% and (b) x cos oL + y cos B + z cos ¥
= a where cos® 0, + cos? B + cos> Y= 1 and «a is a constant.

Ans. (@) 4z=x>+y D)X +y* + 2 =d’

Directional derivatives

8.45.

8.46.

8.47.

(a) Find the directional derivative of U = 2xy — 7% at (2, —1, 1) in a direction toward (3, 1, —1). (b) In what
direction is the directional derivative a maximum? (c) What is the value of this maximum?

Ans. (a) 1073 (b) = 2i + 4j — 2k (¢) 2~/6

The temperature at any point (x, y) in the xy plane is given by T'= 100xy/(x> + y?). (a) Find the directional
derivative at the point (2, 1) in a direction making an angle of 60° with the positive x axis. (b) In what
direction from (2, 1) would the derivative be a maximum? (c) What is the value of this maximum?

Ans. (a) 12 \/g — 6 (b) in a direction making an angle of 1t — tan™' 2 with the positive x axis. or in the direc-
tion i + 2j (c) 12+/5

Prove that if F(p, ¢, z) is continuously differentiable, the maximum directional derivative of F at any point is

_ oFY 1 (oFY (oFY
givenby || — | +—|— | +|— | -
op p> | 90 dz
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Differentiation under the integral sign

8.48.

8.49.

8.50.

8.51.

8.52.

8.53.

If o(o) = J‘Jl;_a cosox” dx, find %

coso.’

1/a . 1 1
Ans. '[ x*sinox? dx — — cos — —
& o

1
o 2o

2 ., dF L . .
@If Fa) = J:X tan ™ X dx, find — by Leibniz’s rule. (b) Check the result in (a) by direct
integration. o do.

Ans. (a) 2o.tan™" oL — % In(0* +1)

(-1)" m!

m+1

1
Given JOI x? dx =—1, p > —1, prove that J‘Ol x?(In x)" dx = ( )
p+ p+1

1+l —a’
2

Prove that j:ln (1+ocosx)dx=m In ,|0c|<1.
nno’, |of<l

- Discuss the case |0c| =1.
0, |0c| >1

Prove that J‘; In (1 - 20 cosx +a?) dx ={

dx 59
(5-3cosx)’ 2048

Show that J.(:[

Integration under the integral sign

8.54.

8.55.

8.56.

8.57.

Verify that |/ {jf(ocz —x%) dx} doo=|’ {jﬂ'(ocz ~x*)do = jf}dx

2n
Starting with the result Jo (o0 —sin x) dx = 2mo., prove that for all constants a and b, x) dx = 21, prove
that for all constants a and b,

[Tt~ sinx)? (@~ sinx)*) dx =2 (* - )

m o d 2r 2n 5+ 3si 9
Use the result J x = ,00 >1 to prove that J. In ﬂ dx=2t In| —
0 o +sinx o? =1 0 5+4sinx 8
w2 dx cos™ o
(a) Usetheresult_[0 = ,0 < a<ltoshowthatfor0 < a<1,0 <b<l,

l+ocosx T

j:/zsecx In [Mﬂ}dx = % {(cos™ a)* = (cos™ b)*}

2
(b) Show that j /zsecx In(1+ l cosx) dx = o .
0 2 72

Maxima and minima, lagrange multipliers

8.58.

Find the maxima and minima of F(x, y, z) = xy* z) = xy’z° subject to the conditions x +y +z=6, x>0,y >0,
z>0.

Ans. maximum value =108 atx=1,y=2,z=3
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8.59.

8.60.

8.61.

8.62.

8.63.

8.64.

8.65.

8.66.

8.67.

What is the volume of the largest rectangular parallelepiped which can be inscribed in the ellipsoid x*/9 +
Y116 + 2236 = 17

Ans. 643

(a) Find the maximum and minimum values of x*> + y* subject to the condition 3x + 4xy + 6y* = 140. (b)
Give a geometrical interpretation of the results in (a).

Ans. maximum value = 70, minimum value = 20

Solve Problem 8.23 using Lagrange multipliers.

—2 —2 —=
Prove that in any triangle ABC there is a point P such that PA + PB + PC is a minimum and that P is
the intersection of the medians.

(a) Prove that the maximum and minimum values of f(x, y) = x> + xy + y? in the unit square 0 <x<1L,0<
y < lare 3 and 0, respectively. (b) Can the result of (a) be obtained by setting the partial derivatives of f (x,
y) with respect to x and y equal to zero. Explain.

Find the extreme values of z on the surface 2x” + 3y* + 72 — 12xy + 4xz = 35.

Ans. maximum = 5, minimum = -5

Establish the method of Lagrange multipliers in the case where we wish to find the extreme values of F(x, y,
z) subject to the two constraint conditions G(x, y, z) =0, H(x, y, z) = 0.

Prove that the shortest distance from the origin to the curve of intersection of the surfaces xyz = a and y = bx,

where a >0, b >0, is 31/a(b2 +1)/2b .

Find the volume of the ellipsoid 11x* + 9y + 157> — 4xy + 10yz — 20xz = 80.
Ans. 642 13

Applications to errors

8.68.

8.69.

The diameter of a right circular cylinder is measured as 6.0 + 0.03 inches, while its height is measured as 4.0
+ 0.02 inches. What is the largest possible (a) error and (b) percent error made in computing the volume?

Ans. (a) 1.70 in® (b) 1.5 percent

The sides of a triangle are measured to be 12.0 and 15.0 feet, and the included angle is 60.0°. If the lengths
can be measured to within 1 percent accuracy, while the angle can be measured to within 2 percent accuracy,
find the maximum error and percent error in determining the (a) area and (b) the opposite side of the
triangle.

Ans. (a) 2.501 ft%, 3.21 percent (b) 0.287 ft, 2.08 percent



CHAPTER 8 Applications of Partial Derivatives

Miscellaneous problems

8.70. If p and ¢ are cylindrical coordinates, a and b are any positive constants, and 7 is a positive integer, prove
that the surface p” sin n¢ = a and p” cos n¢ = b are mutually perpendicular along their curves of intersection.

8.71. Find an equation for (a) the tangent plane and (b) the normal line to the surface 878¢ = > at the point where
r=1,0=mn/4, 0 = /2, (r, 0, 0) being spherical coordinates.

X y\/7/2 z—\/7/2

Ans. (2) 4x — (> +4m)y +(dn —n2)z=—-1>V2 2 )= =
> +4m —4r

8.72. (a) Prove that the shortest distance from the point (a, b, ¢) to the plane Ax + By + Cz+ D =01is

|Aa+Bb+Cc+D|
‘ JA?+ B +C? ‘

(b) Find the shortest distance from (1, 2, —3) to the plane 2x — 3y + 6z = 20.

Ans. (b) 6

8.73. The potential V due to a charge distribution is given in spherical coordinates (r, 6, ¢) by

pcos

V:

2
where p is a constant. Prove that the maximum directional derivative at any point is

p+/sin® 0 +4cos* 0

3
7

1 m _ n + 1
8.74. Prove that jo xl—x dx=1n [m
nx

1 ] it m> 0, n> 0. Can you extend the result to the case m >—1,n>-1?
n+

8.75.  (a)Ifb*—4ac<0and a >0, ¢ >0, prove that the area of the ellipse ax® + bxy + cy* = 1 is 2/ /4ac — b*.
(Hint: Find the maximum and minimum values of x> + y? subject to the constraint ax> + bxy + cy* = 1.)

8.76. Prove that the maximum and minimum distances from the origin to the curve of intersection defined by x*/a?
+*b* + 74c* = 1 and Ax + By + Cz = 0 can be obtained by solving for d the equation
A2a2 BZbZ C2C2
+ +
a-d b -d -d

=0

8.77. Prove that the last equation in the preceding problem always has two real solutions d? and d3 for any real
nonzero constants a, b, ¢ and any real constants A, B, C (not all zero). Discuss the geometrical significance

of this.
d. 1 M M
8.78. (a) Provethat I, =JMﬁ: S an™ —t -
O (x"+a%) 2a o 207" +M")
(b) Find hmI . This can be denoted byI —d
+aty
(C) IS hm d IML ihIrl JM%?
Mo=do Y0 (xP + ) do Moo (1 + o)
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8.79.  Find the point on the paraboloid z = x> + y> which is closest to the point (3, -6, 4).

Ans. (1,-2,5)

8.80.  Investigate the maxima and minima of f(x, y) = (x* — 2x + 4y — 8y)°.

Ans. Minimum value = 0

n/2  coSx dx o Ino

88L  (a) Prove that jﬂ 0, cosx + sin x - 207 +1) S+l

n /2 *xd 3t +5-8In2
(b) Use (a) to Prove that J cos X .x = ns
0 (2cosx +sinx) 50
8.82. (a) Find sufficient conditions for a relative maximum or minimum of w = f(x, y, z).

(b) Examine w = x> + y* + 72 — 6xy + 8xz — 10yz for maxima and minima.
[Hint: For (a) use the fact that the quadratic form Ao? + BB 2 + Cy* + 2Do + 2Eory + 2FPy> 0 (i.e., is positive
definite) it A D F

> 0. D B E|[>0
F E C

A D

A>0,
D B
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CHAPTER 9

Multiple Integrals

Much of the procedure for double and triple integrals may be thought of as a reversal of partial differentiation
and otherwise is analogous to that for single integrals. However, one complexity that must be addressed re-
lates to the domain of definition. With single integrals, the functions of one variable were defined on intervals
of real numbers. Thus, the integrals only depended on the properties of the functions. The integrands of
double and triple integrals are functions of two and three variables, respectively, and as such are defined on
two- and three-dimensional regions. These regions have a flexibility in shape not possible in the single-
variable cases. For example, with functions of two variables, and the corresponding double integrals, rectan-
gular regions a < x < b, ¢ < y < d are common. However, in many problems the domains are regions
bounded above and below by segments of plane curves. In the case of functions of three variables, and the
corresponding triple integrals other than the regionsa < x < b,c <y < d, e < z < f, there are those bounded
above and below by portions of surfaces. In very special cases, double and triple integrals can be directly
evaluated. However, the systematic technique of iterated integration is the usual procedure. It is here that the
reversal of partial differentiation comes into play.

.
y=1x)~

Figure 9.1

Definitions of double and triple integrals are given as follows. Also, the method of iterated integration is
described.

Double Integrals

Let F(x, y) be defined in a closed region R of the xy plane (see Figure 9.1). Subdivide R into n subregions
AR, of area AA,, k=1,2,...,n Let(§,n,) be some point of AA,. Form the sum

n

F(‘:k’nk)AAk (D
k=1

Consider

lim 3" F@E,.n,) A4, @
k=1
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where the limit is taken so that the number n of subdivisions increases without limit and such that the largest
linear dimension of each AA, approaches zero. See Figure 9.2(a). If this limit exists, it is denoted by

[ Jreya 3)

and is called the double integral of F(x, y) over the region R.

It can be proved that the limit does exist if F(x, y) is continuous (or sectionally continuous) in K.

The double integral has a great variety of interpretations with any individual one dependent on the form
of the integrand. For example, if F(x, y) = p(x, y) represents the variable density of a flat iron plate, then the
double integral I , p dA of this function over a same-shaped plane region A is the mass of the plate. In Figure
9.2(b) we assume that F(x, y) is a height function [established by a portion of a surface z = F(x, y)] for a
cylindrically shaped object. In this case the double integral represents a volume.

y
T T z
T iR
ey afResininsiisce
| =

(@)

(&)
Figure 9.2

Iterated Integrals

If R is such that any lines parallel to the y axis meet the boundary of R in, at most, two points (as is true in
Figure 9.1), then we can write the equations of the curves ACB and ADB bounding R as y = f;(x) and y =
Jf>(x), respectively, where f,(x) and f,(x) are single-valued and continuous in @ < x < b. In this case we can
evaluate the double integral (3) by choosing the regions AR, as rectangles formed by constructing a grid of
lines parallel to the x and y axes and AA, as the corresponding areas. Then Equation (3) can be written

b fz(x)
[[Feewavay=] F(x. y) dy dx
g§ xX=a

=hH(x)
b
_J.x:a

where the integral in braces is to be evaluated first (keeping x constant) and finally integrating with respect
to x from a to b. The result (4) indicates how a double integral can be evaluated by expressing it in terms of
two single integrals called iterated integrals.

C)]
fz (x)
[ Feey dy} dx

y=ri
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The process of iterated integration is visually illustrated in Figure 9.3(a) and (b) and further illustrated as
follows.

Fix', v)

B I fy(x) j

]

FRE T e

(a) (b)

Figure 9.3

The general idea, as demonstrated with respect to a given three-space region, is to establish a plane sec-
tion, integrate to determine its area, and then add up all the plane sections through an integration with respect
to the remaining variable. For example, choose a value of x (say, x = x"). The intersection of the plane x = x
with the solid establishes the plane section. In it, z = F(x, y) is the height function, and if y = f,(x) and y =
f,(x) for all z) are the bounding cylindrical surfaces of the solid, then the width is ,(x") — f,(x), i.e., y, — ;.

Thus, the area of the sectionis A = » F(x’, y) dy . Now establish slabs AJ- A X where, for each interval A x; =

N
X; —x;_,, there is an intermediate value x;. Then sum these to get an approximation to the target volume. Add-

ing the slabs and taking the limit yields

. < b Y2
% =g3c2Aijj =L ( | F@ Y dxjdx
j=l1
In some cases the order of integration is dictated by the geometry. For example, if R is such that any lines
parallel to the x axis meet the boundary of R in, at most, two points (as in Figure 9.1), then the equations of
curves CAD and CBD can be written x = g,(y) and x = g,(y), respectively, and we find, similarly,

d 8 (y)
[[Feeyaray= | F(x. y) dx dy
y=c
R

X=8 ) (5)
'-d {
y=c

If the double integral exists, Equations (4) and (5) yield the same value. (See, however, Problem 9.21.) In
writing a double integral, either of the forms (4) or (5), whichever is appropriate, may be used. We call one
form an interchange of the order of integration with respect to the other form.

In case R is not of the type shown in Figure 9.3, it can generally be subdivided into regions R,, R,, . . .,
which are of this type. Then the double integral over R is found by taking the sum of the double integrals
over R, Ry, . ...

&)
J. F(x,y) dx} dy

x=g(y)
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Triple Integrals

These results are easily generalized to closed regions in three dimensions. For example, consider a function
F(x, y, z) defined in a closed three-dimensional region R. Subdivide the region into n subregions of volume
AV, k=1,2,...,n. Letting (§, M, {;) be some point in each subregion, we form

lim > FEMe &) AV, ©
k=1

where the number 7 of subdivisions approaches infinity in such a way that the largest linear dimension of
each subregion approaches zero. If this limit exists, we denote it by

H F(x,y,2)dV (7
R

called the triple integral of F(x, y, z) over R. The limit does exist if F(x, y, z) is continuous (or piecemeal
continuous) in K.

If we construct a grid consisting of planes parallel to the xy, yz, and xz planes, the region R is subdivided
into subregions which are rectangular parallelepipeds. In such case we can express the triple integral over R
given by (7) as an iterated integral of the form

b 8 (a) f(x,y) b
j J J F(x,y,z2)dx dydz = J
x=a Jy=g(x) Jz=f(x,y) x=a

(where the innermost integral is to be evaluated first) or the sum of such integrals. The integration can also
be performed in any other order to give an equivalent result.

The interated triple integral is a sequence of integrations, first from surface portion to surface portion, then
from curve segment to curve segment, and finally from point to point. (See Figure 9.4.)

Extensions to higher dimensions are also possible.

8 (x) fz(x,n
J {J F(x,y,2) dz}dy} dx 8)

y=g(x) (Yz=£(x,y)

. L z=/1(x,»)

y=gx)

Figure 9.4
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Transformations of Multiple Integrals

In evaluating a multiple integral over a region R, it is often convenient to use coordinates other than rectan-
gular, such as the curvilinear coordinates considered in Chapters 6 and 7.

If we let (u, v) be curvilinear coordinates of points in a plane, there will be a set of transformation equa-
tions x = f(u, V), y = g(u, V) mapping points (x, y) of the xy plane into points (u, v) of the uv plane.

In such case the region R of the xy plane is mapped into a region R~ of the uv plane. We then have

”F(x y) dx dy = H G(u,v) gg 3)’; i dv ©)
where G(u, v), = F{f(u, v), g(u, v)} and
dx  dx
a(x$ )’) = au aU (10)
du,v) [dy dy]
du dv

is the Jacobian of x and y with respect to u and v (see Chapter 6).
Similarly, if (u, v, w) are curvilinear coordinates in three dimensions, there will be a set of transformation
equations x =f(u, v, w), y = g(u, v, w), z = h(u, v, w) and we can write

a(x, y,2),
J’J. F(x,y,z)dxdydz= J:UG(M v, W)|————= 3w o.m) du dv dw (11)
where G(u, v, w) = F{(f(u, v, w), g(u, v, w), h(u, v, w)} and
dx ox  Ox
du dv ow
ox, y,2) _|dy 9y 9y (12)
o, v,w) |du Jv ow
% % o
du dv ow

is the Jacobian of x, y, and z with respect to u, v, and w.
The results (9) and (11) correspond to change of variables for double and triple integrals. Generalizations
to higher dimensions are easily made.

The Differential Element of Area in Polar Coordinates, Differential Elements of
Area in Cylindral and Spherical Coordinates

Of special interest is the differential element of area dA for polar coordinates in the plane, and the differential
elements of volume dV for cylindrical and spherical coordinates in three-space. With these in hand, the dou-
ble and triple integrals as expressed in these systems are seen to take the following forms. (See Figure 9.5.)

The transformation equations relating cylindrical coordinates to rectangular Cartesian ones appear in
Chapter 7, in particular,

x=pcosd,y=psind,z=z
The coordinate surfaces are circular cylinders, planes, and planes. (See Figure 9.5.)

At any point of the space (other than the origin), the set of vectors i,i,ﬁ constitutes an orthogo-
nal basis. dp 99 0z
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Figure 9.5

In the cylindrical case, r = p cos ¢i + p sin ¢j + zk and the set is

ﬁ=COS(I)i+Sir1(1)j, i:—psin¢i+pcos¢j, ﬂ:k
ap ap 0z

Therefore, 8_r . 8_r X ﬁ =p
op do Iz
. . or oJr or e .
That the geometric interpretation of > % X > dp do dz is an infinitesimal rectangular parallelepiped
P 74
suggests that the differential element of volume in cylindrical coordinates is

dV =p dp do dz

Thus, for an integrable but otherwise arbitrary function F(p, ¢, z) of cylindrical coordinates, the iterated
triple integral takes the form

5 (8@ £h0.2)
[ [ 2 Fpo.0p dp o a:
7 Y8 1(0.2)

The differential element of area for polar coordinates in the plane results by suppressing the z coordinate.
Itis

and the iterated form of the double integral is

P2 9.(p)
I f F(p,d)p dp do
P 1(P)

The transformation equations relating spherical and rectangular Cartesian coordinates are
x=rsinBcosd,y=rsinOsind,z=rcos O

In this case the coordinate surfaces are spheres, cones, and planes. (See Figure 9.5.)
Following the same pattern as with cylindrical coordinates we discover that

dV=rsin0drd0dd
and the iterated triple integral of F(7; 6, ¢) has the spherical representation
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n 62(¢) ¢2(”-e) 2 .
J j j F(r,0,0) r sin 8 dr do do
i 99,(0)  (r.0)

Of course, the order of these integrations may be adapted to the geometry.
The coordinate surfaces in spherical coordinates are spheres, cones, and planes. If r is held constant—say,
r = a—then we obtain the differential element of surface area

dA = a? sin 0 dO do
The first octant surface area of a sphere of radius a is
2T

n2 o eniz o, ne, r ne o,
'[ '[ a” sin© do dq):'[ a (—cose)qu):'[ a-do=a —
0 0 0 0 0 2

Thus, the surface area of the sphere is 41a’.

SOLVED PROBLEMS

Double integrals

9.1. (a) Sketch the region R in the xy plane bounded by y = x%, x = 2, y = 1. (b) Give a physical interpretation to

J-J.()c2 + y2) dx dy. (c) Evaluate the double integral in (b).
R
(a) The required region R is shown shaded in Figure 9.6.

(b) Since x> + y? is the square of the distance from any point (x, y) to (0, 0), we can consider the double inte-
gral as representing the polar moment of inertia (i.e., moment of intertia with respect to the origin) of the
region R (assuming unit density).

(2,4) y=4 (2. 4)
1
I
y=vf % |
| ldvay v=1) X =2
L;""": v=1 B
E _._': 1 : dedy |
e} x=1 x=2 * 0 *
Figure 9.6 Figure 9.7

We can also consider the double integral as representing the mass of the region R, assuming a density
varying as x> + y°.

(c) Method 1: The double integral can be expressed as the iterated integral

2 |

2 x* 2 x? 2
j '[ (x2+y2)a’ydx:J. {f (x2+y2)dy}dx='[ x2y+y?
x=1 =1 x=1|Jy=1 x=1

dx:j2 (x4 +£—x2 —l]dx _ 1006
1 3

y=1

= 105
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The integration with respect to y (keeping x constant) from y = 1 to y = x* corresponds formally to sum-
ming in a vertical column (see Figure 9.6). The subsequent integration with respect to x fromx=1tox =2
corresponds to addition of contributions from all such vertical columns between x = 1 and x = 2.

Method 2: The double integral can also be expressed as the iterated integral

4 3

4 2 5 5 4 J-z 5 5 J, ¥ JP
+y)dxdy= +y)dxpdy= Z 4 d
J.y:l J.x:\/; (x y ) X ay - x:\/; (x y ) X ay 43 Xy |x:\/; 'y

2 6
:J A X o 1), 1006
x=1 3 3 105

In this case the vertical column of region R in Figure 9.6 is replaced by a horizontal column, as in Figure

9.7. Then the integration with respect to x (keeping y constant) from x = \/; to x = 2 corresponds to summing
in this horizontal column. Subsequent integration with respect to y from y = 1 to y = 4 corresponds to addition
of contributions for all such horizontal columns between y =1 and y = 4.

1
9.2. Find the volume of the region bounded by the elliptic paraboloid z = 4 — x> — " y? and the plane z = 0.

Because of the symmetry of the elliptic paraboloid, the result can be obtained by multiplying the first
octant volume by 4.

Letting z = 0 yields 4x* + y* = 16. The limits of integration are determined from this equation. The required
volume is

3 \2VA-r
l dx =16I1

2 p2v4-x? 1 1y
4_[_[ 4—2——2dd=4_[ 4 LI
0 Jo [ * 4y Y 0 y=x'y 43

Hint: Use trigonometric substitutions to complete the integrations.

9.3. The geometric model of a material body is a plane region R bounded by y =x? and y = 4/2 — x* on the
interval 0 < x < 1, and with a density function p = xy. (a) Draw the graph of the region. (b) Find the mass
of the body. (c) Find the coordinates of the center of mass.

(a) See Figure 9.8.

Figure 9.8

o e[ [Powas[ [T avac j[%}

| 2 4 6
=J. —x2-x*—x )dx—{——x——x—} =l
0 2 8 12

(c¢) The coordinates of the center of mass are defined to be

fz(x) _ 1 b fz(x)
=—J J. xpdydx and y=—j J ypdydx
1(x0) M Ja Jf(x)
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where
b fz(x)
= J J- p dy dx
a Jfi(x)
Thus,
1 py2x - 1,0y (2 1,1
M?czjgj xxydydxzjx2 — dxzsz—[Z—xz—x4]dx
x? 0 2 2 0 2
1
[____} SRR I B
3 10 14 3 10 14 105
1255 13 2
= J- J. yxdydx=———+4—
0Jx? 15
9.4. Find the volume of the region common to the intersecting cylinders x* + y? = a® and x* + 7> = @°.

Required volume = 8 times volume of region shown in Figure 9.9

-
:ijojyo zdy dx
—SLOLO a® = x* dydx
=8 j::o (a2 - xz)dx = 16;

As an aid in setting up this integral, note that z dy dx corresponds to the volume of a column such as shown

darkly shaded in Figure 9.9. Keeping x constant and integrating with respect to y fromy=0toy = at - x*

corresponds to adding the volumes of all such columns in a slab parallel to the yz plane, thus giving the volume
of this slab. Finally, integrating with respect to x from x = 0 to x = a corresponds to adding the volumes of all
such slabs in the region, thus giving the required volume.

9.5. Find the volume of the region bounded by z=x+7y,z=6,x=0,y=0,z=0.

Z z

E .

r E“ {I‘:

i |

B |t &)
-0 ’
-/ v=0,z=0) Tl

X
X
Figure 9.9 Figure 9.10

Required volume = volume of region shown in Figure 9.10

=[] 6 =G iy ax
SRGEI

= x05(6_ )dx 36
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In this case the volume of a typical column (shown darkly shaded) corresponds to {6 — (x +y)} dy dx. The
limits of integration are then obtained by integrating over the region R of Figure 9.10. Keeping x constant and
integrating with respect to y from y = 0 to y = 6 — x (obtained from z = 6 and z =x + y) corresponds to summing
all columns in a slab parallel to the yz plane. Finally, integrating with respect to x from x = 0 to x = 6 corre-
sponds to adding the volumes of all such slabs and gives the required volume.

Transformation of double integrals

9.6. Justify Equation (9), Page 225, for changing variables in a double integral.

In rectangular coordinates, the double integral of F(x, y) over the region R (shaded in Figure 9.11) is
J.J‘ (F(x,y) dx dy. We can also evaluate this double integral by considering a grid formed by a family of u

3%
and v curvilinear coordinate curves constructed on the region R, as shown in Figure 9.11.

y
\ v = constant
ar
du A —
AR R
P
f % Av
r ! - 1 = constant
0 X

Figure 9.11

Let P be any point with coordinates (x, y) or (¢, V), where x = f(u, v) and y = g(u, v). Then the vector r
from O to p is given by r = xi + yj = f(u, V)i + g(u, v)j. The tangent vectors to the coordinate curves u = ¢, and
V = ¢,, where ¢, and ¢, are constants, are dr/d v and dr/du, respectively. Then the area of region AR of Figure

9.11 is given approximately by ﬂ>< ﬂ Au Av .
ou dv
But
AL
ﬂxiz a_x a_y 0l = ou aukza(%)’)k
du ov |du Odu B_x B_y d(u,v)
9x dy o lov A
ov  dv
so that
9 5 9 pu v = |25 Ay
du Jv d(u,v)
The double integral is the limit of the sum
P 00), g0} 222 au v
d(u,0)
taken over the entire region R. An investigation reveals that this limit is
[[FiF@v). g@v)}= XL gy o
5 (u,)
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9.7.

9.8.

where R’ is the region in the #v plane into which the region R is mapped under the transformation x = f(u, V),
y =g(u, v).

Another method of justifying this method of change of variables makes use of line integrals and Green’s
theorem in the plane (see Problem 10.32).

If u = x*> - y? and v = 2xy, find d(u, V) in terms of u and .
d(u,v) _|U, U,
a(-xs )’) X Dy

From the identity (x* + y*)? = (x* — y*)? + (2xy)?, we have

(x> +y) =u’ +v’ and x> +y’ =\’ +v’

Then, by Problem 6.43,

a(x,y) 1 _ 1 _ 1
o) o)/ 9(x,y)  4(x* +y%) 4\/u2 +10?

2x 2y
2y  2x

=4(x* +y")

Another method: Solve the given equations for x and y in terms of # and v and find the Jacobian directly.
Find the polar moment of inertia of the region in the xy plane bounded by x> —=y* =1, x> = y* =9, xy =2, xy =
4, assuming unit density.

Under the transformation x> — y? = u, 2xy = v, the required region R in the xy plane, shaded in Figure
9.12(a), is mapped into region R’ of the uv plane, shaded in Figure 9.12(b). Then:

d(x,y)
d(u,v0)

7 .2 dudv 1o 8
:J:)‘!" Lt2 +Dz4;ﬁzzju—l “:4dl/ld'l):8

Required polar moment of inertia = ‘”(xz +y)dxdy= _”.(x2 +y%) du av
R R

where we have used the results of Problem 9.7.

R [Bedudv

=1 =9

(a) (b)

Figure 9.12

Note that the limits of integration for the region R’ can be constructed directly from the region R in the
xy plane without actually constructing the region R’. In such case we use a grid, as in Problem 9.6. The coor-
dinates (u, V) are curvilinear coordinates, in this case called hyperbolic coordinates.
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9.9 Evaluate J.J-\Ixz + y2 dx dy, where R is the region in the xy plane bounded by x> + y* = 4 and x> + y* = 9.
X

The presence of x* + y* suggests the use of polar coordinates (p, ¢), where x = p cos ¢, y = p sin ¢ (see
Problem 6.39). Under this transformation the region R [Figure 9.13(a)] is mapped into the region R’ [Figure

9.13(b)].
) ¢
‘__.~xz"—_v3=90rp=3 p
e
,_\'2+'1'2—4 orp=2
_dA=pdp dp ',! Py
|
’ P
R
(a) (b)
Figure 9.13
Since M =p, it follows that
a(p.
d(x,y)
IR x2+y2 =~{dp do = | | p-pd do
Ji a(p.0) J J

sz p o =] 2-fldo = [ B -

We can also write the integration limits for %R’ immediately on observing the region R, since for fixed ¢.
p varies from p = 2 to p = 3 within the sector shown dashed in Figure 9.13(a). An integration with respect to
¢ from ¢ = 0 to ¢ =27 then gives the contribution from all sectors. Geometrically, p dp d¢ represents the area
dA, as shown in Figure 9.13(a).

9.10. Find the area of the region in the xy plane bounded by the lemniscate p? = a” cos 20.

Here the curve is given directly in polar coordinates (p, ¢). By assigning various to ¢ and finding correspond-
ing values of p, we obtain the graph shown in Figure 9.14. The required area (making use of symmetry) is

/4 p3 aeor26
pdpdo=4] T do

4'[”/4"‘“@

9=0 Jp=0

_ n/4 5 a2 rc/4_ 2
= 2J¢=0 a cos20p do =a” sin2¢ o =7
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T L =n/4 : /
~ dd=pdpdg !
-p = avcos 2¢ B L/ it
“p=-—ml4 x
Figure 9.14 Figure 9.15

Triple integrals

9.11. (a) Sketch the three-dimensional region R bounded by x +y +z=a (a>0),x=0, y=0, z=0. (b) Give a
physical interpretation to

J-J.J-(x2 +y* +27)dx dy dz
x
(c) Evaluate the triple integral in (b).

(a) The required region R is shown in Figure 9.15.

(b) Since x* + y* + 7% is the square of the distance from any point (x, y, z) to (0, 0, 0), we can consider the
triple integral as representing the polar moment of inertia (i.e., moment of inertia with respect to the ori-
gin) of the region N (assuming unit density).

We can also consider the triple integral as representing the mass of the region if the density varies as
P+y + A
(c) The triple integral can be expressed as the iterated integral
a a-x pa-x—y
J OJ (x2+y2+z2)dzdydx
x=0dJy=

0 Jz=0

3 |a=x-y

o feeered] e

z=0

1 ta e o v ta ot a7
_L_ij_o{x (a=x)—x"y+(@a—x)y =y + 3 }dydx

a—x

2.2 _ 3 4 )
=J Pla-x)y-"2 Jla=ny y _(a-x-yf
x=0 2 3 4 12 )
y=0
20 N2 Y =Y Y
_ [ xz(a_x)z_x(a ) la-x) (a-x) (a-x) |
0 2 3 4 12
20 N2 4 5
[ x"(a—x) +(a X) o=
0 2 6 20

The integration with respect to z (keeping x and y constant) from z = 0 to z = @ — x — y corresponds to
summing the polar moments of inertia (or masses) corresponding to each cube in a vertical column. The sub-
sequent integration with respect to y from y = 0 to y = a — x (keeping x constant) corresponds to addition of
contributions from all vertical columns contained in a slab parallel to the yz plane. Finally, integration with
respect to x from x = 0 to x = @ adds up contributions from all slabs parallel to the yz plane.

Although this integration has been accomplished in the order z, y, x, any other order is is clearly possible
and the final answer should be the same.
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9.12. Find (a) the volume and (b) the centroid of the region R bounded by the parabolic cylinder z = 4 — x* and the
planes x =0, y = 6, z = 0, assuming the density to be a constant G.

The region R is shown in Figure 9.16.

Figure 9.16

(a) Required volume = J.J.J‘dx dy dz
[ v as
- J-j:o J.::o (4—x")dy dx
- J.j:o(4_x2))’|§:odx
- fj=o(2—6x2) dx =32

2 6 pd-x?
(b) Total mass = 0 dz dy dx =320 by (a), since o is constant. Then
x=0Jy=0Jz=0 y

4-x2
L:o Gxdzdydx_ 24

2 6
Total moment about yz plane _ L:o L:o

_ 3
X = = ==
Total mass Total mass 326 4
2 6 p4x?
_ _ Total moment about xz plane _ Lzo J-y=0 Lo Oy dz dy dx 90 _ 3
Y Total mass Total mass 320
2 6 p4x’
s Total moment about xy plane _ J.Fo J.y=o ,Lo Oz dzdydx _2560/5 _8

Total mass Total mass 320 5

Thus, the centroid has coordinates (3/4, 3, 8/5).
Note that the value for y could have been predicted because of symmetry.

Transformation of triple integrals

9.13. Justify Equation (11), Page 225, for changing variables in a triple integral.

By analogy with Problem 9.6, we construct a grid of curvilinear coordinate surfaces which subdivide the
region R into subregions, a typical one of which is AR (see Figure 9.17).
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9.14.

9.15.

9.16.

Figure 9.17

The vector r from the origin O to point P is
r=xi+yj+zk=f(u, v, wi+ g(u, v, w)j + h(u, v, wk

assuming that the transformation equations are x = f(u, v, w), y = g(u, v, w), and z = h (u, v, w).
Tangent vectors to the coordinate curves corresponding to the intersection of pairs of coordinate surfaces
are given by dr/du, dr/dv, dr/dw. Then the volume of the region AR of Figure 9.17 is given approximately by

or ar or _9(x,3,2)]

— —X—|Au AV Aw
a(u,l),w)

Au Av Aw

ou v aw

The triple integral of F(x, y, z) over the region is the limit of the sum

A(x,y,2)
o(u,0,w)

N F{f up,w), g0, w), (.0, w) == AuAvAw

An investigation reveals that this limit is

9(x,y,2)

d(u,0,w)

[t @00, 500100, 0,00} | S s o

where R’ is the region in the uvw space into which the region R is mapped under the transformation.
Another method for justifying this change of variables in triple integrals makes use of Stokes’s theorem
(see Problem 10.84).

What is the mass of a circular cylindrical body represented by the region0 < p < ¢, 0 < ¢ < 21w, 0 <z <
h, and with the density function W = z sin® ¢?

h p2m pc
— in2 —
M —fo J; J.O zsin“op dp do dz=m
Use spherical coordinates to calculate the volume of a sphere of radius a.

Cofefrrrgm2 o, . _43
V_s;j0 fo jo a* sin@dr o df =—ma
Express J.HF (x,y,z)dx dy dz in (a) cylindrical and (b) spherical coordinates.
g

(a) The transformation equations in cylindrical coordinates are x =p cos ¢, y=p sin ¢, z = z.
As in Problem 6.39, d(x, y, 2)/d(p, ¢, z) = p. Then, by Problem 9.13, the triple integral becomes

mG(p 0,2)pdp do dz
where R’ is the region in the p, ¢ z space corresponding to R and where G(p, 0, z= F(p cos ¢, p sin ¢, z).
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(b) The transformation equations in spherical coordinates are x = r sin 6 cos ¢, y = r sin 0 sin ¢, z=r cos 6.
By Problem 6.101, d(x, ¥, 2)/0(r; 8, ¢) = #* sin 0. Then, by Problem 9.13, the triple integral becomes
jj j H(r,0,0)r" sin® dr do do
&
where R’ is the region in the r, 0, ¢ space corresponding to R, and where H(;; 6, ¢) = F(r sin 0 cos ¢,
r sin O sin ¢, r cos 0).
9.17.  Find the volume of the region above the xy plane bounded by the paraboloid z = x* + y? and the cylinder x* + y* = a*.

The volume is most easily found by using cylindrical coordinates. In these coordinates the equations for
the paraboloid and cylinder are, respectively, z = p* and p = a. Then

Required volume = 4 times volume shown in Figure 9.18
/2

=4[50 p o do

n/2

_ a3
=4 ¢:OJ.p:Op dp do

412
=4 PP go =Ty
=0 4| 2

z=0,x2+_v2=a2
orp=a

Figure 9.18

X

The integration with respect to z (keeping p and ¢ constant) from z = 0 to z = p> corresponds to summing
the cubical volumes (indicated by dV) in a vertical column extending from the xy plane to the paraboloid. The
subsequent integration with respect to p (keeping ¢ constant) from p = 0 to p = a corresponds to addition of
volumes of all columns in the wedge-shaped region. Finally, integration with respect to ¢ corresponds to add-
ing volumes of all such wedge-shaped regions.

The integration can also be performed in other orders to yield the same result.

We can also set up the integral by determining the region R’ in p, 0, z space into which R is mapped by
the cylindrical coordinate transformation.

9.18. (a) Find the moment of inertia about the z axis of the region in Problem 9.17, assuming that the density is
the constant G. (b) Find the radius of gyration.

(a) The moment of inertia about the z axis is
a PP,
.[p:o LO p-op dzdp do

/2

I =4
N 9o

a

_ n/2 ra 5 _ 1[/2p_6 _
4o [ p’dpdo=do| | do=

p=0

na’c
3
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9.19.

The result can be expressed in terms of the mass M of the region, since, by Problem 9.17,

6 6
. T nTa'c _Tma 2M 2
M = volume xdesnity =—a'c  so that I = a =i~—4=—M ’
2 3 3 ma” 3
Note that in setting up the integral for I, we can think of ¢ p dz dp d¢ dz dp d¢ as being the mass of the
cubical volume element, p*c p dz dp do as the moment of inertia of this mass with respect to the z axis, and

J.” p’op dz dp dd as the total moment of inertia about the z axis. The limits of integration are determined
&
as in Problem 9.17.
2 2 [
(b) The radius of gyration is the value K such that MK> = gMaz; ie., K*= 3 aorK=aN2/3.

The physical significance of K is that if all the mass M were concentrated in a thin cylindrical shell of
radius K, then the moment of inertia of this shell about the axis of the cylinder would be I..

(a) Find the volume of the region bounded above by the sphere x> + y* + z* = a* and below by the cone 72
sin? o, = (#* + %) cos? o, where o, is a constant such that 0 < o < . (b) From the result in (), find the
volume of a sphere of radius a.

In spherical coordinates the equation of the sphere is 7 = a and that of the cone is 6 = o.. This can be seen
directly or by using the transformation equations x = r sin 6 cos ¢, y = r sin 0 sin ¢, z = r cos 6. For example,
2% sin® oL = (x* + %) cos % 0. becomes, on using these equations, 7* cos® 8 sin> o = (+* sin® 8 cos® ¢ + 7 sin> O
sin? ) cos? @, i.e., 7> cos” @ sin? o = 7* sin® © cos? o, from which tan @ = + tan c.and S0 @ = cLor O =T — . It
is sufficient to consider one of these—say, 6 = o.

Figure 9.19

(a) Required volume = 4 times volume (shaded) in Figure 9.19
/2

4 j"o ¥ sin® dr o do

=0

_a[ [ eoc o d
= ¢:Of:0—51n . (0]

4a3 n/2 po
=TJ¢:O [\" sin6 do do

4a°® enn2 o
:% [,y —cosl_, do

3
= na (1-cosa)
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The integration with respect to r (keeping 6 and ¢ constant) from r = 0 to r = a corresponds to summing
the volumes of all cubical elements (such as indicated by dV) in a column extending from r = 0 to r = a. The
subsequent integration with respect to 8 (keeping ¢ constant) from 6 = 0 to 6 = ©/4 corresponds to summing
the volumes of all columns in the wedge-shaped region. Finally, integration with respect to ¢ corresponds to
adding volumes of all such wedge-shaped regions.

(b) Letting oo =, the volume of the sphere thus obtained is

3
na (1—cosT) =%na3

9.20. (a) Find the centroid of the region in Problem 9.19. (b) Use the result in (a) to find the centroid of a
hemisphere.

(a) The centroid (X, y, 7 ) is, due to symmetry, givenby X =y =0and

_ _ Total moment about xy plane _ _”_[20' dv
°= Total mass B J j ,[6 dv

Since z = r cos 0 and © is constant, the numerator is

a

JML OJ rcos® -7’ sin® dr do do =46 Ffj ) sin@ cosO® dO dd

r=0

=oa’ J:::/Z j:zo sin® cos® dO do

. 2n |4

4 (T2 5in"0
T
0=0 D

noa’ sin’ o

dp ===

0=0

2
The denominator, obtained by multiplying the result of Problem 9.19(a) by o, is §n0a3 (1 —cos o).
Then

1 4 2

—Tmoa” sin” o

Z =4—=—a(1+cosoc).
2

gnca (1—cosa)

(b) Letting =m/2, Z = %a.

Miscellaneous problems

1 1 1
9.21. Prove that (a) J . (x n y) ly pdx =— and (b) J .[o o y) x ¢+ dy = _E’

v j{h +y) } {jlzx S }dx
il

0 (x+y)

[ dy} dx
(x+ y) C(x+ y)

1

-,
=
=},

! dx
(x+y) x+y -0
| a1 1
0 (x+y)’ x+1|, 2
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9.22.

(b) This follows at once on formally interchanging x and y in (a) to obtain

— 1 — 1
H Y —dx dy, J {Jl al } dy = — — and then multiplying both sides by —1.
% (X+) O (x+y)’ 2

This example shows that interchange in order of integration may not always produce equal results. A suf-
ficient condition under which the order may be interchanged is that the double integral over the corresponding

region exists. In this case 'U dx dy, where R is the region 0 <x <, 0 <y< 1, fails to exist be-

(x+ y)
cause of the discontinuity of the integrand at the origin. The integral is actually an improper double integral

(see Chapter 12).

Prove that H | 0 F(u)du}dz - jo (x—u)F(u)ds
Let I(x)= jo{jn F(u)du}dt, J(x)= jo (x—u)F(u)du. Then

I'(x)= jo Fa)du, J'(x)= jo Fu)du

using Leibniz’s rule, Page 198. Thus, I'(x) = J'(x), and so I(x) = J(x) = ¢, where ¢ is a constant. Since 1(0) =
J(0)=0, ¢ =0, and so I(x) = J(x).
The result is sometimes written in the form

jo jo F(x)dx =j0 (x —u)F(u)du

The result can be generalized to give (see Problem 9.58)

JoJ ]y Feod 1),J (x =)' F(u)du

SUPPLEMENTARY PROBLEMS

Double integrals

9.23.

9.24.

9.25.

9.26.

9.27.

9.28.

(a) Sketch the region R in the xy plane bounded by y? = 2x and y = x. (b) Find the area of R. (c) Find the
polar moment of inertia of R, assuming constant density G.

2
Ans. (b) g (c) 480/35 = 72M/35, where M is the mass of R

Find the centroid of the region in problem 9.23.

Ans. x=—,y =1

<

Given J- '[ (x + y)dx dy, (a) sketch the region and give a possible physical interpretation of the double

integral, (b) interchange the order of integration, and (c) evaluate the double integral.

2 -y’
Ans. (b) jl L:l (x+y)dy dx (c)241/60

2 px . Tx 4 2 . Tx 4 +2)
Show that J‘X:1 J‘y:ﬁ sin 2_y dx + L:z LZ& sin 2_y dy dx=——7—.

Find the volume of the tetrahedron bounded by x/a + y/b + z/c = 1 and the coordinate planes.
Ans. abcl6
Find the volume of the region bounded by z=x*+y%, 7=0,x=-a,x=—a,y=—-a,y = a.

Ans. 8a*/3
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9.29. Find (a) the moment of inertia about the z axis and (b) the centroid of the region in Problem 9.28, assuming
a constant density G.

112 14 7
——~ac =— v 2

Ma*, where M =mass (b) x=y=0,7=—a

Ans.
ns. (a) 5

Transformation of double integrals
9.30.  Evaluate 'Uw/xz +y* dx dy, where R is the region x> + y <a

=

2,

Ans. —Ta

3

9.31.  If Ris the region of Problem 9.30, evaluate H e dx dy.
%

Ans. T(1—e™)

1 1-x — 1
9.32. By using the transformation x + y = u, y = uv, show that J 70.[ ™ e’y dx = eT .

9.33.  Find the area of the region bounded by xy = 4, xy = 8, xy> = 5, xy* = 15. (Hint: Let xy = u, xy° = v.)

Ans.21In 3

9.34. Show that the volume generated by revolving the region in the first quadrant bounded by the parabolas y* = x,
y? = 8x, x* =y, x> = 8y about the x axis is 2797/2. (Hint: Let y* = ux, x* = vy.)

9.35.  Find the area of the region in the first quadrant bounded by y = x*, y = 4x*, x = y*, x = 4y°.
1

Ans. —
8

- sinl
9.36.  Let 9 be the region bounded by x +y = 1, x= 0,y = 0. Show that | cos[x Y de dy =" (Hint: Let
X-y=u,x+y="v.) * X+y 2

Triple integrals

1 1 2
9.37. (a) EvaluateJ OJ OJ e xyz dz dy dx. (b) Give a physical interpretation to the integral in (a).
x=0Jy=0Jz=yx"+y
3
Ans. (a) —
8

9.38. Find (a) the volume and (b) the centroid of the region in the first octant bounded by x/a + y/b + z/c =1,
where a, b, ¢ are positive.

Ans. (a) abcl/6 (b) X =al4, y =bl4d, 7 =cl4
9.39. Find (a) the moment of inertia and (b) the radius of gyration about the z axis of the region in Problem 9.38.

Ans. (a) M(a2 + b2)/10 (b) /(a2 + b2)/10

9.40. Find the mass of the region corresponding to x2 + y2 + z2 < 4,x €0,y €0, z € 0, if the density is equal to
Xyz.

Ans. 4/3

941. Find the volume of the region bounded by z = x2 + y2 and z = 2x.
Ans. /2
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Transformation of triple integrals

9.42.

9.43.

9.44.

9.45.

9.46.

9.47.

9.48.

9.49.

Find the volume of the region bounded by z = 4 — x? — y? and the xy plane.
Ans. 81

Find the centroid of the region in Problem 9.42, assuming constant density G.

4
Ans. ¥=5=0.7=—

(a) Evaluate J‘”J.\/xz +y* +2* dx dy dz, where R is the region bounded by the plane z = 3 and the cone
)

=+/x”+y>. (b) Give a physical interpretation of the integral in (a). (Hint: Perform the integration in
cylindrical coordinates in the order p, z, ¢.)

Ans. 27122 = D2

Show that the volume of the region bonded by the cone z =+/x> +y® and the paraboloid z = x> + y* is /6.

Find the moment of inertia of a right circular cylinder of radius a and height b, about its axis if the density is
proportional to the distance from the axis.

3
Ans. = Ma®
5
dx dyd
(a) Evaluate J-_U ray e > Wwhere R is the region bounded by the spheres x* + y* + z* = a” and
(X +y +75)
x* +y? + 72 = b* where a > b > 0. (b) Give a physical interpretation of the integral in (a).

Ans. (a) 47 In(a/b)

(a) Find the volume of the region bounded above by the sphere r = 2a cos 0 and below by the cone ¢ = o,
where 0 < o0 < /2. (b) Discuss the case o = + 7/2.

4
Ans. 3 na’(1 — cos* o)
Find the centroid of a hemispherical shell having outer radius a and inner radius b if the density (a) is
constant and (b) varies as the square of the distance from the base. Discuss the case a = b.
_ _ _ 3
Ans. Taking the z axis as the axis of symmetry: (a) x =y =0, 7 = 3 (a* — bHId® - b

by x =y =0,7 = g(aﬁ—b6)/(05—b5)

Miscellaneous problems

9.50.

9.51.

9.52.

Find the mass of a right circular cylinder of radius a and height b if the density varies as the square of the
distance from a point on the circumference of the base.

1
Ans. gnaz bk(9a* + 2b%), where k = constant of proportionality

Find (a) the volume and (b) the centroid of the region bounded above by the sphere x> + y* + 7> = a* and
below by the plane z = b where a > b > 0, assuming constant density.

Ans. (a) %Tc(Za3 -3a?h+b)b) X =y =0,7 = — (a +b)Y(2a + b)

A sphere of radius a has a cylindrical hole of radius b bored from it, the axis of the cylinder coinciding with

4
a diameter of the sphere. Show that the volume of the sphere which remains is 3 nla® - (a@® - bH)¥.



9.53.

9.54.

9.55.

9.56

9.57.

9.58.

CHAPTER 9 Multiple Integrals

A simple closed curve in a plane is revolved about an axis in the plane which does not intersect the curve.
Prove that the volume generated is equal to the area bounded by the curve multiplied by the distance traveled
by the centroid of the area (Pappus’s theorem).

Use Problem 9.53 to find the volume generated by revolving the circle x*> + (y — b)* = a*, b > a > 0 about the
X axis.

Ans. 21* a’b

Find the volume of the region bounded by the hyperbolic cylinders xy = 1, xy =9, xz = 4, xz = 36, yz = 25,
yz=49. (Hint: Let xy = u, xz =0, yz=w.)

Ans. 64

Evaluate J” \/1 —(x*/a*> +y*Ib* + 72 /c*) dx dy dz where R is the region interior to the ellipsoid x¥a® +
X

y*Ib? + 2% Ic* = 1. (Hint: Let x = au, y = bv, z = cw. Then use spherical coordinates.)

1

Ans. Z n* abe

22 21
If R is the region x> + xy + y* < 1, prove that _Ue Wy dy =—=
R

e3

sin o, y = u sin 0. + v cos 0. and choose ¢ so as to eliminate the xy term in the integrand. Then let u = ap cos
0, v = bp sin ¢ where a and b are appropriately chosen.)

(e—1). (Hint: Let x = u cos o.— v

Prove that jo jo . .jO‘F(x)dx" = (n%l)!jo‘(x —u)"' Fu)du for n=1, 2, 3,... (see problem 9.22).



CHAPTER 10

Line Integrals,
Surface Integrals, and
Integral Theorems

Construction of mathematical models of physical phenomena requires functional domains of greater com-
plexity than the previously employed line segments and plane regions. This section makes progress in meet-
ing that need by enriching integral theory with the introduction of segments of curves and portions of surfaces
as domains. Thus, single integrals as functions defined on curve segments take on new meaning and are then
called line integrals. Stokes’s theorem exhibits a striking relation between the line integral of a function on
a closed curve and the double integral of the surface portion that is enclosed. The divergence theorem relates
the triple integral of a function on a three-dimensional region of space to its double integral on the bounding
surface. The elegant language of vectors best describes these concepts; therefore, it would be useful to reread
the introduction to Chapter 7, where the importance of vectors is emphasized. (The integral theorems also
are expressed in coordinate form.)

Line Integrals

The objective of this section is to geometrically view the domain of a vector or scalar function as a segment
of a curve. Since the curve is defined on an interval of real numbers, it is possible to refer the function to this
primitive domain, but to do so would suppress much geometric insight.

A curve C in three-dimensional space may be represented by parametric equations:

x=fi0,y=h),z=f0),a <t < b )
or in vector notation:
x =r(t) )
where
r(t)=xi+yj+zk

(see Figure 10.1).
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Figure 10.1

For this discussion it is assumed that r is continuously differentiable. While (as we are doing) it is con-
venient to refer the Euclidean space to a rectangular Cartesian coordinate system, it is not necessary. (For
example, cylindrical and spherical coordinates sometimes are more useful.) In fact, one of the objectives of
the vector language is to free us from any particular frame of reference. Then, a vector A[x(f), y(t, z(¢)] or a
scalar O is pictured on the domain C, which, according to the parametric representation, is referred to the
real number interval a < t < b.

The integral o

J'C A -dr 3)

of a vector field A defined on a curve segment C is called a line integral. The integrand has the representa-
tion
Aydx+Aydy + Ay dz
obtained by expanding the dot product.
The scalar and vector integrals

|, edi=1im ¥ ©¢,.n,.C,)Ar, @)
k=1

[ Awdi=1im ¥ AG, ., § AL )
k=1

can be interpreted as line integrals; however, they do not play a major role [except for the fact that the scalar
integral (3) takes the form (4)].
The following three basic ways are used to evaluate the line integral (3):

1. The parametric equations are used to express the integrand through the parameter 7. Then

j Adr=["A-9 4
C A dl

2. Ifthe curve Cis a plane curve (for example, in the xy plane) and has one of the representations y = f(x)
or x = g(y), then the two integrals that arise are evaluated with respect to x or y, whichever is more
convenient.

3.  If the integrand is a perfect differential, then it may be evaluated through knowledge of the endpoints
(that is, without reference to any particular joining curve). (See the section on independence of path on
Page 246; also see Page 251.)

These techniques are further illustrated for plane curves in the next section and for three-space in the prob-
lems.
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Evaluation of Line Integrals for Plane Curves

If the equation of a curve C in the plane z =0 is given as y = f(x), the line integral (2) is evaluated by placing
y =f(x), dy = f"(x) dx in the integrand to obtain the definite integral

.[1 P{x, f(x)}dx + Ofx, f(x)}f'(x)dx ©

which is then evaluated in the usual manner.
Similarly, if C is given as x = g,(y), then dx = g’ (y) dy and the line integral becomes

[ Ple. y1g'0)dy + 0(g(y). yidy @
If C is given in parametric form x = ¢(#), y = y(#), the line integral becomes
J:z P{(0),w (D)0 (D)dr + Qo (1), w (1)}, v (1)dt (8)

where ¢, and 7, denote the values of ¢ corresponding to points A and B, respectively.
Combinations of these methods may be used in the evaluation. If the integrand A - dr is a perfect differ-
ential d©, then

[ Adr= j:: d® = 6(c, d) — O(a, b) )

Similar methods are used for evaluating line integrals along space curves.

Properties of Line Integrals Expressed for Plane Curves

Line integrals have properties which are analogous to those of ordinary integrals. For example:

Lo [ PG ydx+ 00k y)dy = [ P(x, y)dx + [ QCx, y)dy
(ay by) (ay, by)
2. J(al’h]) Pdx+Qdy __.[<a2,b2> Pdx+qdy
Thus, reversal of the path of integration changes the sign of the line integral.
(az, [73)

3, j((”z’ Y Pdr+Qdy =

ay, by) (ay, by)

ay, b,
Pw+Q@+fb:Pw+Q@

where (a3, by) is another point on C.
Similar properties hold for line integrals in space.

Simple Closed Curves, Simply and Multiply Connected Regions

A simple closed curve is a closed curve which does not intersect itself anywhere. Mathematically, a curve in the
xy plane is defined by the parametric equations x = ¢(¢), y = W(¢) where ¢ and \ are single-valued and continuous
inaninterval #; <t < ,. If ¢(#,) = §(2,) and W(t,) = Y(1,), the curve is said to be closed. If ¢(u) = d(v) and Y(u) =
y(v) only when u = (except in the special case where u = t, and v =1t,), the curve is closed and does not intersect
itself, and so is a simple closed curve. We shall also as-

sume, unless otherwise stated, that ¢ and  are piecewise
differentiable in#; < t < t,.
If a plane region has the property that any closed Positive

curve in it can be continuously shrunk to a point with- orientation

out leaving the region, Fhf?n the region is called simple  gimpic closed curve Multiple connected
connected; otherwise, it is called multiply connected

(see Figure 10.2 and Page 127). Figure 10.2
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As the parameter ¢ varies from ¢, to t,, the plane curve is described in a certain sense or direction. For
curves in the xy plane, we arbitrarily describe this direction as positive or negative according as a person
traversing the curve in this direction with his head pointing in the positive z direction has the region enclosed
by the curve always toward his left or right, respectively. If we look down upon a simple closed curve in the
xy plane, this amounts to saying that traversal of the curve in the counterclockwise direction is taken as
positive, while traversal in the clockwise direction is taken as negative.

Green’s Theorem in the Plane

This theorem is needed to prove Stokes’s theorem (Page 251). Then it becomes a special case of that
theorem.
Let P, Q, dP/dy, dQ/dx be single-valued and continuous in a simple connected region R bounded by a

simple closed curve C. Then
JdQ oP
Efc Pdx+Qdy H[___]d x dy (10)

where fﬁc is used to emphasize that C is closed and that it is described in the positive direction.

This theorem is also true for regions bounded by two or more closed curves (i.e., multiply connected re-
gions). See Problem 10.10.

Conditions for a Line Integral to Be Independent of the Path

The line integral of a vector field A is independent of path if its value is the same regardless of the (allowable)
path from initial to terminal point. (Thus, the integral is evaluated from knowledge of the coordinates of these
two points.)

For example, the integral of the vector field A = yi + xj is independent of path since

Jc A~dr:J.C ydx+xdy=J‘:: d(xy) =Xy, = x,,

Thus, the value of the integral is obtained without reference to the curve joining P, and P,.
This notion of the independence of path of line integrals of certain vector fields, important to theory and
application, is characterized by the following three theorems.

Theorem 1 A necessary and sufficient condition that j A -dr be independent of path is that there exists
a scalar function © such that A = VO.

Theorem 2 A necessary and sufficient condition that the line integral j A -dr be independent of path is
that Vx A =0.

Theorem 3 IfV x A =0, then the line integral of A over an allowable closed path is 0; i.e., ﬁ A -dr=0.

If C is a plane curve, then Theorem 3 follows immediately from Green’s theorem, since in the plane case
V x A reduces to

o, _on,
dy oOx
d(mv)

EXAMPLE. Newton’s second law for forces is F =
velocity.

» where m is the mass of an object and v is its

When F has the representation F = -V0, it is said to be conservative. The previous theorems tell us that the
integrals of conservative fields of force are independent of path. Furthermore, showing that V x F = 0 is the
preferred way of showing that F is conservative, since it involves differentiation, while demonstrating that
O exists such that F = —-VO requires integration.
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Surface Integrals

Our previous double integrals have been related to a very special surface, the plane. Now we consider other
surfaces. yet, the approach is quite similar. Surfaces can be viewed intrinsically, i.e., as non-Euclidean spaces:
however, we do not do that. Rather, the surface is thought of as embedded in a three-dimensional Euclidean
space and expressed through a two-parameter vector representation:

X =r1(V}, V,)

While the purpose of the vector representation is to be general (that is, interpretable through any allow-
able three-space coordinate system), it is convenient to initially think in terms of rectangular Cartesian co-
ordinates: therefore, assume

r=xi+yj+zk
and that there is a parametric representation
X=r(v;, 1),y =71(Vy, V), 2=1(V}, Vy) (1)

The functions are assumed to be continuously differentiable.

The parameter curves v, = const and v, const establish a coordinate system on the surface (just as
y = const and x = const form such a system in the plane). The key to establishing the surface integral of a
function is the differential element of surface area. (For the plane, that element is dA = dx, dy.)

At any point P of the surface

or ar
dx =——dv, + —dv,
ov, v,
spans the tangent plane to the surface. In particular, the directions of the coordinate curves v, = const and v,

= const are designated by dx, = aa—rdl)l and dx, aa—rdl)z, respectively (see Figure 10.3).
Dl UZ

The cross product

or _ or
dx, x dx, = —X——dv, dv,
v, dv,
. . . or _or| . . . .
is normal to the tangent plane at P, and its magnitude |—x ——| is the area of a differential coordinate

parallelogram. dv,  dv,

Figure 10.3

(This is the usual geometric interpreation of the cross product abstracted to the differential level.) This
strongly suggests the following definition:
Definition The differential element of surface area is
or _or
—X

— dv, dv 12
ov, ov, 1 402 (12

ds =

For a function ®(v,, v,) that is everywhere integrable on S,
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or
X_

jj 0ds = jj Ow,, v, ) o,

v, dv, (13)

is the surface integral of the function ©.
In general, the surface integral must be referred to three-space coordinates to be evaluated. If the surface
has the Cartesian representation z = f(x, y) and the identifications

V=X, 0, =Y, 2=f(V, V)
are made, then

ar . 0z or . 0z

T i &k, Lo &k
v, ox ~ dv, dy
and
ar or dz . 0z,
—=k-——j——1i
al) 31) ox ox
Therefore,
a a 5 2 1/2
LBV g
v, dv, ox oy

Thus, the surface integral of © has the special representation

2 1/2
0z 0z
S= jj O(x, y,z)[1+{a J+(a—yj] dx dy (14)

If the surface is given in the implicit form F(x, y, z) = 0, then the gradient may be employed to obtain
another representation. To establish it, recall that, at any surface point P, the gradient VF is perpendicular
(normal) to the tangent plane (and, hence, to S).

Therefore, the following equality of the unit vectors holds (up to sign):

vF _ (o o) [l or

IVFI Bx dy du, dv,
[A conclusion of the theory of implicit functions is that from F(x, y, z) = 0 (and under appropriate condi-
tions) there can be produced an explicit representation z = f(x, y) of a portion of the surface. This is an exist-

ence statement. The theorem does not say that this representation can be explicitly produced.] With this fact
in hand, we again let v, = x, v, =y, z=f(v,, v,). Then

15)

VF=Fi+fj+Fk
Taking the dot product of both sides of Equation (15), K yields
Fo_, 1
IVF | or _ or
X

E v,

The ambiguity of sign can be eliminated by taking the absolute value of both sides of the equation.
Then
or _or

o or | _IVEI_WE) +FE) +FE)T”
v, dv,

A ||

and the surface integral of © takes the form

[(F)" +(F,)" +(F.)"]'"”
ff T

dx dy (16)

The formulas (14) and (16) also can be introduced in the following nonvectorial manner.
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Let S be a two-sided surface having projection R on the xy plane, as in Figure 10.4. Assume that an equa-
tion for S is z = f(x, y), where f'is single-valued and continuous for all x and y in R. Divide R into n subre-
gions of area AAp, p=1,2,...,n,and erect a vertical column on each of these subregions to intersect S in
an area AS,,.

Figure 10.4

Let ¢(x, y, z) be single-valued and continuous at all points of S. Form the sum
Y 0E,.n,. §,)AS, (17)
p=1

where (E,p, n,» Cp) is some point of AS,,. If the limit of this sum as n — o in such a way that each AS, — 0
exists, the resulting limit is called the surface integral of ¢(x, y, z) over S and is designated by

H o(x, y, 2)dS (18)

Since AS, = | sec yp| AA,, approximately, where vy, is the angle between the normal line to S and the positive

z axis, the limit of the sum (17) can be written

H O(x, y, z) Isecy IdA (19)
R

2 2
! =\/1+[%J + % (20)
In, ki ox dy

Then, assuming that z = f(x, y) has continuous (or sectionally continuous) derivatives in R, (19) can be writ-

ten in rectangular form as
2 2
J-J.q)(x, ¥, 2) \/l+(kj +(%j dxdy (21)
& ox dy

In case the equation for S is given as F(x, y, z) =0, (21) can also be written

JE +E) +(F)
dx
|F.|

The quantity Isec y| is given by

Isecy |=

[Jox,y.2) dy (22)

R
The results (21) or (22) can be used to evaluate (18).
In the preceding we have assumed that S is such that any line parallel to the z axis intersects S in only one
point. In case S is not of this type, we can usually subdivide S into surfaces S|, S,, . . . which are of this type.
Then the surface integral over S is defined as the sum of the surface integrals over S, S,, . . . .
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The results stated hold when S is projected onto a region R on the xy plane. In some cases it is better
to project S onto the yz or xz planes. For such cases, (18) can be evaluated by appropriately modifying (21)
and (22).

The Divergence Theorem

The divergence theorem establishes equality between a triple integral (volume integral) of a function over a
region of three-dimensional space and the double integral of the function over the surface that bounds that
region. This relation is very important in the expression of physical theory. (See Figure 10.5.)

Divergence (or Gauss) Theorem

Let A be a vector field that is continuously differentiable on a closed-space region V bounded by a smooth
surface S. Then

J“VUV-AdV = jsjA-ndS (23)

where n is an outwardly drawn normal.
If n is expressed through direction cosines, i.e., n =i cos o + j cos B + k cos 7, then Equation (23) may
be written

WAl

Figure 10.5

ay 0z

The rectangular Cartesian component form of Equation (23) is

2255 b o Ao o

JJI[BA e jdv JJh avae e a,deas a,ava 2

EXAMPLE. If B is the magnetic field vector, then one of Maxwell’s equations of electromagnetic theory is
V - B = 0. When this equation is substituted into the left member of Equation (23), the right member tells us
that the magnetic flux through a closed surface containing a magnetic field is zero. A simple interpretation of
this fact results by thinking of a magnet enclosed in a ball. All magnetic lines of force that flow out of the ball
must return (so that the total flux is zero). Thus, the lines of force flow from one pole to the other, and there is
no dispersion.



CHAPTER 10 Line Integrals, Surface Integrals, and Integral Theorems

Stokes’s Theorem

Stokes’s theorem establishes the equality of the double integral of a vector field over a portion of a surface and

the line integral of the field over a simple closed curve bounding the surface portion. (See Figure 10.6.)
Suppose a closed curve C bounds a smooth surface portion S. If the component functions of x = r(v,, v,)

have continuous mixed partial derivatives, then for a vector field A with continuous partial derivatives on S

3€C A~drz”n~V><AdS (26)

where n = cos i + cos Bj + cos vk with o, B, and yiepreseting the angles made by the outward normal n
and i, j, and K, respectively.
Then the component form of Equation (26) is

0A, OJA
J (Adx + Aydy + Aydz) = jsj Ka—; - a—;Jcosoc

If V x A =0, Stokes’s theorem tells us that f[)c A -dr =0. This is Theorem 3 on Page 233.

+ oA, A cosf + 94, 4 cosy [dS (27)
0z o0x ox dy

Figure 10.6

SOLVED PROBLEMS

Line integrals

12
10.1. Evaluate .[(0 N (x* - y) dx + (y2 + x) dy along (a) a straight line from (0, 1) to (1, 2), (b) a straight lines

from (0, 1) to (1, 1) and then from (1, 1) to (1, 2), and (c) the parabola x =, y = #* + 1.

(a) An equation for the line joining (0, 1) and (1, 2) in the xy plane is y = x + 1. Then dy = dx and the line
integral equals

j‘o (= (x+ D) dx+ {(x +1)* + x} dx =j0' (2x* +2x)dx =5/3
(b) Along the straight line from (0, 1) to (1, 1), y = 1, dy = 0 and the line integral equals
[ =Ddv+a+x0)=] & -1)dr=-2/3
Along the straight line from (1, 1) to (1, 2), x = 1, dx = 0 and the line integral equals

_[V: A=-»O)+(* +Ddy= '[tz (> +1)dy=10/3

Then the required value = -2/3 + 10/3 = 8.3.
(¢c) Sincer=0at(0,1)and =1 at(l,2), the line integral equals

j‘_o 12— + 1) di +{(1* +1) +t}2zdt=j0] (2 + 48 +207 + 20 — 1) dt =2
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If A = (3x% — 6y2)i + (2y + 3x2)j + (1 — 4xyz>)k, evaluate IC A - dr from (0,1,1) to (1,1,1) along the
following paths C:

(@) x=t,y=£*z=1
(b) The straight lines from (0, 0, 0) to (0, 0, 1), then to (0, 1, 1), and then to (1, 1, 1)
(c) The straight line joining (0, 0, 0) and (1, 1, 1)
ICA~dr = .[C{(3x2 —6y2)i+ 2y +3x2)}j+ (1 — 4xyz”)K} - (dxi + dyj + dzk)
= IC{(sz —6yz2)dx + (2y + 3xz)dy + (1 — 4xyz°)dz
(a) Ifx=ty= £ z="r, points (0, 0, 0) and (1, 1, 1) correspond to ¢ = 0 and ¢ = 1, respectively. Then

JoA-dr=[ B0 =601 + 1260 +30E)E) + 1= 400 )
= f:O (3> — 617}t + (48 + 6% }dt + (31> — 121" )dr =2

Another method: Along C, A = (37— 6£) i+ (22 + 3"+ (1 —4)k and r = xi + yj + zk = fi + £%j + £k,
dr = (i + 2tj + 3°k)dt. Then

jCA-dr = J‘(: Br* —617)dt + (4 +61°7)dr + 3> —12t"dr =2

(b) Along the straight line from (0, 0, 0) to (0, 1, 1), x =0,y =0, dx = 0, dy = 0, while z varies from O to 1.
Then the integral over this part of the path is

[, B0 = 6(0)2)}0 + 2(0) + 30)(2)0 + {1 - 4O)O))}de = [ de=1

Along the straight line from (0, 0, 1) to (0, 1, 1), x =0, z =1, dx = 0, dz = 0, while y varies from 0 to 1.
Then the integral over this part of the path is

., B =600+ 2y +3O0)D}dy + {1 = 4O) (D)0 = [

. 2ydy=1

Along the straight line from (0, 1, 1),to (1, 1, 1),v=1,z=1,dy =0, dz = 0, while x varies from O to 1.
Then the integral over this part of the path is

J.XIZO (3x% —6(1)(D)}dx + {2(1) +3x(D)}0 + {1 — 4x(1)(1)*}0 = J‘XIZO (3x* —6)dx=-5
Adding,
[ Ade=1+1-5=-3
(c) The straight line joining (0, 0, 0) and (1, 1, 1) is given in parametric form by x =¢, y =¢, z =t. Then
jCA~dr = fzo(3z2 — 62y dt + (2t +3°) dt +(1—4t*) dt =615
Find the work done in moving a particle once around an ellipse C
in the xy plane, if the ellipse has its center at the origin with

semimajor and semiminor axes 4 and 3, respectively, as indicated
in Figure 10.7, and if the force field is given by

¥
/ :
F = Bx— 4y + 22)i + (4x + 2y = 329)j + Qxz - 4* + )k \J
In the plane z = 0, F = (3x — 4y)i + (4x + 2y)j — 4y°k, and

dr = dxi + dvyj, so that the work done is

r=uxi+yj
=4costi+3sintj

Figure 10.7
§CF~dr = JC{(3x —4y)i+@x+2y)j- 4y2k}-(dxi + dyj)

= | Bx—4y) dv+(4x+2y) dy
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Choose the parametric equations of the ellipse as x =4 cos ¢, y = 3 sin ¢, where ¢ varies from 0 to 27 (see
Figure 10.7). Then the line integral equals

2
J "0 {3(4cost) —4(3sint) }{—4sint}dt + {4(4 cost) + 2(3sint) } {3cost}dt
t=
2n . . 2n
= | (48 —30sin 7 cos f)dt = (48t — 15 sin’ 7) , = 96T
=0
In traversing C we have chosen the counterclockwise direction indicated in Figure 10.7. We call this the

positive direction or say that C has been traversed in the positive sense. If C were traversed in the clockwise
(negative) direction, the value of the integral would be —96.

104. Evaluate '[C y ds along the curve C given by y = 2\/; from x =3 to x = 24.

Since ds = \Jdx> +dy* =1+ ()/)* dx=/1+1/x dx, we have

24
[yas=[" oVx T+ 1/x av=2]" Jx+Tax =%(x+1)3/2 =156

Green’s theorem in the plane

10.5. Prove Green’s theorem in the plane if C is a closed curve which has the property that any straight line
parallel to the coordinate axes cuts C in, at most, two points.

Let the equations of the curves AEB and AFB (see Figure 10.8) be y = Y,(x) and y = Y,(x), respectively. If
R is the region bounded by C, we have

Zg?)_;)dx dy = Jj_a[-"yyirz”g_;)dy} -

b Yz(X) b
=] PGy dr=[IP(xY,) - P(x,¥)ldx

y=Y,(x)
b a
= —j P(x,Y,)dx —jh P(x,Y,)dx = — §6de
Then

ichdxz—Hg—jdx dy M
%

Figure 10.8

Similarly, let the equations of curves EAF and EBF be x = X, (y) and x = X,(y), respectively. Then
00 | e 00 f
ngdx dy= j”[jw ooy x|y =] 100G, v - 0X,, ydy

=] 0, dy+ [ 00X, ndy= § 0ay
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Then
e =Hg—fdxdy )
R

Adding Equations (1) and (2),

90 9P
§c Pdx+Qdy =g(a—f—gjdxdy

10.6. Verify Green’s theorem in the plane for
fi;c (2xy — x*)dx + (x + y*)dy

where C is the closed curve of the region bounded by y = x* and y* = x.

The plane curve y = x*> and y* = x intersect at (0, 0) and (1, 1). The positive direction in traversing C is as
shown in Figure 10.9.

Along y = x?, the line integral equals

J.I:O{(Zx)(xz) —x}dx + {x + (X)) }d(x*) = Jol QX+ x> +2x")dx =716
Along y* = x, the line integral equals

[ 1@0H) -0 o)+ 45 dy = [ (4y* 25" +2y)dy=-17/15

Then the required line integral = 7/6 — 17/15 = 1/30.
00 OP ] 0 2
— —— |dxdy=||{—(x+ -—Q2xy - dxd
_g(ax ayj x dy Lj{ax(x ¥ ay( xy x)} x dy
= [[a -2x)dxdy =j1 Ojﬁz(l—Zx)dydx
xX= y=x
%

, N
= o-20) | dx
y=x

=j01(x”2 2~ 420 dx=1/30

Hence, Green’s theorem is verified.

(1.1)

o

Figure 10.9

10.7. Extend the proof of Green’s theorem in the plane given in Problem 10.5 to the curves C for which lines
parallel to the coordinate axes may cut C in more than two points.

Consider a closed curve C such as is shown in Figure 10.10, in which lines parallel to the axes may meet
C in more than two points. By constructing line S7, the region is divided into two regions R, and R,, which
are of the type considered in Problem 10.5 and for which Green’s theorem applies, i.e.,

90 oP
STJ;SdewLQdy:é[:[(a—S—a—y]dxdy )
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90 oP
SVjTSPdHQdy jj(x ay]dd )

0

Figure 10.10

Adding the left-hand sides of Equations (1) and (2), and omitting the integrand P dx + Q dy in each case,

NN

STUS SVTS ST TUS T8 TUS svr TUSVT

using the fact that J J

Adding the right-hand sides of Equations (1) and (2), omitting the integrand, ” +_U ” where R con-

sists of regions R, and R,. XK,
aQ oP
Then '[ Pdx+Qdy = ” dx dy, and the theorem is proved.
TUSVT dy

A region R such as is considered here and in Problem 10.5, for which any closed lying in R can be con-
tinuously shrunk to a point without leaving R, is called a simply connected region. A region which is not
simply connected is called multiply connected. We have shown here that Green’s theorem in the plane applies
to simply connected regions bounded by closed curves. In Problem 10.10 the theorem is extended to multiply
connected regions.

For more complicated simply connected regions, it may be necessary to construct more lines, such as S7,
to establish the theorem.

1
10.8. Show that the area bounded by a simple closed curve C is given by 5 3€C xdy — ydx.

In Green’s theorem, put P = -y, Q = x. Then
0 0
fﬁc xdy—ydx = J;J(a(x) — a—y(—y) de dy = ZLJ.dx dy=2A
where A is the required area. Thus, A =% §C xdy—ydx.

10.9. Find the area of the ellipse x = a cos 0, y = b sin 6.

1 1 2 . .
Area = 5 §c xdy —ydx = E.[o (a cos 0)(b cos 6)dO — (b sin 6)(—a sin 0)dO

:lf“ ab(cos’ 0 +sin>0)do =lj2” abd® =mab
2Jo 2o
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10.10.  Show that Green’s theorem in the plane is also valid for a multiply connected region R such as is shown in
Figure 10.11.

The shaded region R, shown in Figure 10.11, is multiply connected, since not every closed curve lying in
R can be shrunk to a point without leaving R, as is observed by considering a curve surrounding DEFGD, for
example. The boundary of R, which consists of the exterior boundary AHJKLA and the interior boundary
DEFGD, is to be traversed in the positive direction, so that a person traveling in this direction always has the
region on his left. It is seen that the positive directions are those indicated Figure 10.11.

In order to establish the theorem, construct a line such as AD, called a crosscut, connecting the exterior
and interior boundaries. The region bounded by ADEFGDALKJHA is simply connected, and so Green’s theo-
rem is valid. Then

y
o
Figure 10.11
f Pax+oay —ﬂ[aQ a—dexdy
ADEFGDALKJHA 'x ay

But the integral on the left, leaving out the integrand, is equal to

J‘ + J‘ J‘ + J‘ - J‘ +
DEFGD DA ALKJHA DEFGD ALKJHA

since LD = —JDA. Thus, if C, is the curve ALKJHA, C, is the curve DEFGD, and C is the boundary of R

consisting of C, and C, (traversed in the positive directions), then Jc + jc = Jc and so
1 2

§6de+Qd H(a—Q—a—dexdy

Independence of the path

10.11.  Let P(x, y) and Q(x, y) be continuous and have continuous first partial derivatives at each point of a simply

connected region R. Prove that a necessary and sufficient condition that 4; Pdx + Qdy =0 around every
closed path C in R is that dP/dy = dQ/dx identically in R.

Sufficiency. Suppose dP/dy = dQ/dx. Then, by Green’s theorem,
Q0 dP
§ Pdx+Qdy jj[———j x dy =0

ox
where R is the region bounded by C.

Necessity. Suppose Si;c Pdx + Qdy =0 around every closed path C in R and that dP/dy # dQ/dx at some
point of R. In particular, suppose dP/dy — dQ/dx > 0 at the point (x, yp).

By hypothesis, 0P/dy and dQ are continuous in R, so that there must be some region T containing (x, y,)
as an interior point for which dP/dy — dQ/dx > 0. If T" is the boundary of T, then by Green’s theorem,

3{5 Pdx+Qdy _H[af apjdxd >0
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10.12

10.13.

_op

contradicting the hypothesis that Ef)r Pdx+Qdy= ” (%—Q 5
C A

]dx dy >0 for all closed curves in in R.

Thus, dQ/dx — dP/dy cannot be positive.
Similarly, we can show that dQ/dx — dP/dy cannot be negative, and it follows that it must be identically
zero; i.e., OP/dy = 0Q/dx identically in R.

Let P and Q be defined as in Problem 10.11. Prove that a necessary and sufficient condition that

B
JA P dx + Q dy be independent of the path in R joining points A and B is that dP/dy = d Q/dx identically in K.

B

Figure 10.12

Sufficiency. If dP/dy = dQ/dx, then by Problem 10.11,
Pdx+Qdy=0
ADBEA
(See Figure 10.12.) From this, omitting for brevity the integrand P dx + Q dy, we have
[+ ]=0 [=-]=] andso [ =]
ADB BEA ADB BEA AEB

i.e., the integral is independent of the path.

Necessity. If the integral is independent of the path, then for all paths C, and C, in R we have

L=l J=] wa ] =0

ADB ADBEA
From this it follows that the line integral around any closed path in R is zero, and, hence, by Problem 10.11
that dP/dy = dQ/0x.

Let P and Q be as in Problem 10.11. (a) Prove that a necessary and sufficient condition that P dx + Q dy be
an exact differential of a function ¢(x, y) is that dP/dy = dQ/dx. (b) Show that in such case

JAB Pdx+Qdy= Jf dd =¢(B) —0(A) where A and B are any two points.

(a) Necessity,. IfPdx+Qdy=do¢= g—q) dx + g—q)dy, an exact differential, then
X y
d00/0x = P (D
d00/dy =0 2)

Thus, by differentiating Equations (1) and (2) with respect to y and x, respectively, dP/dy = dQ/dx, since we
are assuming continuity of the partial derivatives.

Sufficiency. By Problem 10.12, if dP/dy = 0Q/dx, then J-P dx + Qdy is independent of the path joining two
points. In particular, let the two points be (a, b) and (x, y) and define

(x, )
o(r.y)=[ " Pdr+Qdy

Then
O(x + Ax,y) —0(x, y) = j(““’”de +Qdy— j“’”de +Qdy
’ ? (a,b) (a,b)
(x+Ax,y)

= Pdx+Qdy

(x.y)
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Since the last integral is independent of the path joining (x, y) and (x + Ax, y), we can choose the path to be a
straight line joining these points (see Figure 10.13) so that dy = 0. Then, by the mean value theorem for inte-
grals,

(])(x + Ax, y) -0(x, y) :LJ'(HAx,y)
Ax Ax JC

Taking the limit as Ax — 0, we have d¢/dx = P.
Similarly, we can show that d¢/dy = Q.

Pdx=P(x+0 Ax, y) 0<0<1

X ¥)

Thus, it follows that Pdx + Qdy = a—(I)dx + a—(I)dy =do.
ox dy

y

(x,») (x+ Ax, y)

(a‘ h)

Figure 10.13

(b) LetA =(x,,y,) and B = (x,, y,). From (a),

(x,y)
o(r.y)=[ ' Pdx+Qdy.

Then, omitting the integrand P dx + Q dy, we have

— [ =00x, y,) —0(x, ) =0(B) —0(A)

JB (x3,%,) (x5, ¥2) [E
A (xp,3p) (a,b) (a,b)

(3,4)
(a) Prove that J(l ) (6xy* —y*) dx + (6x”y —3xy*) dy dy is independent of the path joining (1, 2) and
(3, 4). (b) Evaluate the integral in (a).
(a) P=6xy2—y3, Q=6x2y - 3xy2. Then 9P/dy = 12xy — 3y2 = 9Q/dx and, by Problem 10.12, the line in-
tegral is independent of the path.

(b) Method 1: Since the line integral is independent of the path, choose any path joining (1, 2) and (3, 4),
for example, that consisting of lines from (1, 2) to (3, 2) (along which y =2, dy = 0) and then (3, 2) to
(3, 4) (along which x = 3, dx = 0). Then the required integral equals

f [(24x —8)dx + j“ L(54y—=9y")dy =80 +156 = 236
x= y=

P
Method 2: Since — = a—Q, we must have

y x
a—q)=6xzy—3xy2 €))
dy
N _ gy -3y 2
dy

From Equation (1), ¢ = 3x*y? — xy* + f(¥). From Equation (2), ¢ = 3x’y* — xy* + g(x). The only way in
which these two expressions for ¢ are equal is if f(y) = g(x) = ¢, a constant. Hence, ¢ = 3x?y* — xy* + ¢. Then,
by Problem 10.13.
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J((“) (6xy2 3 y3 Yx +(6x2y _ 3xy2)dy — J:fj)) d(3x2yz _ xy3 +c)

1.2)
3.4
(1,2)

=3x"y" —xy’ + c| =236

Note that in this evaluation the arbitrary constant ¢ can be omitted. See also Problem 6.16.
We could also have noted by inspection that
(6xy” — y*)dx +(6x7y — 3xy*)dy = (6xy’dx + 6x7y dy) — (¥’ dx + 3xy*dy)
=d(3x’y")—d(xy’) =d(3x"y" — xy*)

from which it is clear that ¢ = 3x%y* — xy° + c.

10.15.  Evaluate ii;(xzy cosx + 2xy sin x — y’e*)dx + (x* sin x — 2ye*)dy around the hypocycloid x** +
VB =g,
P =x%y cos x + 2xy sin x — y%e*, Q = x> sin x — 2 ye*

Then 0P/dy = x* cos x + 2x sin x — 2ye* = Q/dx, so that, by Problem 10.11, the line integral around any

closed path—in particular, x** + y** = a*—is zero.

Surface integrals

10.16.  If yis the angle between the normal line to any point (x, y, z) of a surface S and the positive z axis, prove that
— JFX+F +F?
lsecyl=4/1+z, +z, =——
! IF|

according as the equation for S'is z = f(x, y) or F(x, y, z) = 0.
If the equation for S is F(x, y, z) = 0, a normal to S at (x, y, z) is VF = F\i + F\j + F k. Then

VF-K =IVFlkicosy or F, =,/F’ +EV2 + F? cosy
'FXZ +I7)}2 +P;2

IF.|

In case the equation is z = f(x, y), we can write F(x, y) = 0, from which F, =z, F, -z, F,=1and we

find Isecyl=1+z + zj.

10.17.  Evaluate 'UU (x,y,2)dS, where S is the surface of the paraboloid z = 2 — (x* + y*) above the xy plane
s

from which Isecyl= as required. as required.

and U(x, y, ) is equal to (a) 1, (b) x*> + )%, y?, and (c) 3z. Give a physical interpretation in each case. (See
Figure 10.14.)

The required integral is equal to z

HU(x,y,z) l+zf +z§dx dy. (1)

%
where R is the projection of S on the xy plane given
by x> +y?=2,7=0.

Since z, = -2x, z, = -2y, (1) can be written

HU(x, V21 + 4x% + 4y2 dx dy 2)

R

(a) IfU(x,y,z) =1, (2) becomes ) dx dy

_Uw/l+4x2 +4y>dx dy x
R

Figure 10.14
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10.18.

To evaluate this, transform to polar coordinates (p, ¢). Then the integral becomes

m V2 2 o 1 23372
j¢=0jp=0,/1 +4p> pdp d _j¢=oE(1 +4p?)
Physically, this could represent the surface area of S or the mass of S assuming unit density.

(b) IfU(X,y,z)=x2+y2, (2) becomes H(xz +y° NI+ 4x* +4y*dx dy or, in polar coordinates,
%

n 2 —
J¢20 pjop3 1+4p° dpd¢=%

NA
13m
dp =——
¢ 3

p=0

where the integration with respect to p is accomplished by the substitution /1+4p* = u.

Physically, this could represent the moment of inertia of S about the z axis assuming unit density, or the
mass of S assuming a density = x* + y*.
(c) IfU(x,y, z) =3z, (2) becomes

H3th +4x7 + 4y’ dx dy = jj3{2—(x2 + Y)W +4x% + 4y dx dy
R

%
or, in polar coordinates,

= 111
j¢=0jp=03p(2—p2)mdp dd 1

10
Physically, this could represent the mass of S assuming a density = 3z, or three times the first moment of
S about the xy plane.

Find the surface area of a hemisphere of radius a cut off by a cylinder having this radius as diameter.

Equations for the hemisphere and cylinder (see Figure 10.15) are given, respectively, by x> + y* + z* = a*

(orz \Ja* —x* —y*) and (x— al2)* +y* = a4 (or x* +* = ax).

Since

and z, =

zZ, = - )
" laz_xz_yz /az_xz_yz

we have
Required surface area = 2.”‘1 N+22 + z§ dx dy = 2”% dx dy
% R AJa —X =y

Two methods of evaluation are possible.

Figure 10.15
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Method 1:  Using polar coordinates.
Since x* + y* = ax in polar coordinates is p = a cos 0, the integral becomes

J-n/ZJ-acoscp pdpd(]) ZaJ. _\/f

n/2
=24° jo (1 -sind)dd = (1t - 2)a*

au)>¢

Method 2: The integral is equal to

ax — x?

a ax—x? a _ a . y
2J‘x=0 J‘y:O 'aZ _ x2 _ y2 dx dy - 2a-[r=0 s ax — x2 dx
y=0

Letting x = a tan? 0, this integral becomes

4a* rMG tan 0 sec’ 0d0 = 4a* l9 tan” @ [7"* — ljm tan” 040
0 2 O 2l
2 2 /4 /4 2
=2a {Gtan 01 — [ (sec” - 1)d9}

=24 {71:/4 — (tan — 0) 7" }: (- 2)a’

Note that these integrals are actually improper and should be treated by appropriate limiting procedures
(see Problem 5.74 and Chapter 12).

10.19. Find the centroid of the surface in Problem 10.17.

szs ﬂzm dx dy
By symmetry, ¥=y=0 and Z= szs .Umd“ly

The numerator and denominator can be obtained from the results of Problems 10.17(c) and 10.17(a),

37m/10 _ 111
13n/3 130"

respectively, and we thus have 7 =

10.20. Evalute [J <A -ndS, where A = xyi — x%j + (x + 2)k, S is that portion of the plane 2x + 2y + z = 6 included in
the first octant, and n is a unit normal to S. (See Figure 10.16.)

Anormalto S is V(2x+2y+z—6)=2i+2j+k, and so
2i+2j+k  2i+2j+k z

V2P 42241 3

Then
={xyi—x2j+(x+z)k}~[#j
C2xy—2x" +(x+2)

3
_2)cy—2)c2 +(x+6-2x-2y)
3
_2xy—2x2 -x—-2y+6
3

Figure 10.16



@— CHAPTER 10 Line Integrals, Surface Integrals, and Integral Theorems

The required surface integral is, therefore,

h2 % — oy —
J~J- 2xy=2x"—x-2y+6 dSzH 2xy—=2x"—x-2y+6 1+zf+z§dxdy
s 3 xR 3
f— 2_ f—
=J‘J-(2xy 2 2y+6}/mdxdy

%
,[3 F_J(ny —2x" —x =2y +6)dy dx
x y=

=0

Cdx=27/4

3
0

3
= (0 =20y —xy =y +6y)

10.21. In dealing with surface integrals we have restricted ourselves to surface which are two-sided. Give an
example of a surface which is not two-sided.

A C

B

Figure 10.17

Take a strip of paper such as ABCD, as shown in Figure 10.17. Twist the strip so that points A and B fall
on D and C, respectively, as in the figure. If n is the positive normal at point P of the surface, we find that as
n moves around the surface, it reverses its original direction when it reaches P again. If we tried to color only
one side of the surface, we would find the whole thing colored. This surface, called a Mobius strip, is an
example of a one-sided surface. This is sometimes called a nonorientable surface. A two-sided surface is
orientable.

The divergence theorem

10.22.  Prove the divergence theorem. (See Figure 10.18.)

z 1 Szrz=fz(-¥,}’]

Figure 10.18

Let S be a closed surface which is such that any line parallel to the coordinate axes cuts S in, at most, two
points. Assume the equations of the lower and upper portions S, and S, to be z =f,(x, ¥) and z = f,(x, y) respec-
tively. Denote the projection of the surface on the xy plane by R. Consider
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Sy = [ e = ] 17 S

=IJA3(x,y, " dydx=[[[A,Cey, £,)= Ay (v, ) dy dx
R X
For the upper portion S,, dy dx = cos 7, dS, = k - n, dS, since the normal n, to S, makes an acute angle vy,
with k.
For the lower portion S, dy dx =—cos ¥, dS, = -k - n, dS, since the normal n, to S, makes an obtuse angle
v; with k.
Then
[J Ay, £) dy dx = [[Ak - m, dS,
X s,
[[ Ay, £)dy dx==[[ Ak -, ds,
% s,
and
J.J.AS(x,y, f,) dy dx — jjAS(x,y,fl) dy dx = HA3k -n,dS, + HA3k -n,dSs,
R R S, N
=[[Ak-nds
N
so that
m A av = J-J.A3k~ndS )
N
Similarly, by projecting S on the other coordinate planes,
0A
m LdV = j_[ Aii-ndS 2)
S
0A .
”‘J'_z dv = H Asj-ndS 3)
v oy s

Adding Equations (1), (2), and (3),

m(aA %4, a; JdV 'U(A,1+A2_]+Ak)ndS

or

j!jv.AdvzjsjA-ndS

The theorem can be extended to surfaces which are such that lines parallel to the coordinate axes meet
them in more than two points. To establish this extension, subdivide the region bounded by S into subregions
whose surfaces do satisfy this condition. The procedure is analogous to that used in Green’s theorem for the
plane.

10.23.  Verify the divergence theorem for A = (2x — 2)i + x?yj — xz’k taken over the region bounded by x=0,x=1,y
=0,y=1,z=0,z=1.

We first evaluate 'UA -ndS, where S is the surface of the cube in Figure 10.19.

Face DEFG: mn=i,x=1.Then
1 1 0 . .
jj A-ndszjojo{(z—z)1+J—z2k}.1 dy dz

DEFG

=M01(2—z) dy dz =312
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Face ABCO: n=-i,x=0. Then
1 pl . .
[[ Anas=] | (zi)-(-i) dydz

ABCO
1 pl
=j0jozdydz=1/2
Face ABEF: mn=j,y=1.Then
e . 2. ) . i _
” A~ndS—j0J0{(2—z)1+xJ—xz k}-dedz—jo_[ox dx dz=1/3

ABEF
Face OGDC: n=-j,y=0.Then
[[ Anas=] [ (@x-2i-xk)-(~j) drdz =0
0J0

0OGDC

3]

; E 4
¢
/ F
X
Figure 10.19

Face BCDE: n=Kk,z=1.Then
[[ Amas=] [ (@x-Di+xyj-xk} kdedy=] [ -xdcdy-1/2
0J0 y 0Jo y

BCDE

Face AFGO: n=-Kk,z=0.Then
1 el . .
jj A-ndS= jojo {2xi — x%yj} - (-K) dx dy =0

AFGO

Adding,”A-ndS=§+l+l+0—l+0=£. Since
. 2 2 3 2 6

IJJV'Advzﬁm(;(“xz —2xz)dxdydz=%

the divergence theorem is verified in this case.

10.24. Evaluate _UA -n ds, where S is a closed surface.
s

By the divergence theorem,

.[Sj‘r-ndS:_mVrdV

M[—l +—_] +ik] (xi + yj+ zK)dV

_m[ —y° k]dV 3mczv 1%

where V is the volume enclosed by S.
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10.25. Evaluate ” xz°dy dz +(x*y — 22)dz dx + (2xy + y*z)dx dy, where S is the entire surface of the
N
hemispherical region bounded by z =+/a> — x> —y* and z =0 (a) by the divergence theorem (Green’s
theorem in space) and (b) directly.

(a) Since dy dz = dS cos o, dz dx = dS dS cos B, and dx dy = dS cos v, the integral can be written

J.J.{xz2 cos 0L+ (x*y — z°)cos B + (2xy + y’z)cos y}dS = HA-n ds
N N

where A = xz%i + (x%y — 2°) j + (2xy + y*2)k and n = cos ai + cos Bj + cos Yk, the outward drawn unit normal.
Then, by the divergence theorem the integral equals

V-AdV = i(xzz)+i()c2y—z3)+i(2xy+yzz) V= ||[(x*+y*+2%)dVv
v Vv ox ay 0z v

where V is the region bounded by the hemisphere and the xy plane.
By use of spherical coordinates, as in Problem 9.19, this integral is equal to

[T e sinG dr do do =

9=0 Jo=0

2na’

(b) IfS, is the convex surface of the hemispherical region and S, is the base (z = 0), then

_U xz* dy dz = ji_a Jﬁ)j zzmdz dy —Jva:_u ji‘gj —zzm dz dx
5 , y=—adz
H(xzy—z3) dy dx = f::_ajf{x2\/a2 -y =" =72} dzdx
Sy
- J.:a J‘ifj (~x*Na’ —x*-7" -7’} dz dx

[Jexy-ynavay=]" Fﬁ{zxw Y'ya* =y’ =2’} dy dx
Sy

[[xdyaz=0,  [[(y-2")dzdx=0,
S, S,

_Xz

[Jexy-y 2y dvdy = [[{2xy-y O} dxdy=]" )? 2xy dy dx =0
S

S,

By addition of the preceding, we obtain

4Jowo—y dat -y -7 de dy”ﬁJiisz\/m dz dx
+4J‘::0J‘Ty2\/mdydx

Since by symmetry all these integrals are equal, the result, on using polar coordinates, is

lzjiojﬁjyz‘/m dy dx = IZJ::SJ::()PZ sin” ol —p7 pdp dp =25

5

Stokes’s theorem

10.26.  Prove Stokes’s theorem.

Let S be a surface which is such that its projections on the xy, yz, and xz planes are are regions bounded
by simple closed curves, as indicated in Figure 10.20. Assume S to have representation z = f(x, y) or x =
g(y, z) or y = h(x, z), where f, g, and h are single-valued, continuous, and differentiable functions. We must
show that
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(VxA)-ndS= [[[Vx(Ai+ A,j+Ak)]-ndS
i i

=j A-dr
c

where C is the boundary of S.

Consider first jj[Vx (Aj)]-nds.
N
i j k
Since VX (AjQ) = i i i % —% ,
dy dz| 0z dy
A 0

1

Figure 10.20
. 0A, . OA
[VX(AD]'ndS=| —n-j——n-k |dS (1
0z dy
If z=f(x, y) is taken as the equation of S, then the position vector to any point of Sis r =xi + yj + zk = xi +
or ) 9
vj +f(x, y)k sothat — =j +—Z k=j+ i k. But — is a vector tangent to S and thus perpendicular to n,
y dy dy y
so that
0 e, d
nZon J+—Zn‘k—0 or --=
dy dy

Substitute in Equation (1) to obtain

(%n-j—%n.kjds{af‘l % g A
0z 0

—_— —n-k |dS
y 0z dy dy ]
or
. 0A, 0A, d
[Vx(All)]ondSz—(a—zl+a—y'a—ijn~kd5 )
Nowon S, A, (x,y,2)=A, [x y,f(x, y)] = F(x, y); hence, %_’_%a_z = B_F and Equation (2) becomes
dy 0z dy 9y

[Vx(Ali)]~ndS=—a—Fn- dez—a—Fdx dy
dy y
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10.27.

Then
. oF
H[V X (AD)]-ndS = H - Zdx dy
s % dy
where R is the projection of S on the xy plane. By Green’s theorem for the plane, the last integral equals
fﬁr F dx where T is the boundary of R. Since at each point (x, y) of I" the value of F is the same as the value

of A, at each point (x, y, z) of C, and since dx is the same for both curves, we must have

f Fdc={ A dx

or

[JIvxap1-nds= A dx
N

Similarly, by projections on the other coordinate planes,

[Sj[Vx(Azj)]»n as= | A, dy, '[J[VX(A3k)]~ndS= f.As de

Thus, by addition,
jsj(VxA)-nds=§cA- dr

The theorem is also valid for surfaces S which may not satisfy these imposed restrictions. Assume that S

can be subdivided into surfaces S, S, . . . S; with boundaries C,, C,, . . ., C;, which do satisfy the restrictions.
Then Stokes’s theorem holds for each such surface. Adding these surface integrals, the total surface integral
over S is obtained. Adding the corresponding line integrals over C,, C, . . ., C,, the line integral over C is ob-
tained.

Verify Stokes’s theorem for A = 3y i — xzj + yz’k, where S is the surface of the paraboloid 2z = x* + y?
bounded by z =2 and C is its boundary. See Figure 10.21.

The boundary C of S is a circle with equations x> + y* = 4, z = 2 and parametric equations x =2 cos t, y =
2sint, z=2, where 0 < f<2x. Then

—

Figure 10.21

ff) A-dr= Ef; 3ydx—xzdy+yz’dz
C C
= J'ZO 3(2sint)(—2sint)dt — (2 cos t)(2)(2cos t)dt

_ j:"(lz sin’ 7 + 8 cos’ 1)dt = 207
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Also,
i j k
0 0 0
VxA=— — —|=("+x)i-(z+3)k
ox dy 0z (@ +0i=(z+3)
3y —xz yz
and
_V(x2+y2—21)_ xi+yj—k
IV(x* +y* - 22)l \/xz +y +1 .
Then

H(VxA)-ndS:H(V-A)-nﬁzH(xzz +xX>+z+3)dxed
N x* x*

(¢

In polar coordinates this becomes

yz 2 x2+y2
j+x2+ 3 +3dx dy

m o2 4 2 2 2
L, Oj A(pcoso)(p'/2)+p*cos’ o +p?/2+3)pdpdp =20m
—0Jp=
Prove that a necessary and sufficient condition that &CA -dr = 0 for every closed curve Cis that Vx A =0
identically.

Sufficiency. Suppose V x A = 0. Then, by Stokes’s theorem,
§§CA.dr= L[(VxA)ndS: 0

Necessity. Suppose ﬁ:A -dr =0 around every closed path C, and assume V x A # 0 at some point P. Then,

assuming V X A is continuous, there will be a region with P as an interior point, where V x A # 0. Let S be a
surface contained in this region whose normal n at each point has the same direction as V x A; i.e., Vx A =
on where o is a positive constant. Let C be the boundary of S. Then, by Stokes’s theorem,

3£CA-dr= ”(VxA)~ndS=ocHn-ndS>O

which contradicts the hypothesis that § A -dr =0 and shows that V x A = 0.

It follows that V x A = 0 is also a necessary and sufficient condition for a line integral A dr tobe
independent of the path joining points P, and P,. A

Prove that a necessary and sufficient condition that V x A = 0 is that A = V¢.
Sufficiency. If A =V, then Vx A =V x V¢ =0 by Problem 7.80.
Necessity. If V x A =0, then by Problem 10.28, §CA~dr = 0 around every closed path and J.: A-dr is
independent of the path joining two points which we take as (a, b, ¢) and (x, y, 7). Let us define
ox.y2)=[ """ A _j Adx+Ady+Adz

Then
(x+Ax,y,2)
O+ Any.2)=0(x )= [ Adr+ Aydy + Adz
Since the last integral is independent of the path joining (x, y, z) and (x + A x, y, 7), we can choose the path
to be a straight line joining these points so that dy and dz are zero. Then

O (x+Ax,y,2)-0(x,y,2) _ LJ‘()HAX,)’,Z)
Ax Ax ¥

Adx=A(x+06Ax,y,z) 0<6 <1

X,y.2)
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where we have applied the law of the mean for integrals.
Taking the limit of both sides as Ax — 0 gives d¢p/dx =
Similarly, we can show that 00/dy = A,, d¢/dz = A,. Thus,

9, 3¢ 99
A=Ai+Aj+Ak= k=V
2 e ay e 9.
10.30.  (a) Prove that a necessary and sufficient condition that A, dx + A, dy + A; dz = d¢, an exact differential, is
that V x A = 0 where A = A,i + A,j + A;Kk. (b) Show that in such case,

(x2.32:22)

(X3,¥2,22)
[ Adx+ Aydy + Adz=[ 7 dD =0(x,055.2) 00032,

Xps)1521) (xy1521)

(a) Necessity. If Adx+ Ady+ A dz=dd = Bq) ?;b dy+ aq) dz, then
X

y

3—2=A1 (D
9

oA 2
dy

0

DA 3
0z } ®

Then, by differentiating, and assuming continuity of the partial derivatives, we have
A, 9A, 0A, 0A, A, 0A,
oy ox 9y o ox
which is precisely the condition V x A = 0.

Another method: If A, dx + A, dy + A dz = d, then

A=A1i+A2j+A3k_a—¢1+a—¢ +a—¢k V.
ox dy" oz

from whichVx A=V xVd=0.
Sufficiency. If V x A =0, then by Problem 10.29, A = V¢ and

Adx+Ady+Adz—Adr—Vq)d—g¢dx+a¢ aq)d =do

(b) From (a),
o(x,y,2) = j:x’:’z: Adx + Aydy + Adz

Then, omitting the integrand A, dx + A, dy + A; dz, we have

(X3.¥2:22) (X2.2:22) (xpya)
_[( v . [( Z‘P(xp)’z»zz)"_ p(x;,1521)

X1)1:21) ab.c)

10.31.  (a) Prove that F = (2xz> + 6y)i + (6x — 2yz)j + (3x*z> — y?) k is a conservative force field. (b) Evaluate -[c | O
dr where C is any path from (1, -1, 1) to (2, 1, —1). (c) Give a physical interpretation of the results.

(a) A force field F is conservative if the line integral .[C F - dr is independent of the path C joining any two

points. A necessary and sufficient condition that F be conservative is that V x F = 0.

i j k
Since here VXF = i i E =0, F isconservative
ox dy oz

2x7° +6y 6x—2yz 3x'7° -y’
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(b) Method 1: By Problem 10.30, F - dr = (2x2* + 6y)dx + (6x — 2yz)dy + (3x°z> — y*)dz is an exact differ-
ential d¢, where ¢ is such that

—i =2x7’ +6y 1

g—q): 6x—2yz 2)
y

a—q) =3x’z" -y’ 3)
0z

From these we obtain, respectively,

0 =x2" + 6xy + £, 2)
O = 6xy — ¥’z + fy(x, 2)

O =1y —yz+f;(x,y)

These are consistent if f,(y, z) = — ¥’z + ¢, fo(x, 2) = x°2> + ¢, and f; (x, y) = 6xy + ¢, in which case ¢ = x’z°
+ 6xy — ¥’z + ¢. Thus, by Problem 10.30,

(2.1,-1
J-( )13-(Jlr=J6213+6xy—yzz+cl(21 =15

L-L1) (1,-1,1)
Alternatively, we may notice by inspection that
F - dr = (2x2° dx + 3x%2% d2) + (6y dx + 6x dy) — 2yz dy + ¥* d?)
= d(x’z7%) + d(6xy) — d(y’z) = d(x’z> + 6xy — y’z + ¢) from which ¢ is determined.
Method 2: Since the integral is independent of the path, we can choose any path to evaluate it; in particular,

we can choose the path consisting of straight lines from (1, -1, 1) to (2, -1, 1), then to (2, 1, 1) and then to
(2, 1, -1). The result is

2 1 -1
j _(2x—6)dx +f,,1(12 —2y)dy +j (122 —Ddz =15
where the first integral is obtained from the line integral by placing y = -1, z = 1, dy = 0, dz = 0; the second
integral, by placing x =2, z =1, dx =0, dz = 0; and the third integral, by placingx=2,y=1,dx =0, dy =0.

(c) Physically, fc F - dr represents the work done in moving an object from (1, -1, 1) to (2, 1, —1) along C. In
a conservative force field, the work done is independent of the path C joining these points.

Miscellaneous problems

10.32.  (a) If x=f(u, V), y = g(u, V) defines a transformation which maps a region R of the xy plane into a region R’
of the uv plane, prove that

a(x y)

[Javar=[150

(b) Interpret geometrically the result in (a).

(a) If C (assumed to be a simple closed curve) is the boundary of R, then by Problem 10.8,
1
dedy:—ixdy—ydx @)
% 2 ¢

Under the given transformation, the integral on the right of Equation (1) becomes

LI S [ LOPCL A B ) P 1], UKL PO (U NNCE S P 2)
27¢ | du oV au Jv 2J¢ du T du Juv "~ dv
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10.33.

where C’ is the mapping of C in the uv plane (we suppose the mapping to be such that C’ is a simple closed
curve also).
By Green’s theorem, if R’ is the region in the uv plane bounded by C’, the right side of Equation (2)

equals
” JUCAISNCE 3 IR GCRNLCE DP
Ju 81) al) Jul du " du

o[ Fresy

where we have inserted absolute value signs so as to ensure that the result is nonnegative, as is I Jm dx dy.
In general, we can show (see Problem 10.83) that

ox dy dx dy d

%l0udv  dv du

J(x, DN 4
J(u, 1))

ij(x y) dx dy = ij{f(u v), gV H

(b) de dy and jj'

ordmates, the second in curvﬂinear coordinates. See Page 225, and the introduction of the differential
element of surface area for an alternative to (a).

3

a(x, y)‘

a(x y)

du dv represent the area of region R, the first expressed in rectangular co-

+
Let F= M (a) Calculate V x F. (b) Evaluate §F dr around any closed path and explain the results.
x + y
i j k
VXF = i 3 i =0 in any region excluding (0,0)
—y X
0
x2 + y2 x2 +y2

dx
(b) §F -dr = §%y2dy Let x = p cos 0, y = p sin ¢, where (p, 0) are polar coordinates. Then

dx =—psin®dd + dp cosd, dy=pcosddd +dpsind

and so
Mqu):d(aretanz)
X +y X

For a closed curve ABCDA [see Figure 10.22 (a)] surrounding the origin, ¢ = 0 at A and ¢ = 2r after a
complete circuit back to A. In this case the line integral equals [*%, d¢ = 2.

]

3

S=H
=S

0 *
? 5
D Po R N
[8)

(ar) (b)

Figure 10.22
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For a closed curve PORSP [see Figure 10.22(b)] not surrounding the origin, ¢ = ¢, at P and ¢ = ¢, after

0
a complete circuit back to P. In this case the line integral equals J ’ dd =0.
%

Since F = Pi + Qj, V x F = 0 is equivalent to dP/dy = 0Q/dx, the results would seem to contradict those

L. . . - X
of Problem 10.11. However, no contradiction exists, since P = 2—y2 and Q = - do not have con-
x“+y x“+y

tinuous derivatives throughout any region including (0, 0), and this was assumed in Problem 10.11.
10.34.  If div A denotes the divergence of a vector field A at a point P, show that
[[Anas

divA = lim
AV—0 AV

where AV is the volume enclosed by the surface AS and the limit is obtained by shrinking AV to the point P.
By the divergence theorem,

[[JdivAav=[[A-nas
AV AS
By the mean value theorem for integrals, the left side can be written
divA|[[av=divAav
AV

where div A is some value intermediate between the maximum and minimum of div A throughout AV. Then

[[A nds
divA=4—+7
AV
Taking the limit as AV — 0 such that P is always interior to AV, div A approaches the value div A at point
P: hence,
[[A-nas
div A = lim &
AV—0 AV

This result can be taken as a starting point for defining the divergence of A, and from it all the properties
may be derived, including proof of the divergence theorem. We can also use this to extend the concept of di-
vergence to coordinate systems other than rectangular (see Page 170).

Physically, {J:UA ndS J/ AV represents the flux or net outflow per unit volume of the vector A from
AS

the surface AS. If div A is positive in the neighborhood of a point P, it means that the outflow from P is posi-
tive, and we call P a source. Similarly, if div A is negative in the neighborhood of P, the outflow is really an
inflow, and P is called a sink. If in a region there are no sources or sinks, then div A =0, and we call A a sole-
noidal vector field.

SUPPLEMENTARY PROBLEMS

Line Integrals

“2)
10.35. Evaluate J(l ) (x+y)dx+(y—x)dy along (a) the parabola y* = x, (b) a straight line, (c) straight lines from

(1, 1) to (1, 2) and then to (4, 2), and (d) the curve x =2 +t+ 1,y =1 + 1.
Ans. (a) 34/3 (b) 11 (¢) 14 (d) 32/3
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10.36.

10.37.

10.38.

10.39.

10.40.

10.41.

Evaluate ﬂ;(Zx —y+4)dx+(5y +3x — 6)dy around a triangle in the xy plane with vertices at (0, 0), (3, 0),
(3, 2) traversed in a counterclockwise direction.

Ans. 12

Evaluate the line integral in Problem 10.36 around a circle of radius 4 with center at (0, 0).

Ans. 647

(a) If F = (x* — y)i + 2xyj, evaluate JC F - dr along the curve C in the xy plane given by y = x* — x from
the point (1, 0) to (2, 2). (b) Interpret physically the result obtained.
Ans. (a) 124/15

Evaluate Jc (2x + y)ds, where C is the curve in the xy plane given by x* + y* = 25 and s is the are length

parameter, from the point (3, 4) to (4, 3) along the shortest path.
Ans. 15

If F = 3x - 2y)i + (y + 22)j — x’k, evaluate .[CF - dr from (0, 0, 0) to (1, 1, 1), where C is a path consisting
of (a) the curve x =,y = %, z = £, (b) a straight line joining these points, (c) the straight lines from (0, 0, 0)
to (0, 1, 0), then to (0, 1, 1) and then to (1, 1, 1), and (d) the curve x = 2%, z = y*.

Ans. (a) 23/15 (b) 5/3 (c) 0 (d) 13/15
If T is the unit tangent vector to a curve C (plane or space curve) and F is a given force field, prove that

under appropriate conditions jc F-dr= jc F - T ds, where s is the arc length parameter. Interpret the result

physically and geometrically.

Green’s theorem in the plane, independence of the path

10.42.

10.43.

10.44.

10.45.

10.46.

10.47.

Verify Green’s theorem in the plane for jgc (x* = xy*)dx +(y* = 2xy)dy, where C is a square with vertices
at (0, 0), (2, 0), (2, 2), (0, 2) and counterclockwise orientation.

Ans. Common value = 8
Evaluate the line integrals of (a) Problem 10.36 and (b) Problem 10.37 by Green’s theorem.

(a) Let C be any simple closed curve bounding a region having area A. Prove that if a,, a,, as, b, b,, by are
constants, fi;c (a,x + a,y + a,)dx +(bx + b,y + b,)dy = (b, — a,)A (b)Under what conditions will the line
integral around any path C be zero?

Ans. (b) a, = b,

23 _

Find the area bounded by the hypocycloid x** + y** = ¢**. (Hint: Parametric equations are x = a cos’ ¢,

y=asin’t,0 < t < 2m.)

Ans. 3na*/8
. 1 ¢, .
If x = p cos ¢, y = p sin ¢, prove that 5 §x dy—ydx= E'[ p~dd and interpret.

Verify Green’s theorem in the plane for Ei;C(x3 — x> y)dx + xy’dy, where C is the boundary of the region

enclosed by the circles x* + y> = 4 and x> + y* = 16.

Ans. Common value = 1201



10.48.

10.49.

10.50.

10.51.
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@
(a) Prove that -[<l 0 2xy - y4 +3) dx+(x* - 4xy3)dy is independent of the path joining (1, 0) and (2, 1).
(b) Evaluate the integral in (a).

Ans. (b) 5

Evaluate '[C (2xy’ — y* cosx) dx+(1 =2y sin x + 3x”y*)dy along the parabola 2x = my? from (0, 0) to
(m/2, 1).
Ans. T4

Evaluate the line integral in Problem 10.49 around a parallelogram with vertices at (0, 0), (3, 0), (5, 2), (2, 2).
Ans. 0

(a) Prove that G = (2x% + xy — 2y%) dx + (3x% + 2xy) dy is not an exact differential. (b) Prove that ¢’ G/x is an exact
differential of ¢ and find ¢. (c) Find a solution of the differential equation (2x% + xy — 2y%) dx + (3x* + 2xy) dy = 0.

Ans. (b) ¢ = e (o + 2xy) + ¢ () x> + 2xy + ce™ =0

Surface integrals

10.52.

10.53.

10.54.

10.55.

10.56.

10.57.

10.58.

(a) Evaluate 'U (x> +y%) dS, where S is the surface of the cone z% = 3(x* + y?) bounded by z = 0 and z = 3.
N
(b) Interpret physically the result in (a).
Ans. (a) 9

Determine the surface area of the plane 2x + y + 2z=16 cut off by (a) x=0,y=0,x=2,y=3 and
(b)x=0,y=0, and x> + y* = 64.

Ans. (a) 9 (b) 241

Find the surface area of the paraboloid 2z = x> + y*> which is outside the cone z = qlxz + 2.
2
Ans. ETI: (5\/5 -1

Find the area of the surface of the cone z2 = 3(x* + y?) cut out by the paraboloid z = x> + y y*.

Ans. 6T

Find the surface area of the region common to the intersecting cylinders x* + y*> = a* and x> + z* = a*.

Ans. 164>

(a) Obtain the surface area of the sphere x* + y? + z2 = @* contained within the cone z tan oL = Jx©+ y2 ,
0 < o< m/2. (b) Use the result in (a) to find the surface area of a hemisphere. (c) Explain why formally
placing o = 7 in the result of (a) yields the total surface area of a sphere.

Ans. (a) 2ra*(1 — cos @) (b) 2ma? (consider the limit as o — 7/2)

Determine the moment of inertia of the surface of a sphere of radius a about a point on the surface. Assume
a constant density ©.

Ans. 2Ma?, where mass M = 4na®> G
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10.59.  (a) Find the centroid of the surface of the sphere x* + y* + z* = a® contained within the cone z tan
o= \/xz + yz, 0 < o< m/2. (b) From the result in (a) obtain the centroid of the surface of a hemisphere.
Ans. (a) 1/2a(1 + cos o) (b) a/2

The divergence theorem

10.60.  Verify the divergence theorem for A = (2xy + 2)i + y*j — (x + 3y)k taken over the region bounded by 2x + 2y
+7z=6,x=0,y=0,z=0.

Ans. common value = 27

10.61.  Evaluate HF -n dS. where F = (22 - x)i — xyj + 3zk and S is the surface of the region bounded by z = 4 —y?,
N

x =0, x =3 and the xy plane.
Ans. 16

10.62. Evaluate ” A-n dS. where A = (2x + 32)i — (xz + y)j + (* + 22)k and S is the surface of the sphere having
N

center at (3, —1, 2) and radius 3.

Ans. 1081

10.63. Determine the value of Hx dy dz + y dz dx + 7 dx dy, where S is the surface of the region bounded by the
N

cylinder x* + y* = 9 and the planes z = 0 and z = 3, (a) by using the divergence theorem and (b) directly.

Ans. 817

10.64. Evaluate H 4xz dy dz — y*dz dx + yz dx dy, where S is the surface of the cube bounded by x =0, y = 0,
N

z=0,x=1,y=1,z=1, (a) directly and (b) By Green’s theorem in space (divergence theorem).

Ans. 3/2

10.65. Prove that ” (VX A) - n dS for any closed surface S.
s

10.66.  Prove that H n dS = 0. where n is the outward drawn normal to any closed surface S. (Hint: Let A = Oc,
N

where ¢ is an arbitrary vector constant.) Express the divergence theorem in this special case. Use the
arbitrary property of c.

10.67. If n is the unit outward drawn normal to any closed surface S bounding the region V, prove that

jj divndv =S5
1

Stokes’s theorem

10.68.  Verify Stokes’s theorem for A = 2yi + 3xj — z’k, where S is the upper half surface of the sphere x> + y* + 7% =
9 and C is its boundary.

Ans. Common value = 91



10.69.

10.70.

10.71.

10.72.

10.73.

10.74.

10.75.

10.76.

CHAPTER 10 Line Integrals, Surface Integrals, and Integral Theorems

Verify Stokes’s theorem for A = (y + z)i — xzj + y°k, where S is the surface of the region in the first octant
bounded by 2x + z = 6 and y = 2 which is not included in the (a) xy plane, (b) plane y = 2, and (c) plane 2x +
z=6and C is the corresponding boundary.

Ans. The common value is (a) -6, (b) -9, and (c) —18.

Evaluate ” (Vx A) -ndS. where A = (x — 2)i + (x> + yz)j — 3xy°k and S is the surface of the cone
N

z=2- \Ixz + y2 above the xy plane.

Ans. 12w

If Vis a region bounded by a closed surface S and B =V x A, prove that J.J.B -ndS=0
S

(a) Prove that F = (2xy + 3)i + (x> — 4z)j — 4yK is a conservative force field. (b) Find ¢ such that F = V.
(¢) Evaluate J-CF - dr, where C is any path from (3, -1, 2) to (2, 1, -1).

Ans. (b) ¢ = x%y — 4yz + 3x + constant (c) 6

Let C be any path joining any point on the sphere x* + y* + z* = a* to any point on the sphere x* + y* + z* =

b%. Show that if F = 5/°r, where r = xi + yj + zK, then LF sdr=b - a.

In Problem 10.73 evaluate JCF -dr is F = f(r)r, where f(r) is assumed to be continuous.

Ans. Lb r f(r)dr

Determine whether there is a function ¢ such that F = V¢, where (a) F = (xz — y)i + (x%y + z°)j + (3xz* — xy)
k, and (b) F = 2xe™i + (cos z — x> &¥)j — y sin zk. If so, find it.

Ans. (a) ¢ does not exist (b) ¢ = x’¢™ + y cos z + constant

Solve the differential equation (z* — 4xy) dx + (6y — 2x%) dy + 3xz> + 1) dz = 0.

Ans. x7° — 2x%y + 3y* + 7 = constant

Miscellaneous problems

10.77.

10.78.

10.79.

oUu oU

Prove that a necessary and sufficient condition that f‘;c a—dy —a—dx be zero around every simple closed
x y

path C in a region R (where U is continuous and has continuous partial derivatives of order two, at least) is

’U 9°U
+ =

that
ox* oy’

Verify Green’s theorem for a multiply connected region containing two “holes” (see Problem 10.10).

If P dx + Q dy is not an exact differential but L(P dx + Q dy) is an exact differential where L is some
function of x and y, then W is called an integrating factor. (a) Prove that if F and G are functions of x alone
then (Fy + G) dx + dy has an integrating factor L which is a function of x alone, and find 1. What must be
assumed about F and G? (b) Use (a) to find solutions of the differential equation xy” = 2x + 3y.

Ans. (a) L= P4 (b) y = cx® — x, where ¢ is any constant
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10.80.

10.81.

10.82.

10.83.

10.84.

10.85.

10.86.

10.87.

10.88.

Find the surface area of the sphere x> + y* + (z — @)* = a* contained within the paraboloid z = x* + y*.

Ans.2ma

If f(r) is a continuously differentiable function of r = \/xz + y2 +72. prove that
“(r
[[ rermas =] SOy
s v r

Prove that HVX (On)dS = 0, where ¢ is any continuously differentiable scalar function of position and n is
a unit outwatd drawn normal to a closed surface S. (See Problem 10.66.)

Establish Equation (3). Problem 10.32, by using Green’s theorem in the plane. [Hint: Let the closed region R
in the xy plane have boundary C and suppose that under the transformation x = f(u, v), y = g(u, v), these are

transformed into R~ and C” in the uv plane, respectively.] First prove that H F(x,y)dxdy = IC O(x,y)dy
R

where dQ/dy = F(x,y). Then show that, apart from sign, this last integral is equal to

ch Ol f(u,v),g(u,0)] a—gdu + g—gdl) . Finally, use Green’s theorem to transform this into
ou
0

JJFts g S y;‘ udv.

If x =f(u, v, w), y = g(u, v, w), z = h(u, v, w) defines a transformation which maps a region R of xyz space
into a region R~ of uvw space, prove, using Stokes’s theorem, that

a b 9
H F(x,y,z)dxdydz = ” G(u,o,w) M dudvdw
5 57 d(u,0,w)
where G(u, v, w) = F[f(u, v, w), g(u, v, w), h(u, v, w)]. State sufficient conditions under which the result is
or 0 0
valid. See Problem 10.83. Alternatively, employ the differential element of volume dV = a—r a—r X a—r du dv dw
u Jv Jdw

(recall the geometric meaning).

(a) Show that, in general, the equation r = r(u, V) geometrically represents a surface. (b) Discuss the
geometric significance of u = ¢,, V = ¢,, where ¢, and ¢, are constants. (c) Prove that the element of arc
length on this surface is given by

ds®> = E du® + 2F du dv + G dv*
Jr Jdr _or ar G Jr or

where £ = —-— —

ou u’ au av v v’

(a) Referring to Problem 10.85, show that the element of surface area is given by dS= VEG—F % du dv. (b)
Deduce from (a) that the area of a surface r = r(u, v) is H VEG —F*dudv. [Hint: Use the fact that

N
i i i i or X 8_ and then use the identity (A xB) - (CxD)=(A-C)(B -D) —
du dv ou v || ou dv
(A-D)B-C)]

(a) Prove thatr =a sin u cos vi+a sinusinvj+acosu,0 < u < w0 < v < 2w represents a sphere of
radius a. (b) Use Problem 10.86 to show that the surface area of this sphere is 4ma’.

Use the result of Problem 10.34 to obtain div A in (a) cylindrical and (b) spherical coordinates.
See Page 173.



This page intentionally left blank



Infinite Series

The early developers of the calculus, including Newton and Leibniz, were well aware of the importance of
infinite series. The values of many functions such as sine and cosine were geometrically obtainable only in
special cases. Infinite series provided a way of developing extensive tables of values for them.

This chapter begins with a statement of what is meant by infinite series, then the question of when these
sums can be assigned values is addressed. Much information can be obtained by exploring infinite sums of
constant terms; however, the eventual objective in analysis is to introduce series that depend on variables.
This presents the possibility of representing functions by series. Afterward, the question of how continuity,
differentiability, and integrability play a role can be examined.

The question of dividing a line segment into infinitesimal parts has stimulated the imaginations of phi-
losophers for a very long time. In a corruption of a paradox introduced by Zeno of Elea (in the fifth century
B.C.) a dimensionless frog sits on the end of a one-dimensional log of unit length. The frog jumps halfway,
and then halfway and halfway ad infinitum. The question is whether the frog ever reaches the other end.

Mathematically, an unending sum,
1 1 1

_+_+...+_n+...
is suggested. Common sense tells us that the sum must approach 1 even though that value is never attained.

We can form sequences of partial sums
1 1 1 11 1
S==, 8 =—+—, ..., 8, =—+—+ - +—S,,,
2 2 4 2 4 2"
and then examine the limit. This returns us to Chapter 2 and the modern manner of thinking about the in-
finitesimal.

In this chapter, consideration of such sums launches us on the road to the theory of infinite series.

Definitions of Infinite Series and Their Convergence and Divergence

Definition The sum

522”11:”1+“2+"'+”n+"' (1)
n=1
is an infinite series. Its value, if one exists, is the limit of the sequence of partial sums {S,}
S=lim S, @
n—oo

If there is a unique value, the series is said to converge to that sum S. If there is not a unique sum, the
series is said to diverge.

. . . . - 1
Sometimes the character of a series is obvious. For example, the series Z—n generated by the frog on the
) n=1
log surely converges, while Z n is divergent. On the other hand, the variable series 1 —x +x* = x> +x* = +- - -
raises questions. n=1
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This series may be obtained by carrying out the division 1 ! . If -1 < x < 1, the sum S, yields an ap-

— X

proximation to and Equation (2) is the exact value. The indecision arises for x = —1. Some very great

mathematicians, including Leonhard Euler, thought that S should be equal to %, as is obtained by substitut-

ing — 1 into . The problem with this conclusion arises with examinationof | -1+ 1—-1+1-1+---and

observation that appropriate associations can produce values of 1 or 0. Imposition of the condition of unique-
ness for convergence puts this series in the category of divergent and eliminates such possibility of ambigu-
ity in other cases.

Fundamental Facts Concerning Infinite Series

1. If 2u, converges, then lim u, = 0 (see Problem 2.26). The converse, however, is not necessarily true;

n—oo

ie., if lim u, =0, Zu, may or may not converge. It follows that if the nth term of a series does not ap-

n—oo

proach zero, the series is divergent.

2. Multiplication of each term of a series by a constant different from zero does not affect the convergence
or divergence.

3. Removal (or addition) of a finite number of terms from (or to) a series does not affect the convergence
or divergence.

Special Series

1. Geometric series Zar"_1 =a+ar+ar’+ - - -, where a and r are constants, converges to
a . n=l . . . a(l—r")
S:1 1f|r|<1 and diverges if |r| > 1. The sum of the first n terms is S, :1— (see
-r = -r
Problem 2.25).
oo | I 1 . .
2. Thep series Z—p =—+4—+—+ - - - ,where p is a constant, converges for p > 1 and diverges for

Fon B LS U VA

p < 1. The series with p = 1 is called the harmonic series.

Tests for Convergence and Divergence of Series of Constants

More often than not, exact values of infinite series cannot be obtained. Thus, the search turns toward informa-
tion about the series. In particular, its convergence or divergence comes into question. The following tests
aid in discovering this information.

1.  The comparison test for series of nonnegative terms.
(a) Convergence. Letv, > 0 for all n > N and suppose that Xv, converges. Then if 0 < u, < v, for all

n > N, Zu, also converges. Note that n > N means from some term onward. Often, N = 1.

1 1 1 1
EXAMPLE. Since <— and E — converges, E
2n +1 - 2]1 2}1 2n+l

also converges.
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(b) Divergence. Letv, > 0 forall n > N and suppose that Xv, diverges. Then if u,, > v, for all n > N, Zu,
also diverges.

1 1 - 1 — 1
EXAMPLE. Since — >— and 2— diverges, 2— also diverges.

Inn n —n ~lnn

2. The limit-comparison or quotient test for series of nonnegative terms.

u
(@) Ifu, > 0andv, > 0andif lim -~ =A # 0 or o, then Zu, and Xv, either both converge or both di-
= = n—oo V)
verge. n

(b) If A=0in (a) and Xv, converges, then Xu, converges.
(c) If A=< in (a) and Xv, diverges, then Zu, diverges.

This test is related to the comparison test and is often a very useful alternative to it. In particular, taking
v, = 1 /n”, we have the following theorems from known facts about the p series.
Theorem 1 Let lim »n” u,=A. Then
n—seo

(i) Zu, conyerges if p > 1 and A is finite.
(i) Zu,divergesif p < 1 and A # 0 (A may be infinite).
2 n 1

n
EXAMPLES 1. ——— converges since lim n° -——=—
Z4n3—2 £ noe 4nP -2 4

. . . Inn
diverges since lim n? ——C -

Inn
2.
z\/n +1 nseo (n+1)"”?

3. Integral test for series of non-negative terms.
If f(x) is positive, continuous, and monotonic decreasing for x > N and is such that f(n) = u,, n =

) M
N,N+1,N+2,...,then Xu, converges or diverges according as '[ f(x)dx= Aldim '[ f(x) dx con-
N —oo Jdn

verges or diverges. In particular, we may have N = 1, as is often true in practice.

This theorem borrows from Chapter 12, since the integral has an unbounded upper limit. (It is an
improper integral. The convergence or divergence of these integrals is defined in much the same way
as for infinite series.)

- 1 . . Mdx 1 .
EXAMPLE: 2— converges since lim — = lim | 1 —— | exists.
n2 Moo dl y2 Mo M
n=1
4. Alternating series test. An alternating series is one whose successive terms are alternately positive
and negative.
An alternating series converges if the following two conditions are satisfied (see Problem 11.15).
(a) | U, | < | u, | forn > N. (Since a fixed number of terms does not affect the convergence or divergence
of a series, N may be any positive integer. Frequently it is chosen to be 1.)

(b) lim un=0(or lim |un|=0)
n—>o0 n—>oco
11 1 1 - (- ! -t 1
EXAMPLE. For the series 1——+———+——---=2L, we have u,, =L,|un|=—,
2 3 4 5 = n n n

1 . .
il Then forn > 1, u,,, | < | u, |. Also lim | u, | =0. Hence, the series converges.
n+ = = n—seo

un+1| =

Theorem 2 The numerical error made in stopping at any particular term of a convergent alternating series

which satisfies conditions (a) and (b) is less than the absolute value of the next term.
1 1 1 1
EXAMPLE. If we stop at the fourth term of the series 1 — 5 + E ~7 + g — - - -, the error made is less than
1
— =0.2.
5
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5. Absolute and conditional convergence. The series Zu, is called absolutely convergent if £ | u, | con-
verges. If Xu, converges but X | u, | diverges, then Xu, is called conditionally convergent.

Theorem 3 If 3| u, | converges, then Zu, converges. In words, an absolutely convergent series is conver-
gent (see Problem 11.17).

1 1 1 1 1
EXAMPLE1l. —+——-———+—+— — - -is absolutely convergent and thus convergent, since the
. 1 1 1
series of absolute values —- + 2—2 + 3—2 +4—2 + - - - converges.
1

1 1 1 1 1 1 1 1 1
EXAMPLE2. 1—-—+———+.-converges,but | + —+—+—+ ---diverges. Thus, | - —+———+---

2 3 4 2 3 4 2 3 4

is conditionally convergent.

Any of the tests used for series with nonnegative terms can be used to test for absolute convergence. Also,
tests that compare successive terms are common. Tests 6, 8, and 9 are of this type.

Uy 1

6. Ratio test. Let lim

n—seo

= L. Then the series Zu,

u,

(a) converges (absolutely) if L < 1.
(b) divergesif L> 1.
If L = 1 the test fails.

7. The nth root test. Let lim ,"/|un| = L. Then the series XZu,

n—oo
(a) converges (absolutely) if L <1

(b) divergesif L > 1.

If L =1 the test fails.
u, +1

n—seo

8. Raabe’s test. Let lim n[l -

J: L. Then the series Zu,

u,

(a) converges (absolutely) if L> 1.
(b) diverges or converges conditionally if L < 1.

If L =1 the test fails.
This test is often used when the ratio tests fails.

+1
n =1- £ + C—Z, where | C, | < P for all n > N the sequence c,, is bounded, then the
n n

9.  Gauss’s test. If
series 2u,,
(a) converges (absolutely) if L> 1.

u,

(b) diverges or converges conditionally if L < 1.

This test is often used when Raabe’s test fails.

Theorems on Absolutely Convergent Series

Theorem 4 (Rearrangement of terms.) The terms of an absolutely convergent series can be rearranged in any
order, and all such rearranged series will converge to the same sum. However, if the terms of a conditionally
convergent series are suitably rearranged, the resulting series may diverge or converge to any desired sum (see
Problem 11.80).

Theorem 5 (Sums, differences, and products.) The sum, difference, and product of two absolutely conver-
gent series is absolutely convergent. The operations can be performed as for finite series.
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Infinite Sequences and Series of Functions, Uniform Convergence

We opened this chapter with the thought that functions could be expressed in series form. Such representation
is illustrated by

3 3 2n-1
Sinx=x— b ey
31 5! Q2n-)!
where
x3 n i1 x2k—1
sinx=IlimS . with S, =x,8,=x——,---§ = B
nee " e 3n ,Z;( T

Observe that until this section the sequences and series depended on one element, . Now there is variation
with respect to x as well. This complexity requires the introduction of a new concept called uniform conver-
gence, which, in turn, is fundamental in exploring the continuity, differentiation, and integrability of series.

Let {u,(x)},n=1,2,3,...beasequence of functions defined in [a, b]. The sequence is said to converge to
F(x), or to have the limit F(x) in [a, b], if for each € > 0 and each x in [a, b] we can find N > O such that

u,(x) — F(x) | < e for all n > N. In such case we write lim u,(x) = F(x). The number N may depend on x as
n—yoo

well as e. If it depends only on € and not on x, the sequence is said to converge to F(x) uniformly in [a, b] or to
be uniformly convergent in [a, b].
The infinite series of functions

z{un(x)zul () +uy (x)+uz (x)+--- 3)
is said to be convergent in [a, b] if the sequence of partial sums {S,(x)},n=1, 2, 3, ..., where S,(x) = u,(x)
+ uy(x) + - - - + u,(x), is convergent in [a, b]. In such case we write lim S,(x) = S(x) and call S(x) the sum of
the series. o

It follows that Xu,(x) converges to S(x) in [a, b] if for each € > 0 and each x in [a, b] we can find N > 0
such that | S, (x) — S(x) | < eforall n > N.If N depends only on € and not on x, the series is called uniformly
convergent in [a, b].

Since S(x) — S,(x) = R,(x), the remainder after n terms, we can equivalently say that Zu,(x) is uniformly
convergent in [a, b] if for each € > 0 we can find N depending on € but not on x such that | R, (%) | < € for all
n> N and all x in [a, b].

These definitions can be modified to include other intervals besides @ < x < b, such as a < x < b, and so on.

The domain of convergence (absolute or uniform) of a series is the set of values of x for which the series
of functions converges (absolutely or uniformly).

EXAMPLE 1. Suppose u, =x"/nand - 1/2 < x < 1. Now think of the constant function F(x) = 0 on this in-

terval. For any € > 0 and any x in the interval, there is NV such that for all n > N| u, — F(x) | <€, le.,
Since the limit does not depend on x, the sequence is uniformly convergent.

xX'In | <Ee.

EXAMPLE 2. Ifu,=x"and 0 < x < 1, the sequence is not uniformly convergent because [think of the func-
tion F(x)=0,0 < x< 1, F(1) =1]

x" —0‘<£ when x" <€

thus
nlnx<lIne

On the interval 0 < x < 1, and for 0 < € < 1, both members of the inequality are negative; therefore,

Ing Inl-Ine _In(/e)

Ine . .
n>——. Since , it follows that we must choose N such that

In x lnx_lnl—lnx_ln(llx)
Inl/e
Inl/x

n>N>

. . 1 1
From this expression we see that € — 0, then In In — — 0, and also as x — 1 from the left In— — 0
€ x

from the right; thus, in either case, N must increase without bound. This dependency on both € and x dem-
onstrates that the sequence is not uniformly convergent. For a pictorial view of this example, see Figure 11.1.
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f(x)

Figure 11.1

Special Tests for Uniform Convergence of Series

1. Weierstrass M test. If a sequence of positive constants M,, M,, M5, . . . can be found such that in some
interval
@ |l <m, n=1,2,3,...

(b) =M, converges

then Zu,,(x) is uniformly and absolutely convergent in the interval.

EXAMPLE. o

converges. n=1 I

e 3

This test supplies a sufficient but not a necessary condition for uniform convergence, i.e., a series
may be uniformly convergent even when the test cannot be made to apply.

is uniformly and absolutely convergent in [0, 27t] since
n’

Because of this test, we may be led to believe that uniformly convergent series must be absolutely
convergent, and conversely. However, the two properties are independent; i.e., a series can be uniformly
convergent without being absolutely convergent, and conversely. See Problems 11.30 and 11.127.

2. Dirichlet’s test. Suppose that

(a) the sequence {a,} is a monotonic decreasing sequence of positive constants having limit zero.

(b) there exists a constant P such that fora < x < b | uy(x) + uy(x) + - - -+ u,(x) | <P, for all n > N.

Then the series a,u,(x) + a,u, (x) +- - - = Zanun(x) is uniformly convergentina < x < b.

n=1

Theorems on Uniformly Convergent Series

If an infinite series of functions is uniformly convergent, it has many of the properties possessed by sums of
finite series of functions, as indicated in the following theorems.

Theorem 6 If {u,(x)},n=1,2,3,...are continuous in [a, b] and if Zu,(x) converges uniformly to the sum
S(x) in [a, b], then S(x) is continuous in [a, b].

Briefly, this states that a uniformly convergent series of continuous functions is a continuous function.
This result is often used to demonstrate that a given series is not uniformly convergent by showing that the
sum function S(x) is discontinuous at some point (see Problem 11.30).
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In particular, if x is in [a, b], then the theorem states that

X=Xy r; un (X) ; X=X, un (x) ; un (xO)

where we use right- or left-hand limits in case x,, is an endpoint of [a, b].

Theorem 7 If {u,(x)},n=1,2,3,...are continuous in [a, b] and if Zu,(x) converges uniformly to the sum
S(x) in [a, b], then
b =, b
J S(x) dx = ZI u, (x) dx (€))
or n=l
b | & =, b
J. {2 u, (x)} dx = ZJ. u, (x) dx 5)
“ n=1 n=1 “

Briefly, a uniformly convergent series of continuous functions can be integrated term by term.

Theorem 8 If {u,(x)},n=1,2,3,...are continuous and have continuous derivatives in [a, b] and if Xu,(x)
converges to S(x) while Xu/(x) is uniformly convergent in [a, b], then in [a, ]

=)

S (x)= Y 1, (x) ©)

n=1

tip] St

n=1 n=1

or

This shows conditions under which a series can be differentiated term by term.
Theorems similar to these can be formulated for sequences. For example, if {u,(x)},n=1,2,3,...1s
uniformly convergent in [a, b], then

b b
lim | u,(x)dx=| lim u,(x)dx 8)
n—oo Ja a n—oo

which is the analog of Theorem 7.

Power Series

A series having the form
Ay +a,x + ayx* + - -~=Zanx" ©)

n=0
where a,, a,, a,, . . . are constants, is called a power series in x. It is often convenient to abbreviate the series

(9) as Za x".

In genr:aral, a power series converges for |x | < R and diverges for |x | > R, where the constant R is called
the radius of convergence of the series. For |x = R, the series may or may not converge.

The interval | by | <R or—R < x <R, with possible inclusion of endpoints, is called the interval of conver-
gence of the series. Although the ratio test is often successful in obtaining this interval, it may fail, and in
such cases, other tests may be used (see Problem 11.22).

The two special cases R = 0 and R = % can arise. In the first case the series converges only for x = 0; in
the second case it converges for all x, sometimes written —© < x < % (see Problem 11.25). When we speak of
a convergent power series, we shall assume, unless otherwise indicated, that R > 0.

Similar remarks hold for a power series of the form (9), where x is replaced by (x — a).
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Theorems on Power Series

Theorem 9 A power series converges uniformly and absolutely in any interval which lies entirely within
its interval of convergence.

Theorem 10 A power series can be differentiated or integrated term by term over any interval lying entirely
within the interval of convergence. Also, the sum of a convergent power series is continuous in any interval
lying entirely within its interval of convergence.

This follows at once from Theorem 9 and the theorem on uniformly convergent series on Pages 284 and
285. The results can be extended to include endpoints of the interval of convergence by the following theo-
rems.

Theorem 11 Abel’s theorem. When a power series converges up to and including an endpoint of its interval
of convergence, the interval of uniform convergence also extends so far as to include this endpoint. See
Problem 11.42.

Theorem 12  Abel’s limit theorem. If Z a,x" converges at x = x,, which may be an interior point or an
n=0
endpoint of the interval of convergence, then

lim z a,x" = 2{ lim anx"} = z a,x, (10)
)C—))CO n=0 n=0 X—)Xo n=0
If x, is an endpoint, we must use x — x, + or x — x, — in Equation (10) according as x, is a left- or a right-
hand endpoint.

This follows at once from Theorem 11 and Theorem 6 on the continuity of sums of uniformly convergent
series.

Operations With Power Series

In the following theorems we assume that all power series are convergent in some interval.

Theorem 13 Two power series can be added or subtracted term by term for each value of x common to
their intervals of convergence.

oo oo

Theorem 14 Two power series, for example, Z a,x" and 2 b,x", can be multiplied to obtain 2 c,x"
n=0 n=0 n=0
where

¢, =ayb, +ab,_| +ab, ,+---+a,b, (11D

the result being valid for each x within the common interval of convergence.

Theorem 15 If the power series Z a,x" is divided by the power series Zb,x" where b, # 0, the quotient
n=0
can be written as a power series which converges for sufficiently small values of x.

Theorem 16 If y= 2 a,x", then by substituting x = 2 b,y", we can obtain the coefficients b, in terms
n=0 n=0
of a,. This process is often called reversion of series.

Expansion of Functions in Power Series

This section gets at the heart of the use of infinite series in analysis. Functions are represented through them.
Certain forms bear the names of mathematicians of the eighteenth and early nineteenth centuries who did so
much to develop these ideas.
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A simple way (and one often used to gain information in mathematics) to explore series representation of
functions is to assume such a representation exists and then discover the details. Of course, whatever is found
must be confirmed in a rigorous manner. Therefore, assume

fx) =4, +Al(x—c)+A2(x—c)2 + .- +An(x—c)" + .-
Notice that the coefficients A, can be identified with derivatives of f. In particular,
Ao = 1O A = 1O Ay = @ Ay = (70,
This suggests that a series representation of f'is
FO = O+ FQx =) 2 =0 4 - o f =)

A first step in formalizing series representation of a function f, for which the first n derivatives exist, is
accomplished by introducing Taylor polynomials of the function.

PB=f©)  B)= 1)+ fO)0x—o),
Py(x) = £(0) + fO)x— )+ % P =)

P = £(0)+ f)x— )+ % £ x = o) (12)

Taylor’s Theorem

Let fand its derivatives f*, f”, . . ., f* exist and be continuous in a closed interval a < x < b and suppose that
f*+ D exists in the open interval a < x < b. Then for c in [a, b],

Jf(x) =P,(x) + R,(x)

where the remainder R,(x) may be represented in any of the three following ways.
For each n there exists & such that

R,()=—— fO*D €)(x—)"*"  (Lagrange form) (13)
(n+1)!
(& is between ¢ and x.)
(The theorem with this remainder is a mean value theorem. Also, it is called Taylor’s formula.)
For each n there exists & such that

R,()=— f") ) ~&) (x—=0)  (Cauchy form) (14)
n.

R,(x)= % Jx (x=0)" £V (1) dt (Integral form) (15)

If all the derivatives of fexist, then the following form, without remainder, may be explored:

oo

=Y - (16)

n=0

This infinite series is called a Taylor series, although when ¢ = 0, it can also be referred to as a MacLaurin
series or expansion.

‘We might be tempted to believe that if all derivatives of f(x) exist at x = ¢, the expansion shown here would be
valid. This, however, is not necessarily the case, for although one can then formally obtain the series on the right
of the expansion, the resulting series may not converge to f(x). For an example of this see Problem 11.108.
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Precise conditions under which the series converges to f(x) are best obtained by means of the theory of
functions of a complex variable. (See Chapter 16.)

The determination of values of functions at desired arguments is conveniently approached through Taylor
polynomials.

s
EXAMPLE. The value of sin x may be determined geometrically for 0O, E’ and an infinite number of other

arguments. To obtain values for other real number arguments, a Taylor series may be expanded about any of
these points. For example, let ¢ = 0 and evaluate several derivatives there; i.e., f(0) = sin 0 =0, f’(0) =cos 0 = 1,
F7(0)=-sin0=0,f”(0)=—-cos 0=—1, f*(0)=sin0=0, f'(0) =cos 0 = 1.

Thus, the MacLaurin expansion to five terms is
. 1l 3 1 s
sinx=0+x-0-—x"+0——x"+ .-
3! 5

Since the fourth term is 0, the Taylor polynomials P; and P, are equal, i.e.,
3
Py(x) = py(x) =x ——

3!
and the Lagrange remainder is
Ry(x)= % cos& x°
Suppose an approximation of the value of sin .3 is required. Then

P(3)=3- é (.3)° =.2945.

The accuracy of this approximation can be determined from examination of the remainder. In particular
(remember |cos §| <1,

|R4| = ‘% cos& (.3)°

Thus, the approximation P,(.3) for sin .3 is correct to four decimal places.
Additional insight into the process of approximation of functional values results by constructing a graph
of P,(x) and comparing it to y = sin x. (See Figure 11.2.)

Py(x)

Figure 11.2

The roots of the equation are 0, £ \/g . Examination of the first and second derivatives reveals a relative
maximum at x = ~/2 and a relative minimum at x = —/2 . The graph is a local approximation of the sin curve.
The reader can show that P¢(x) produces an even better approximation.

(For an example of series approximation of an integral, see the example that follows.)
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Some Important Power Series

The following series, convergent to the given function in the indicated intervals, are frequently employed
in practice:

3 5 7 2n—-1
. sinx - T D h —e<a<o
315 7 2n—1)!
X2 x4 x6 x2n—2
2. cosx e Y G ) L —— R S P
21 41 6! (2n-2)!
2 3 xn—l
3 e =l4+x+—+"—+- -+ 4+ o< X <00
3! (n—=1)!
2 3 4
4. Infl+ S SN S SRR e l<x<l1
2 3 4
1+ x 3 5 7 2n—1
5. l1 u S T —l<x<l
2 1-x 3 5 7 2n—1
3 5 7 2n—-1
6. tan'x T ) L S P eS|
3 5 7 2n—1 - T
7. (+x)? :1+px+—P(p'_1)x2+~-~+P(p_1)”'(p_n+l)x”+

n!

This is the binomial series.
(a) If pis a positive integer or zero, the series terminates.

(b) If p> 0 butis not an integer, the series converges (absolutely) for—1 < x < 1.
(c) If-1<p<0,the series converges for—1 <x < 1.
(d) Ifp < -1, the series converges for— 1 <x < 1.

For all p, the series certainly converges if -1 <x < 1.

EXAMPLE. Taylor’s theorem applied to the series for ¢* enables us to estimate the value of the integral

I
J‘ e* dx. Substituting x> for x, we obtain

1 1 4 6 8 3
J. & dx=J. (l+x+x—+x_+x_+e_xlo)dx
0 0 23 4 sy

where
(x)= 1+x+ix +—x +ix8
Ps 21 3! 41
and
eé 10
R4(x)=§x , 0<&<x
Then '
_[P(x)dx—ul L A N TIT:
3 52N 73D 94

10

dx<ej X ax=—%< 0021
051 115

U R, (x) dx

<J“ 410

Thus, the maximum error is less than .0021 and the value of the integral is accurate to two decimal places.
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Special Topics

1. Functions defined by series are often useful in applications and frequently arise as solutions of dif-
ferential equations. For example, the function defined by

x? { 2 x* }
J,(x)= 1- + —
27 p! 22p+2) 24Q2p+2)(2p+4)
(16)
Z( D" (x/2)P*?"

nl(n+ p)!

is a solution of Bessel’s differential equation x*y" + xy' + (x> — p*)y = 0 and is thus called a Bessel func-

tion of order p. See Problems 11.46 and 11.110 through 11.113.

Similarly, the hypergeometric function

-b
F(a,b;c;x)=1+a x+a(a+1)b(b+1)x2+
1-c 1-2-c(c+1)

a7

is a solution of Gauss’s differential equation x(1 —x)y" + {c —(a+ b + 1)x}y' —aby =0.
These functions have many important properties.

2. Infinite series of complex terms, in particular, power series of the form Z a,z", where z=x+iy
n=0
and a, may be complex and can be handled in a manner similar to real series.
Such power series converge for |z| < R; i.e., interior to a circle of convergence x> + y* = R%, where R
is the radius of convergence (if the series converges only for z = 0, we say that the radius of convergence
R is zero; if it converges for all z, we say that the radius of convergence is infinite). On the boundary of
this circle, i.e., | Z | = R, the series may or may not converge, depending on the particular z.

Note that for y = 0 the circle of convergence reduces to the interval of convergence for real power
series. Greater insight into the behavior of power series is obtained by use of the theory of functions
of a complex variable (see Chapter 16).

3.  Infinite series of functions of two (or more) variables, such as Z u,(x,y), can be treated in a manner

n=0
analogous to series in one variable. In particular, we can discuss power series in x and y having the form

Ago + (@19% + agry) + (ApeX” + @)Xy + agy’) + - - -

using double subscripts for the constants. As for one variable, we can expand suitable functions of x
and y in such power series. In particular, the Taylor theroem may be extended as follows.

Taylor’s Theorem (For Two Variables)

Let f be a function of two variables x and y. If all partial derivatives of order n are continuous in a closed
region and if all the (n + 1) partial derivatives exist in the open region, then

2
J 1(, 0 0
kgjf(xo,yo)+2—![h—+k$] Fxgs yo)+ -+

f(x0+h,y0+k)=f(x0,y0)+[h 2
X

—+
ox
(18)

0 oY)
n'(hg‘f‘ka—J f(xo,y0)+Rn

where

1 9 p n+1
R”z(n+1)' h$+k$ f(xg +0h, y, +0k), 0<6 <1
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4.

and where the meaning of the operator notation is as follows:

0 d
[ha—x+k$]f_hfx+kf,

PR
2 2
[l’la"'ka—yJ :h fxx +2hkfxy+k fyy

and we formally expand (hai + kaij by the binomial theorem.
X

Y

Note: In alternate notation h = Ax =x— x5, k=Ay =y —y,.
If R, = 0 as n — o then an unending continuation of terms produces the Taylor series for f(x, y).
Multivariable Taylor series have a similar pattern.

Double series. Consider the array of numbers (or functions)
Uy U Wz o

Uy Uy Uy

Uy Uz Uz "

m n
Let S, = 2 zup , be the sum of the numbers in the first /n rows and first n columns of this array.
p=lg=1 o o
If there exists a number § such that lim S, =S, we say that the double series 2

m—oo
N—o0 p=lg=1

to the sum S; otherwise, it diverges.

I/tpq converges

Definitions and theorems for double series are very similar to those for series already considered.
n

Infinite products. Let P, = (1 + u,)(1 + u,)(1 + u,)(1 + u3) . . . (1 + u,) denoted by H(l +u,), where
k=1

we suppose that u, # -1, k=1,2, 3, ... . If there exists a number P # 0 such that lim P,=P,we

n—o
say that the infinite product (1 +u )1+ uy)1+uy) ... = H(l +u,,), or, briefly, I(1 + u,), converges
k=1
to P; otherwise, it diverges.
If TI(1 + | Uy | ) converges, we call the infinite product II(1 + ;) absolutely convergent. It can be
shown that an absolutely convergent infinite product converges and that factors can in such cases be
rearranged without affecting the result.

Theorems about infinite products can (by taking logarithms) often be made to depend on theorems
for infinite series. Thus, for example, we have the following theorem.

Theorem A necessary and sufficient condition that T1(1 + u,) converge absolutely is that Zu, converge

absolutely.
6.  Summability. Let S, S,, S;, . . . be the partial sums of a divergent series Zu,. If the sequence
Si+8, §+8,+8;

15 s -+ - (formed by taking arithmetic means of the first n terms of S, S,, S, . . .)
2 3

converges to S, we say that the series 2u,, is summable in the Césaro sense, or C-1 summable to S (see
Problem 11.51).

If Zu, converges to S, the Césaro method also yields the result S. For this reason, the Césaro method
is said to be a regular method of summability.

In case the Césaro limit does not exist, we can apply the same technique to the sequence
S S +S8, §+85,+8;
1°

, , - - - If the C-1 limit for this sequence exists and equals S, we say that i,
converges to S in the C-2 sense. The process can be continued indefinitely.

3 3
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SOLVED PROBLEMS

Convergence And Divergence Of Series Of Constants

11.1. (a) Prove that L +— ! —_— = Z converges and (b) find its sum.
1-3 3.5 57 2n —1)(2n+1)

n=1

u = 1 _l 1 _ 1
" 2n-1)2n+1) 2(2n-1 2n+1
Then

11 1Y) 1(1 1 1 1 1
S,=wy+u+ -y, =— |-~ |+ |- |t
2{1 3) 213 5 2{2n-1 2n+l
If1 1. 1 1, 1 1 1 1 1
= -t =4 —— .. .+ — =—|1-
2(1 3 3 5 5 2n—=1 2n+1 ) 2 2n+1

. .1 1 1
Since lim S, = lim — (1 - —]= > the series converges and its sum is 1/2.

n—eo n—>e0 2n+1

The series is sometimes called a felescoping series, since the terms of S,, other than the first and last,
cancel out in pairs.

2 (2} (2Y (2
11.2. a) Provethat —+|— | + [— | +---= — | converges and (b) find its sum.
apos 3o (3] 5]+ B3 cmensmsor

1_ n
This is a geometric series; therefore, the partial sums are of the form §, = M. Since |r| <1
. . . . 2 2 . -7
S=1lm S, = and in particular with r =— and a = —, we obtain S = 2.
n—oo —r 3 3
.12 S .
11.3. Prove that the series —+ — + +— + 2 dlverges.
2 3

l

lim u, = lim
n—yoo n—e N +

=1. Hence, by Problem 2.26, the series is divergent.

11.4. Show that the series whose nth term is u,, =/n+1 — Jn diverges although lim u, = 0.

X—>oo

It is a fact that lim u, = 0 follows from Problem 2.14(c).
X—>o0

Now S, =1+, +- -+, =(N2 -1+ (B =2)+ -+ (fn+1=n)=Jn+1 -+
The S, increases without bound and the series diverges.

This problem shows that lim =0 is a necessary but not sufficient condition for the convergence of Xu,.
See also Problem 11.6. 77

Comparison test and quotient test

11.5. IfOo<u,<v,n=1,2,3,...andif Zv, converges, prove that Zu, also converges (i.e., establish the
comparison test for convergence).

LetS,=u+u,+---+u, T,=0,+0,+-- -+,

Since Xv, converges, lim,_,,. T, exists and equals T, say. Also, sincev, > 0,7, < T.

Then S, =u, +u,+ - +u, <V +V,+---+v, < Tor0< S, <T. a

Thus S, is a bounded monotonic increasing sequence and must have a limit (see Chapter 2); i.e., Zu,
converges.
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11.6. Using the comparison test, prove that 1+ + + - z diverges.
We have
1>t
-2
l+lzl+l:l
2 374 4 2
1 1 1 1_1 1 1 1 1
et =t =2t~ —t—=—
4 5 6 78 8 8 8 2
l+l+i+-.-+igi+L+ ! + (8 terms)
8 9 10 15716 16 16 1

Since the right-hand side can be made larger than any positive number by choosing enough terms, the given
series diverges.

By methods analogous to that used here, we can show that 2—, where p is a constant, diverges if p
n?
n=1

< 1 and converges if p > 1. This can also be shown in other ways [see Problem 11.13(a)].

oo

In
11.7. Test for convergence or divergence z 3 n .
io2n” =1
. I 1
Since In n < n and S, we have " g%:—z.
n -1 n 2n” =1 n n

=3

Then the given series converges, since E —5 converges.

n=1

11.8. Let u, and v, be positive. If lim —+ = constant A # 0, prove that Zu, converges or diverges according as
2v, converges or diverges. "V,

A| <€ for all n > N. Then for

)

n

By hypothesis, given € > 0, we can choose an integer N such that
n=N+1,N+2,...

_£<fu_"_A<g or A-¢ep, <u, (A+ep, (D
LY

n

Summing from N + 1 to e (more precisely, from N + 1 to M and then letting M — ),

(A—a)ivn < iun < (A+£)ivn 2)

N+1 N+1 N+1

There is no loss in generality in assuming A — € > 0. Then from the right-hand inequality of Equation (2),
2u, converges when Xv, does. From the left-hand inequality of Equation (2), 2u,, diverges when Xv, does. For
the cases A = 0 or A = o, see Problem 11.66.

)Zn +/n — Inn

11.9. Test for convergence: (a) 2’13—

T and (c)
n=1 n= ln +3
4n® —n+3 4n* 4 4n* —n+3 4
(a) Forlarge n, n 3 " is approximately L3=—. Taking u, =n3—n and v, =—, we have
n’ +2n n n n +2n n

lim =20 —1.

n—yoeo
v,
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Since Xv, = 4X1/n diverges, Zu, also diverges, by Problem 11.8.
Note that the purpose of considering the behavior of u, for large n is to obtain an appropriate comparison
series v,. In this case we could just as well have taken v, = 1/n.

_ (4n*-n+3 ,
Another method: lim n ’13—’1 =4. Then by Theorem 1, Page 281, the series converges.
n—e n’ +2n
(b) Forlarge n,u nt is approximately v o —1
. = R X y = = .
"o’ -1 oo o
1 . . . .
Since hm —=1 and v, z— converges (p series with p = 2), the given series converges.
n—oo 'Un n2

. + 1 .
Another method: lim n’ [n 3 " Jz 5 Then by Theorem 1, Page 281, the series converges.
n—eo 2n” -1

n—oo n°+3 n—eo n—

. 1 . In In
(¢) lim n'? L 2n " ]g lim n (—nj lim T =0 (by L'Hospital’s rule or otherwise). Then by

Theorem 1 with p = 3/2. the series converges.

n 1 . .

< —-=—, but nothing can be deduced, since
2

n"+3 n n

Note that the method of Problem 11.6(a) yields
Z1/n diverges.

< < .31
11.10. Examine for convergence: (a) Ze n* and (b) 281]‘13 [—j
- n

n=1

2
(a) lim n’e™ =0 (by L’Hospital’s rule or otherwise). Then by Theorem 1 with p = 2, the series con-
n—soco

verges.

(b) For large n, sin(1/n) is approximately 1/n. This leads to consideration of

. 3
lim n° sin’ (lJ: lim {—Sm(l/ ”} -1
n—soo n n—eo 1/n

from which we deduce, by Theorem 1 with p = 3, that the given series converges.

Integral test

11.11.  Establish the integral test (see Page 281).

We perform the proof taking N = 1. Modifications are easily made it N > 1.
From the monotonicity of f{x), we have

U =fn+Hf)< f(m)y=u, n=123, ...

Integrating from x = n to x = n + 1, using Property 7, Page 98,

n+1
[ f@drse,  n=123.

Summing fromn=1to M -1,

M
u2+1,t3+'-‘+uM§J.1 f)dx Sup+uy + - uy, (1)

If fix) is strictly decreasing, the equality signs in Equation (1) can be omitted.
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M
If lim f(x) dx exists and is equal to S, we see from the left-hand inequality in Equation (1) that
M—e J1

Uy + Uz + - - - + u,, is monotonic increasing and bounded above by S, so that Xu, converges.

M
If lim '[ f(x)dx is unbounded, we see from right-hand inequality in Equation (1) that cu, di-
M—eo J1

verges.
Thus, the proof is complete.

11.12.  TIllustrate geometrically the proof in Problem 11.11.

Geometrically, u, + uy + - - - + u,, is the total area of the rectangles shown shaded in Figure 11.3, while
u, +u, + - - -+ uy_ is the total area of the rectangles which are shaded and nonshaded.

The area under the curve y = f(x) from x = 1 to x = M is intermediate in value between the two areas given
above, thus illustrating the result (1) of Problem 11.11.

v

\

-

Figure 11.3
11.13.  Test for convergence:
(a) ii = constant
n?’ P=
1
— n
(b) .
T +1
— 1
(©)
; nlnn
> 2
@ Y e
1
M Jx M I-p M-r
(a) ConsiderJ‘ —=J. xPdx=2 = , where p # 1.
1 x4 1-p X 1-p
l-p _
If p<1, lim ————— =eo, so that integral, and thus the series, diverges.
M—e 1—p
=r_1 1
If p>1, lim = , so that the integral, and thus the series, converges.
M=o 1—p p—1

—=InM and lim In M =, so that the integral, and thus the series, di-
X M —eo

M M
If p=1, f d_x:J' dx
1 xP 1

verges. Thus, the series converges if p > 1 and diverges if p < 1.

IIA
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M M
(b) lim X dx = lim l In (x* + 1)‘ = lim {l In(M? +1)— l} = oo and the series diverges.
Moo dl 32 41 Mo 2 1 Mo |2 2

M

(¢) lim = lim In(In x)|M = lim {ln(ln M) — In(In 2)}: oo and the series diverges.
M—edJdl xInx Moo 2 M—>o0

. M —x* . 1 —x2
(d lim xe " dx=1lim ——e

M
. 1 -1 1 —M? 1 1 .
= lim {—e¢= ——e =—¢  and the series converges.
M—o0 J1 M—00 2

1 2

Note that when the series converges, the value of the corresponding integral is not (in general) the same
as the sum of the series. However, the approximate sum of a series can often be obtained quite accurately by
using integrals. See Problem 11.74.

- 1 1
11.14. Prove that Prove that r < —<—+ T

il 2 4
From Problem 11.11 it follows that
M M-1

lim < lim > < lim >
Moe =" +1 Moedl x7 4] Moe 5= n” +1

1 T ~ 1 T ~ |1
i.e., z < Z < 22—1, from which Z < z 5 as required.

n:2n2+1 ot iont+1
N I N , 1 oo~ 1 1.m
Since 2 3 < —, we obtain, on adding — to each side, Z 3 <—+—.
i+l 4 2 “nt+1 2 4
The required result is therefore proved.
Alternating series
11.15.  Given the alternating series a, —a, + a;—a, + - - -, where 0 < a,,, < a, and where lim,_, ., a, = 0, prove

that (a) the series converges and (b) the error made in stopping at any term is not greater than the absolute
value of the next term.

(a) The sum of the series to 2M terms is
Sy =(a; —ay) + (az—(ay) + - - - + (ay; — azy)
=ay—(ay—az) —(ay—as) == (ayy_r— Ay _1) — oy

Since the quantities in parentheses are nonnegative, we have

SZMEO’ SZSS4SS()SS85'.'SSZM

A

a,

Therefore, {S,,,} is a bounded monotonic increasing sequence and thus has limit S.

Also, Sy 41 = Soy + Aoy 4 1+ Since limy,_, . S5y, = S and limy, _, ., a5, ; = 0 (for, by hypothesis, lim,,_, .,
a, = 0), it follows that lim,,_, ., Sy, | =1imy, _, ., Sy, +1imy,, . ayp . =S +0=S.

Thus, the partial sums of the series approach the limit S and the series converges.
(b) The error made in stopping after 2M terms is

(@opre 1 — opge ) + @opgss = Qopre ) + 00 = Aoy 1 = (Aopr 0 = Aopre3) =

and is thus nonnegative and less than or equal to a,,,, ;, the first term which is omitted.
Similarly, the error made in stopping after 2M + 1 terms is

Aoy + (@opge s — Gopgea) + 7+ = Aoy 0 — Aope3) = (o s — Aopes) =+

which is nonpositive and greater than —a,,,, ,.
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N i , . . _—
11.16.  (a) Prove that the series 2% converges. (b) Find the maximum error made in approximating the
n—
n=1
sum by the first eight terms and the first nine terms of the series. (c)How many terms of the series are needed

in order to obtain an error which does not exceed .001 in absolute value?

o 1 1 1 1 (=1 1
(a) The seriesis | —-—+—-——-—+——--- . If u, =————, then a, =|lu, |=—,a =|u =
35 7 9 " 2n—-1 =l 2n—-1""*! "+‘|
. Since < and since lim 0, it follows by Problem 11.5(a) that the series
2n+1 2n+1"2n-1 n—e 2 —1

converges.

1 1 1 1 1 1 1
(b) Use the results of Problem 11.15(b). Then the first eight terms give | -~ —+—-—-—4+———+ ———
35 7 9 11 13 15

s

. . 1
and the error is positive and does not exceed ﬁ

111 1 1 1 1 1
Similarly, the first nine terms are 1 — — 4+ — - =+ — — —+— — — + — and the error is negative and
35 7 9 11 13 15 17
1 1
greater than or equal to _E ; i.e., the error does not exceed E in absolute value.

(c) The absolute value of the error made in stopping after M terms is less than 1/(2M + 1). To obtain the
desired accuracy, we must have 1/(2M + 1) < .001, form which M > 499.5. Thus, at least 500 terms are
needed.

Absolute and conditional convergence

11.17.  Prove that an absolutely convergent series is convergent.

Given that 3 | u, | converges, we must show that Zu, converges.
LetS,=u+u,+---+uyand T, = |u1| + |u2| ++ |uM|.Then

Sy+Ty=w+ |u1|)+(u2+ |u2|)+-~+(uM+ |uM|)

< 2|u,| +2|u2| +---+2|uM|
Since X | u, | converges and since u,, + | u, | > 0,forn=1,2,3,...,itfollows that S,, + T), is a bounded
monotonic increasing sequence, and so lim (S, + T),) exists.
M —oo

Also, since lim T, exists (since the series is absolutely convergent by hypothesis),
M —o0

lim S, = lim (Sy, + Ty —Ty) = lim (S, +Ty)— lim T,
it Su = 0 Gy 4 Ty = Ty) = i Sy +Typ) = Jim T

must also exist, and the result is proved.

sin\/f_sinx/g_‘_sinx/g_”.

13/2 23/2 33/2

11.18.  Investigate the convergence of the series
Since each term is, in absolute value, less than or equal to the corresponding term of the series
1 1 1 . . . Lo
——+——=+——=+ - - - . which converges, it follows that the given series is absolutely convergent and,
13/2 23/2 33/2

hence, convergent by Problem 11.17.

11.19. Examine for convergence and absolute convergence:

el (_l)n—l
oy n® +1

(a)
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i -1 n—1

s—onIn”n

hd _1 n-1 2n
@ Y2

n=1 n

=)

2
(a) The series of absolute values is Zzn—’ which is divergent by Problem 11.13(b). Hence, the given
on 1

series is not absolutely convergent

n+l1
=—————, thena,,, <a,foralln > 1,and

n+1)*+1

and apy1 = un+1|

However, if a, = |un| ==
n +1

=0. Hence, by Problem 11.15 the series converges.

also lim a, = lim
n—soo n—e p“ 41

Since the series converges but is not absolutely convergent, it is conditionally convergent.
. X 1
(b) The series of absolute values is 2 -
—nln“n
n=2 M

By the integral test, this series converges or diverges according as lim
M—eJd2 x In” x

exists or does not

exist. dx du 1 1
If u=In x,j—: J._:__+C:__+C'
xIn? x u? u In x
. M dx . 1 1 1 . . .
Hence, lim = lim | —— =——, and the integral exists. Thus, the series con-
verges. M—><Jd2 xIp“x M-o~|In2 InM In2
o (_l)n 1
Then 2 ———— converges absolutely and thus converges.
—nln"n
1 1 . .
Another method: Since 3 < >— and lim = 0, it follows by Problem
(m+DIn“(n+1) nln“n n=e pln® n
11.15(a), that the given alternating series converges. To examine its absolute convergence, we must proceed as
before. (—1)"~1 2n
(c) Since lim u, #0 where u, =-——7 > the given series cannot be convergent. To show that
n—yoo n
lim u, # 0, it suffices to show that lim |un| = lim 22 % 0. This can be accomplished by L'Hospital’s
n—soo n—soo n—soo n2

rule or other methods [see Problem 11.21(b)].

Ratio test

11.20.  Establish the ratio test for convergence.

Consider first the series u; + u, + u; + - - - where each term is nonnegative. We must prove that if

. Uy 1
lim
n—ee U,

By hypothesis, we can choose an integer N so large that for all n > N, (u,, ,/u,) < r where L < r < 1.

Then

L <1, then necessarily Xu, converges.

Uy <TUy
< < 2
Uy yo ST Uy <T Uy
3
Uy 3 <T Uy <T Uy
and so on. By addition,

Uy, F Uy, st <UF+P+7+- )

and so the given series converges by the comparison test, since 0 < r < 1.



CHAPTER 11 Infinite Series

In case the series has terms with mixed signs, we consider |ul | + |u2| |u3| + - - - . By the preceding
u
proof and Problem 11.17, it follows that if lim o< 1, then Zu, converges (absolutely).
n—es | U,
u u
Similarly, we can prove that if lim = L >1 the series >u, diverges, while if lim =1
noes | U, n—es | U,
the ratio test fails [see Problem 11.21(c)].
11.21.  Investigate the convergence of
> 2
(a) Zn“e*"
n=1
e (_l)n—l 2n
® >
n=1 n
had (_l)n—l n
© Y—F
o ntl
(a) Hereu,= ¢ Then
2 2
lim U, 4 . (I’l + 1)4 e—(n+1) lim (I’l + 1)4 e_(n +2n+1)
n—eo| U, n—oo n4 e—nz n—oo l’l4 e—ﬂz

n+1 * n+1 *
= lim (—j e = lim ( ) lim 2" '=1.0=0
n—yoo n n—yoo n n—oo

Since 0 < 1, the series converges.

_1\i—1 Hn
(b) Hereu, :%.Then
n
u _1\ion+l 2 2
lim ”“|—1im|( D72 2| 20 =2

= lim — =
n=e (p+1)

n—eo| U, |_neoo| (n+1)? .(_1)"—12'1

Since s > 1, the series diverges. Compare Problem 11.19(c).

_1 n—1
(c) Hereu, :(z)—n.Then
n-+1
u ey @y 1| @R+
lim =L = 11m| . = lim =1
sl w, | nse| D41 (1) n| o (0 4+ 20 4+2)"

and the ratio test fails. By using other tests [see Problem 11.19(a)], the series is seen to be convergent.

Miscellaneous tests

11.22.  Test for convergence 1 + 2r + r* + 2r° + r* + 2r° + - - - where (a) r = 2/3, (b) r =-2/3, (c) r = 4/3.

u
. . . . +1
Here the ratio test is inapplicable, since u

1
= 2|r| or E |r| , depending on whether 7 is odd or even.

However, using the nth root test, we have

02" =12|r| if nisodd
- 1P

rn

n

= |r| if nis even
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Then lim 4fu, | =|r| (since lim 2'" =1).

Thus, if |r| < 1 the series converges, and if |r| > 1 the series diverges.
Hence, the series converges for cases (a) and (b), and diverges in case (c).

11.23.  Test f 12+ ﬂ2+ 1-4-7 2+‘__+ 1-4-7...3n-2) 2+
VAN €st Ior convergence 3 3.6 369 369(3n) )

u

2
. . 3n+1
The ratio test fails, since lim |— Lkl lim n =1. However, by Raabe’s test,
n—e | Y, n—e| 3n+3
u 31 Y| 4
lim n| 1= |= lim nd1- " =—>1
n—eo u, n—eo 3n+3 3

and so the series converges.

2 2 2 2
11.24.  Test for convergence 1 + L3 + 135 +oeet 1-3-5...Qn-1) oo
2 2-4 24¢ 2:4-6...(2n)

2
.4 . 2n+1 .
The ratio test fails, since lim ntl) lim n =1. Also, Raabe’s test fails since
n—e | Y, n—oe | 2n+2
u m+1Y
. . n
lim n|1=|=24 = lim nd1- =1
n—>eo u, n—oo 2n+2
However, using long division,
2
U 2n+1 1 5-4/ 1 ¢
R P el =1——+2—n=1——+—” Where|cn|<P
u, 2n+2 n 4n° +8n+4 non

so that the series diverges by Gauss’s test.

Series of functions

11.25.  For what values of x do the following series converge?

i n—1
X
(a) ;
o3
s (_l)n—l x2n—1
b S —
®) nz:{ 2n-1)!
(c) Zn!(x—a)"
n=1
o n(x—1)"
@ Y
012" 3Bn-1)
n—1
(a) u,= o Assuming x # 0 (if x = 0 the series converges), we have
n-
. ”n+1| . | x" n-3"| . n |x|
lim = lim . = lim |x|=—
el | e |13 | e 33

X X X
Then the series converges if g <1, and diverges if g >1. If g =1.1.e., x = %3, the test fails.
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11.26.

o 1 11
If x = 3 the series becomes 23— =— 2—, which diverges.
n

. e (- 1)" ‘ - 1) .
If x = =3 the series becomes Z , which converges.

n=1
Then the interval of convergence is —3 < x < 3. The series diverges outside this interval.

Note that the series converges absolutely for -3 < x < 3. At x = -3 the series converges conditionally.

( l)n 1 2n 1
(b) Proceed as in (a) with #,, =———— . Then
2n-1!
e (DY 2r=1)! . @2n-D! ,
lim = lim . = lim X
noeo | u, | onoe| 2n+1)! (=D 2T i 2n+ 1))
2n-1)! 2 x?

= lim x*=lim ———=
n—oe 2n+1)(2n) 2n—1)! n—oe (2n+1) (2n)
Then the series converges (absolutely) for all x, i.e., the interval of (absolute) convergence is —© < x < .

n+1
1m|(n+1)!(x—a) ’ |—11m (”+1)|x a|

Up 1 _
"—>°°| n!(x—a)" n—eo

(© u,=nl(x—a)", i

n—eo
un

This limit is infinite if x # a. Then the series converges only for x = a.

n(x —1)" n+1)(x-1"""
oy =ty = ——Th
(d) u, 2" Grn-1) n+1 2 (Gt 2) en
lim |2+ = Jim |(”+1)(3”—1)(X—1)|=|x—1|=|x—1|
noe| w, | noe|  22(Gn+2) | | 2| 2

Thus, the series converges for |x-1] <2and diverges for lx—1]>2.
The test fails for |x— 1 | =2;ie,x—1=x2orx=3and x = -1.

For x = 3 the series becomes 2

T which diverges, since the nth term does not approach zero.
n=1

3n —

D" n

n—

For x = —1 the series becomes 2 , which also diverges, since the nthe term does not approach

Z€ro. n=1

Then the series converges only for |x -1 | <2ie,-2<x-1<2or-1<x<3.

x+2
For what values of x does (a and (b) converge?
()2211—1( ) ( 2’()c+n)()c+n—1) g

n
1 +2 .U 2n—1{x+2 +2| .
@ u, = al . Then lim |+ = n-tlx+2|_|x+2 o x#1,-2.
2n—-1 | x—-1 n—e| U, n%m2n+1|x—1| |x—1|
+ +2 +2 .
Then the series converges if a <1, it diverges if Y > 1, and the test fails if Y ‘=1, ie.,

1 X - X - X -
xX=——.

2

If x = 1, the series diverges.
If x = -2, the series converges

(=1

2n—1

1
Ifx— — > , the series is 2

n=1

, which converges.

. X+
Thus, the series converges for

<1,x:—l,and x=-2, i.e.,forxs—l.
X — 2 -2
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u 1
(b) The ratio test fails, since lim ntll_ 1, where u, = . However, noting that
n—eo | U, x+n)(x+n-1)
1 _ 1 1
x+n)(x+n-1) x+n-1 x+n
we see thatif x # 0, -1, -2, ..., -n,
1 1 1 1 1 1
S,=u tuy +-+u, =|—— + - +oot| ——m—
x x+1 x+1 x+2 x+n—-1 x+n
1 1
X x+n
and lim S, = 1/x, provided x # 0,-1,-2,-3, . ...
n—oo
Then the series converges for all x except x =0, -1, -2, -3, ..., and its sum is 1/x.

Uniform convergence

11.27.  Find the domain of convergence of (1 —x) +x(1 —x) + x*(1 —=x) +- - - .

Method 1:
Sum of first n terms S, (x):(l—x)+x(1—x)+x2 I=x)+-+x""11=x
=l-x+x—xr P+ x" X"
=1-x"

If [x| <1, lim S,(x)=lim, , (1-x"=1.

n—oco

If |x| >1. lim S§,(x) does not exist.
n—eo

Ifx=1,5,x)=0and lim S,(x)=0.
n—oo
Ifx=-1,5,x)=1-(-1)"and lim S,(x) does not exist.
n—oo
Thus, the series converges for |x| <landx=1,ie,for-1<x < 1.
Method 2, using the ratio test: The series converges if x = 1. If x#1 and u, = x"~1 (1 - x), then
Upy1

lim

n—>co

= lim |x|
n—oo

ul’l
Thus, the series converges if |x| <1and diverges if |x| > 1. The test fails if |x| =1.1f x = I, the series
converges; if x = —1, the series diverges. Then the series converges for -1 <x < 1.

1 1
11.28.  Investigate the uniform convergence of the series of Problem 11.27 in the interval (a) —5 <x< E

%,(c)—.99 <x<.99.(d)-1<x<land(e)0 < x<2.

1
b)—-— <x<
02 <x<

. | 1 . .
(a) ByProblem 11.27, S, (x) =1~ x", S(x) = lim S, (x)=1if —E <x< E; thus, the series converges in
this interval. We have o

Remainder after n terms = R, (x) = S(x) =S,(x) =1 - (1 = x") =x"

The series is uniformly convergent in the interval if given any € > 0 we can find N dependent on €, but not
on x, such that |R,1(x) | <eforalln>N. Now

|Rn (x)| _ Ine

=|x|n<£ when nln|x|<ln£ or n>——

xn
In |x|

since division by In |x | (which is negative, since |x | < E) reverses the sense of the inequality.
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1 1 Ing Inge
But if |x| <—,In |x| <In|— |, and n > ne > _ne _ N. Thus, since N is independent of x, the
2 2 In || 1
In| —
2
series is uniformly convergent in the interval.
1 1 Ing Inge
(b) In this case |x| < 5 -In |x| <In [E ), and n > 1—|| 2 —1 =N, so that the series is also uniformly
1 1 o 1n[2]
convergentin —— S X< —.
Ve 25752
1

<
(c) Reasoning similarly, with E replaced by .99, shows that the series is uniformly convergent in —.99 =
x < .99.

(d) The arguments used here break down in this case, since can be made larger than any positive

In |x|
number by choosing | x| sufficiently close to 1. Thus, no N exists and it follows that the series is not
uniformly convergent in -1 < x < 1.

(e) Since the series does not even converge at all points in this interval, it cannot converge uniformly in the
interval.

11.29.  Discuss the continuity of the sum function S(x) = lim S, (x) of Problem 11.27 for the interval 0 < x < 1.
n—>o0 - -
IfOSx<1 S(x)=lim S,(x)=1lim(1-x")=1.
n—>o0 n—>oo
If x=1,5,(x)=0and S(x) =0.

1 if0<x<l
Thus, S(x)={ =~ =
0<x<l 0 ifx=l1

" InProblem 11.34 it is shown that if a series is uniformly convergent in an interval, the sum function S(x)
must be continuous in the interval. It follows that if the sum function is not continuous in an interval, the series
cannot be uniformly convergent. This fact is often used to demonstrate the nonuniform convergence of a series

and S(x) is discontinuous at x = 1 but continuous at all other points in

(or sequence).

2 2
X X

+ oot +

1+x2 (1+x%)? 1+ x%)"

Suppose x # 0. Then the series is a geometric series with ratio 1/(1 + x%) whose sum is (see Problem 2.25).
2

x—2 = 1 =+ xz

1-1/0+x7)

If x = 0, the sum of the first n terms is S,(0) = 0; hence, S(0) = lim §,(0) =0.
n—oo

11.30. Investigate the uniform convergence of 2+

S(x) =

Since lim S(x) =1 S(0), S(x) is discontinuous atx = 0. Then, by Problem 11.34, the series cannot be
x—0

uniformly convergent in any interval which includes x = 0, although it is (absolutely) convergent in any interval.
However, it is uniformly convergent in any interval which excludes x = 0.
This can also be shown directly (see Problem 11.93).

Weierstrass M test

11.31.  Prove the Weierstrass M test; i.e., if | u,(X) | <M,n=1,2,3,..., where M, are positive constants such
that XM, converges, then Xu,(x) is uniformly (and absolutely) convergent.

The remainder of the series Zu,(x) after n terms is R,(x) = u,, , (x) + #,, , x) + - - - . Now
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|Rn(x)| = |un+l(x)+un+2(x)+"' | é |un+1(x)| + |un+2(x)| +e éMn+l+Mn+2+”'

ButM,, ,+ M, ,+ - - - can be made less than € by choosing n > N, since XM, converges. Since N is clearly
independent of x, we have | R, (x) | < e for n> N, and the series is uniformly convergent. The absolute conver-
gence follows at once from the comparison test.

11.32.  Test for uniform convergence: (a) z cos nx’ (b) z 33

n=1 n=1 n=1

, and (d) 2

11’1 +x
COS nx

1
; < n_4 =M, . Then, since ZMn converges (p series with p = 4 > 1), the series is uniformly (and

absolutely) convergent for all x by the M test.

(@)

(b) By the ratio test, the series converges in the interval -1 < x < 1;i.e., |x| <1

| 3 3/2 R Choosing M, =

For all x in this interval,

—575 Wesee that XM, converges. Thus,
n n

the given series converges uniformly for -1 < x < 1 by the M test.

sin nx| _ 1 1
(c) < | = —- However, XM, where M, =— does not converge. The M test cannot be used in this case
n n n
and we cannot conclude anything about the uniform convergence by this test (see, however, Problem
11.125).
1 1 1 . . .
(d) <—,and z— converges. Then, by the M test, the given series converges uniformly for
n? +x* " n? n*
all x.

11.33.  If a power series Xa,x" converges for x = x,, Prove that it converges. (a) absolutely in the interval |x|
|xo| and (b) uniformly in the interval |x| | x | |x1 | < |x0|

(a) Since Xa,x", converges, lgn a,xy =0, and so we can make anxg‘ <1 by choosing n large enough; i.e.,
Nn—>oc0

1
- for n> N. Then

X0
oo oo n
- Sl < 3 0

N+1 N+1 N+1|x0|

la,| < |a,|<

Since the last series in Equation (1) converges for |x| < |x0 ,
first series converges; i.e., the given series is absolutely convergent.

(b) Let M, | ]| . Then M, converges, since |x1| < |x0| As in (a), a,rx"| <M, for Ix| < |x1 ,

xo

SO

that by the Weierstrass M test, Za,x" is uniformly convergent.

It follows that a power series is uniformly convergent in any interval within its interval of convergence.

Theorems on uniform convergence

11.34.  Prove Theorem 6, Page 284.

‘We must show that S(x) is continuous in [a, b].
Now S(x) = S,(x) + R,(x), so that S(x + h) = S,(x + h) + R,(x + h) and thus,

Sx+h)—Sx)=S,x)+h)—-S,(x)+R,(x+h)—R,(x) (1)

where we choose /4 so that both x and x + & lie in [a, b] (if x = b, for example, this will require & < 0).



CHAPTER 11 Infinite Series

Since S,(x) is a sum of a finite number of continuous functions, it must also be continuous. Then, given
€ >0, we can find & so that

|S,(x+h)—S,(x)| <e/3 whenever | 1] <& 2)
Since the series, by hypothesis, is uniformly convergent, we can choose N so that
|R,(x)|<€/3 and | |R,(x + h)| <€ /3 forn>N 3)
Then from Equations (7), (2), and (3),
[Sac+m-s@ | < [s,0+m-5,0|+ [Ra+m| + R <e

for | h | < 9, and so the continuity is established.

11.35.  Prove Theorem 7, Page 285.
If a function is continuous in [a, b], its integral exists. Then, since S(x), S,(x) and R, (x) are continuous,
J.aS(x) _[ "S () dx + J-bRn(x) dx
To prove the theorem we mljst showathat ’

Jb S(x) dx — Jb S, (x) dx

Lb R, (x) dx

can be made arbitrarily small by choosing n large enough. This, however, follows at once, since by the uniform
convergence of the series we can make |Rn(x) | < €/ (b —a) for n > N independent of x in [a, b], and so

b b b g
[ R x| < [ R, (o] dx< | F—ar=e
a a ab—a
This is equivalent to the statements
b b b b
j S dr=1lim [ 8, (x) dx or lim J S, (x) dx = _[ { fim S,,(x)} dx
a n—e Ja n—o Ja a |ln—>e

11.36.  Prove Theorem 8, Page 285.

Let g(x)= Zun (x). Since, by hypothesis, this series converges uniformly in [a, b], we can integrate
n=1

term by term (by Problem 11.35) to obtain

[[ewac=3 [ wwar=Y w0 -1,@)
n=1

2
=3 0,0 3 (@ =50 - S(@

=1
n=1 n=1

because, by hypothesis, z u, (x) converges to S(x) in [a, b].

n=1

X

Differentiating both sides of J g(x) dx = S(x) — S(a) then shows that g(x) = §’(x), which proves the
0

theorem.

1 1
11.37.  LetS,(x)=nxe™ n=1,2,3,...,0 < x < 1. (a) Determine whether lim J‘ S, (x)dx = J lim §,(x) dx.
. . - - n—e0 J( 0 n—eo
(b) Explain the result in (a).

(a) JIS (%) dx—J‘lnxe_"x2 dx——le_"x2 ! —l(l—e_") Then
0 n - 0 - 2 0o~ 2 .

1 1 1
Iim | S (x)dx=1lim —(1-¢")=—
o (%) 2( ) 2

n—o0 n—oo
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S(x) = hm S,(x) = lim nxe 1 (. whether x =0 or < x <1. Then.
n—oo

J‘OIS(x) dx=0

1
It follows that lim S (x)dx # J lim S, (x) dx; i.e., the limit cannot be taken under the integral sign.
0 n—oo

n—soco
(b) The reason for the result in (a) is that although the sequence Sn(x) converges to 0. it does not converge

2
uniformly to 0. To show this, observe that the function nxe™™ has a maximum at x =1/~/2n (by the

. . . /1 _
usual rules of elementary calculus), the value of this maximum being E nel?, Hence, as n — oo,

Sn(x) cannot be made arbitrarily small for all x and so cannot converge uniformly to 0.

11.38.  Let f(x)zz

n=1

. Prove that J f(x)dx=2 z

i _1(2n—1>

sin nx

n3

particular 0 < x < m, and can be integrated term by term. Thus,

T T sin nx smnx
di=| [
JO f(x) dx . nz 2
— | —cos nm 1 1 1 - 1
_ =2 —_— ... =2 -
z (14 34 54 ] 2 (2n _ 1)4

n=1 i’l n=

1 . .. . .
‘We have < - Then, by the Weierstrass M test, the series is uniformly convergent for all x, in

—_

Power series

oo

11.39.  Prove that both the power series z x" and the corresponding series of derivatives Z nan)c"_1 have
the same radius of convergence. n=0 n=0

Let R > 0 be the radius of convergence of Xa,x". Let 0 < |x0| < R. Then, as in Problem 11.33, we can

1
choose N as that | |an| <——forn>N.
X0
Thus, the terms of the series | na,x"~ ! | =>n | a, | | X | "1 can for n > N be made less than corresponding
|

terms of the series Zn , which converges, by the ratio test, for |x| < |x0 | <R.
x|
Hence, na,x" ' converges absolutely for all points x, (no matter how close |x0 | isto R).
>R, lim ax" # 0 and thus lim nax"~! # 0, so that Zna,x"~ ' does not converge.
n—oo n—oco
Thus, R is the radius of convergence of Zna,x" !
Note that the series of derivatives may or may not converge for values of x such that | X | =R

11.40.  Illustrate Problem 11.39 by using the series g » 2x.”3n
lim [t = lim It Tl lim 1" |x|:M
"*“’| L |(n +1)2-3 n—e 3(n + 1) 3

so that the series converges for |x | < 3. At x = 3 the series also converges, so that the interval of convergence

is-3 <x<3.
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11.41.

11.42.

The series of derivatives is

2.3p n-3n

n=1" n=1

By Problem 11.25(a), this has the interval of convergence -3 < x < 3.

The two series have the same radius of convergence, i.e., R = 3, although they do not have the same inter-
val of convergence.

Note that the result of Problem 11.39 can also be proved by the ratio test if this test is applicable. The
proof given there, however, applies even when the test is not applicable, as in the series in Problem 11.22.

Prove that in any interval within its interval of convergence, a power series (a) represents a continuous
function, say, f(x); (b) can be integrated term by term to yield the integral of f(x); and (c) can be
differentiated term by term to yield the derivative of f(x).

We consider the power series 2a,x", although analogous results hold for 2a,(x — a)".
(a) This follows from Problem 11.33 and 11.34, and the fact that each term anxn of the series is continu-
ous.

(b) This follows from Problems 11.33 and 11.35, and the fact that each term anxn of the series is continuous
and thus integrable.

(c) From Problem 11.39, the series of derivatives of a power series always converges within the interval of
convergence of the original power series and therefore is uniformly convergent within this interval. Thus,
the required result follows from Problems 11.33 and 11.36.

If a power series converges at one (or both) endpoints of the interval of convergence, it is possible to es-
tablish (a) and (b) to include the endpoint (or endpoints). See Problem 11.42.

Prove Abel’s theorem that if a power series converges at an endpoint of its interval of convergence, then the
interval of uniform convergence includes this endpoint.

For simplicity in the proof, we assume the power series to be 2 a, x* with the endpoint of its interval
k=0
of convergence at x = 1, so that the series surely converges for 0 < x < 1. Then we must show that the series
converges uniformly in this interval. o
Let

_ +1 +2 —
Rn(x)_atlx’1+an+1xn +an+2xﬂ +o, Rn—a,,+aa,,+2+~'~

To prove the required result we must show that given any € > 0, we can find N such that | R, 1> N, Where
Nis independent of the particularxin 0 < x < 1.
Now

R,()=R, =R, Dx"+(R, R, ) X"+ (R, =R, ) X"+

n+1 _xn)+Rn+2(xn+2 _xn+1)+

=R x"+R, . (x
=x"{R, —~(1—=x)(R,, | +R,,, X+ R, 5 x> +--)}

Hence, for 0 §x<1,
|Rn(x)| é |Rn| +(1_x)(|Rn+l| + |Rn+2|x+ |Rn‘Rn+3| x2+.”) (1)

Since 2a, converges by hypothesis, it follows that given € > 0, we can choose N such that | R, | < €/2 for
all k > n. Then for n > N we have, from Equation (1),

€ € € € € €
IR ()IS=+(0-x)|—+—x+—x"+-- |=—+—=¢€ 2
0 (X) = ( )(2 53 ) 5+3 @

since(1-x)(1+x+x*+x+..)=1(f0 < x<1).
Also, forx =1, Rn(x)| = |Rn| <eforn>N.
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Thus, |R,(x) | <eforalln> N, where N is independent of the value of xin 0 < x < 1, and the required
result follows.
Extensions to other power series are easily made.

11.43.  Prove Abel’s limit theorem (see Page 286).

oo

As in Problem 11.42, assume the power series to be 2 akxk , convergent for0 < x < 1.

o

k=1
Then we must show that lim akxk = 2 a.
x—1-
k=0 k=0

This follows at once from Problem 11.42, which shows that Za,x* is uniformly convergent for 0 < x < 1,
and from Problem 11.34, which shows that Zq, x*is continuous at x = 1.
Extensions to other power series are easily made.

3 5 7
- X X
11.44. (a) Prove that tan Tx=x- ? + ? - 7 + - - where the series is uniformly convergentin -1 < x < 1.

T 1 1 1
(b) Prove that —=1——+———+ -

4 3 5 7
(a) By Problem 2.25, withr =—x2 and a = 1, we have

1

=1-x2+x* = xb

+---—1<xx<1 €))
1+x

Integrating from O to x, where — 1 <x < 1, yields
x4 3 5 7
J Y o lx=x-y X ()
01+ xz 3 5 7
using Problems 11.33 and 11.35.
Since the series on the right of Equation (2) converges for x = = 1, it follows by Problem 11.42 that the
series is uniformly convergentin — 1 < x < 1 and represents tan™! x in this interval
(b) By Problem 11.43 and (a), we have

. 1 X X T 1 1 1

lim tan” x=lim | x——+——-—+ | or —=l—-—+———+---

x—1- x—1- 3 5 7 4 3 5 7
X2

1
11.45. Evaluate J. de to three-decimal-place accuracy.
0

2

X

2 3 4 5

u uu
We have " 1 +u +—+—+—+—
2031 4! 5!

2
=X

Then,ifuz—xz,e =1-x"+ — = , —oo< x<oo,
2031 31 5!
2
- 2ot X A8
Thus, ——=1-—+———+——---.
X 2031 4! 5!

Since the series converges for all x and so, in particular, converges uniformly for 0 < x < 1, we can in-

tegrate term by term to obtain |

J“ 1- e_)c2 % X x’ X’
——dx=x-— + -~ + —.
0 2 3.2 5.3 7-4! 9.5! o
1 1 1 1
=1 — + — + e
3-2! 5.3 7-4! 9.5!
=1-0.16666 + 0.03333 — 0.00595 + 0.00092 —---=0.862

Note that the error made in adding the first four terms of the alternating series is less than the fifth term,
i.e., less than 0.001 (see Problem 11.15).
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Miscellaneous problems

11.46.  Prove that y = J, (x) defined by Equation (16), Page 287, satisfies Bessel’s differential equation:

Xy +xy +(F-pHy=0.

The series for J, (x) converges for all x [see Problem 11.10 (a)]. Since a power series can be differentiated
term by term within its interval of convergence, we have for all x,

( 1) xp+2n
y= 2 p+2n
02 nl(n+ p)!

. N (=D (p+2n) xP T
yzz( ) (p+2n)

— 272 p\(n + p)!

oo

B 2 D" (p+2n) (p+2n—1)x"*22
- 2P pi(n + p)!

Then,
(_l)n xp+2n+2 o (_l)n p2 xp+2n
-p )y 2 p+2n 2 p+2n
02 nln+p) =52 nl(n+ p)!
, hd (_l)n( +2n) xp+2n
xy = 2 p+2€
o 2 nl(n+ p)!
i (D" (p+2n) (p+2n—1)xP*2"
= 272 p\(n + p)!
Adding,

. , -1 xp+2n+2
Y+ + (= py= —(N)n
02 nl(n+ p)!

S (=) [-p* +(p+2n) +(p+2n) (p+2n—1)] xP 2"

+ 2
oyt 27 pl(n+ p)!

i p+2n+2 ( 1) [4n(n+p)] p+2n
p+2"n‘(n+p)‘ s 2P il (n + p)!

i ( 1) 4xp+2n +i (_l)n 4xp+2n
P22 (n 1)1 (n—1+ p)! 2P (=D (n+ p—-1!

n=1

_Z ( 1) 4xp+2n +i (_1)n 4xp+2n
P (=D (n+1-p)! 2P (-1 (n+p-1)!

=0

n -1
11.47.  Test for convergence the complex power series Z 3

n-1"
o n 3
T LU | Z, 307! | 7] ,
Since lim = lim . - = lim 3 | | 3 the series converges for
n—e| Y, n—eo |(n +1).3" Z" e 3(” +1)

<1,i.e., |z| < 3, and diverges for |z| > 3.

=l
3
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s 1

. . Sl L

For | z | =3, the series of absolute values is Zﬁ = 2—3, so that the series is absolutely con-
n=1 n -3 n=1 n
vergent and thus convergent for |z | =3.

Thus, the series converges within and on the circle | Z | =3.

11.48.  Assuming the power series for ¢* holds for complex numbers, show that ™ = cos x + i sin x.

. .. Z Z
Letting z=zx1n62=1+z+—+—+--~,Wehave
20 3!
N ' 232 B33 - . U
e =ltix+t—F+—+ =l = i = x
2! 3! 21 4! 31 5!

=cosx +isinx

Similarly, e~™ = cos x — i sin x. The results are called Euler’s identities.

. 1 1 1 1
11.49. Prove that lim |14+ —+—4+—+4---4+——Inn | exists.
n—eo 2 3 4 n
Letting f(x) = 1/x in Equation (1), Problem 11.11, we find
2 3 4 M~ - 2 3 4 M-1
from which, on replacing M by n, we have
lS1+l+l+l+~-+l—lnns1
n- 2 3 4 n -
1 1 1 1 .
Thus, the sequence S, =1+ —+—+—+ - +——Inn is bounded by 0 and 1.
2 3 4 n
1 +1 1 1 1
Consider S, ,, —S, = ~n|Z . By integrating the inequality < — < — with respect
n+1 n n+l” x " n

tox from n to n + 1, we have

1

<In ntl Sl or ! —ls 1 —1In ntl <0
n+1~ n ) n n+l n n+l n )
ie.,S,,;—S, < 0,so that S, is monotonic decreasing.

Since S, is bounded and monotonic decreasing, it has a limit. This limit, denoted by 7, is equal to
0.577215 . . . and is called Euler’s constant. It is not yet known whether v is rational or not.

11.50.  Prove that the infinite product H(l +u, ), converges 2 u; converges.
k=1 k=1
According to the Taylor series for ¢* (Page 289), 1 + x < ¢* for x > 0, so that

n
P, = I |(1+uk)=(1+u1)(1+u2)-~-(1+un)§e"' R
k=1

Since u; + u, + - - - converges, it follows that P, is a bounded monotonic increasing sequence and so has
a limit, thus proving the required result.

11.51. Prove thatthe series 1 =1+ 1—-1+1—1+---is C -1 summable to 1/2.

The sequence of partial sumsis 1,0, 1,0, 1,0, ...
S +S S +85,+S
Then S, =1, 2:1+O:l, 172 3:1+O+1:%,....
2 2 2 3 3 3
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12131
Continuing in this manner, we obtain the sequence 1.—,—,—,—,—, - - -, the nth term being
i 23252
1/2 if nis even . -
= o . Thus, lim 7, =— and the required result follows.
n/2n-1) if nis odd n—>oo 2

11.52.  (a) If f** Y (x) is continuous in [a, b] prove that for ¢ in [a, b], f(x)= f(c)+ f'(c) (x —c) +

% ) (x— )+ + i' f(") ©)(x=0o)" + L' Ix(x -" f("+1) (¢) dt. (b) Obtain the Lagrange
! n! n!Je

and Cauchy forms of the remainder in Taylor’s formula. (See Page 290.)

The proof of (a) is made using mathematical induction. (See Chapter 1.) The result holds for n = 0,
since

f@ =1+ [ fWdi= @)+ [0 = f(©)

We make the induction assumption that it holds for n = k and then use integration by parts with

ok
@ =%d: and u = f**1 (1)

Then ol
:—% and dusz+2(t) dt
Thus,
ij.x(x—t)k FleaD (t)a,t:_f]“rl (x =0y N 1 J'x(x_t)k+1 FERD () gy
k!Je (k +1)! € (k+D!Je
_ ka(X—f)k+1 1 o k+1 p(k+2)
T +(k+1)!Jc(x_t) frr

Having demonstrated that the result holds for k + 1, we conclude that it holds for all positive integers.
To obtain the Lagrange form of the remainder R, consider the form

1
f(x)=f(6)+f'(6)(X—C)+§f"(6)(x—6)2+"'+%(X—C)"

K
This is the Taylor polynomial P,_; (x) plus - (x —¢)". Also, it could be looked upon as P, except that in
n!

the last term, f (c) is replaced by a number K such that for fixed ¢ and x the representation of f(x) is exact.
Now define a new function

n—1 . R
D) = f(1) = f(x) + 2 9 (1) (x - ' KGx-1)
=1 J!

n!

The function @ satisfies the hypothesis of Rolle’s Theorem in that ®(c) = ®(x) = 0, the function is con-
tinuous on the interval bound by ¢ and x, and @’ exists at each point of the interval. Therefore, there exists §
in the interval such that @’ (§) = 0. We proceed to compute @ and set it equal to zero.

n-1 j n—1 j-1 n—1
1) = £(1) + G+1) I(X—t) _ ) t(X—f) _K(X—f)
0 =1 ;f (== lef oy YR Y

This reduces to

(n)
;@ (x—n! = K
(n—1! (n—1)!

According to hypothesis, for each n there is &, such that

®E)=0

(1) = (x=-0""
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Thus,
K=f"(,
and the Lagrange remainder is
f7E,) .
R =—(x-0)
n—1 n'
or, equivalently,
1
R = (n+1)( )()C—C)n+1
n (I’l + 1)' f én +1
The Cauchy form of the remainder follows immediately by applying the mean value theorem for integrals.

(See Page 287.)

11.53.  Extend Taylor’s theorem to functions of two variables x and y.

Define F(t) = f (x, + ht, y, + kt); then, applying Taylor’s theorem for one variable (about 7 = 0),
1 1

F(t)=F(O)+ F(0)+— F”(O) £+ F(") O)" + ——— P FU D@y, 0<0 <t
+

Now lett=1

1 1
F(l)= f(xy + h, y, + k) = F(0) + F/(0) o F"(O) + - F(”) 0) + —— T F"* @)
When the derivatives F’ (), . .., F™ (¢), F”* D (@) are computed and substituted into the previous expres-
sion, the two-variable version of Taylor’s formula results. (See Page 290, where this form and notational details
can be found.)

11.54.  Expand x* + 3y — 2 in powers of x — 1 and y + 2. Use Taylor’s formula. with & = x — x,, k =y — y,, where x, =
landy,=-2.

F+3y-2=-10-4x-1)+4(y+2) =2 (x - 1)* + 2(x = 1)(y + 2) + (x — )*(y + 2) (Check this algebraically.)

+y  x+y-2

24+0(x+y-2)
term as the remainder.)

11.55.  Prove that In i ,0<6 1, x>0, y>0. (Hint: Use Taylor’s formula with the linear

s
11.56. Expand f(x, y) = sin xy in powers of x — 1 and y — E to second-degree terms.

Lo oom o m) (o ®Y
1 8Tl: (x=-1 2(x 1)[y 2) (y 2)

SUPPLEMENTARY PROBLEMS

Convergence And Divergence Of Series Of Constants

1 1
11.57.  (a) Prove that the series ﬁ +—t—

RTRETHC =2(4n—1)(4n+3)

converges and (b) find its
sum.

Ans. (b) 1/12
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11.58.  Prove that the convergence or divergence of a series is not affected by (a) multiplying each term by the same
nonzero constant and (b) removing (or adding) a finite number of terms.

11.59.  If Xu, and Zv,, converge to A and B, respectively, prove that X (u, + v,) converges to A + B.

3 (3 . (3Y 3Y
11.60.  Prove that the series —+| — | +|— | +---= z — | diverges.
2 |2 2 2

11.61. Find the fallacy: Let S=1-1+1-1+1-1+---.ThenS=11-(1-1)-(1-1)—---=landS=(1-1)
+(1-1)+(1-1)+---=0.Hence, 1 =0.

Comparison test and quotient test

o

S| - +2 "
11.62.  Test for convergence: (a) Z—, (b) 24+, (c) z n 3

Sl A -3 ) n+ 3

1 — 2n-1
(e) sand () ) —————.
© 25,1_3 an 11221(3’1_'_2)”4/3

n=1

Ans. (a) convergence (b) divergence (c) divergence (d) convergence (e) divergence (f) convergence

— 4n° +5n-2 1
11.63.  Investigate the convergence of (a) n’ n- 3 s —— and (b) Z nn
-1 n( n? +10n°

Ans. (a) convergence (b) divergence

11.64.  Establish the comparison test for divergence (see Page 280).

- 1
11.65.  Use the comparison test to prove that (a) Z < —p converges if p > 1 and diverges if p < <1

oo -1 oo
tan
(b) z . " diverges, and (c) z% converges.

n=1

11.66.  Establish the results (b) and (c) of the quotient test, Page 280.

11.67.  Test for convergence: (a) 2 (In n) , (b) Z\In tan”! (l/n , (©) 2 3+sinn and
n=1

n(l+e”
(d) Znsm (1/n).

Am. (a) convergence (b) divergence (c) divergence (d) divergence

11.68.  If Zu, converges, where u, > 0forn >N, andif lim nu, exists, prove that lim nu, =0.
n—oco n—oo

oo

11.69. (a) Test for convergence Z

n=1

1 . .
i (b) Does your answer to (a) contradict the statement about the p series

made on Page 266 that X1/n” converges for p > 1?

Ans. (a) divergence
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Integral test

2 o o _n -
e Inn
11.70.  Test for convergence: (a) , (b) —F (0) ,(d) — (&) —, and
= slndnn) ;2" -1 0= (1 ny’ Z ; Jn ;
® N
& nln n

Ans. (a) divergence (b) convergence (c) convergence (d) convergence (e) divergence (f) divergence

11.71.  Prove that 2 , where p is a constant, (a) converges if p > 1 and (b) divergesifp < 1.

11.72.  Prove that — < 2
n=1 n

11.73.  Investigate the convergence of 3 .
o +1

Ans. convergence
11.74.  (a) Prove that %nwz + %g \/I + \/5 + \/g + -+ \/; < %nS/Z +n''? - % (b) Use (a) to estimate the

value of \/T + \/5 + \/§ + -+ ++/100, giving the maximum error. (c) Show how the accuracy in (b) can be
improved by estimating, for example, /10 + \/ﬁ +--- 4+ /100 and adding on the value of
\/I + \/5 + -+ 4++/9 computed to some desired degree of accuracy.

Ans. (b) 671.5+4.5

Alternating series

hd n+1 o0 n i n+1 ad
11.75.  Test for convergence: (a) Z(_l) , (b) L ©) Z(_l)—ln’ (d) ;(_1)'! sin~! %’

2n 24042 3n—
. d(e) Z( 1) \/7 n=1 n=1" n n=1

Ans. (a) convergence, (b) convergence, (c) divergence, (d) convergence, (e) divergence

oo _1y
11.76.  (a) What is the largest absolute error made in approximating the sum of the series n(—) by the sum
= 2" (n+1)
n=1
of the first five terms? (b) What is the least number of terms which must be taken in order that three-

decimal-place accuracy will result?

Ans. (a) 1/192 (b) eight terms

1 1
11.77. (a)Provethat S —+—+—+ - =—| —+ +—
Po2d 3 3P 28 3

right are needed in order to calculate S to six-decimal-place accuracy?

1 4( 1 1 1
( — . ) (b) How many terms of the series on the

Ans. (b) at least 100 terms
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Absolute and conditional convergence

11.78.  Test for absolute or conditional convergence:
had _])I‘L—l hd _l)n (_1 n ) 1
@ ( 5 © e © " gin——
= nt+1 “ininn “2n -1 Jn
hd (_l)n—l n hd (_1)n n3 had (_1)}’!—1 n3
®) 2 2 ) 2 4/3 )
n-+1 o+ oyt 2n -1
Ans. (a) absolute convergence, (b) conditional convergence, (c) conditional convergence, (d) divergence,
(e) absolute convergence, (f) absolute convergence
A1
11.79.  Prove that ZM converges absolutely for all real x and a.
2
ol X t+n
I 1 1 1 1 1 1 1 1 1
11.80. If 1 ——+—+—+ .- converges to S, prove that the rearranged series | + ———+—+— ——+—+—
2 3 4 32 5 7 4 9 11
1 3 R 1 , . o 1 1 1
——+ ... =—S. Explain. (Hint: Take — of the first series and writeitas 1 + —+0—-—+0+—4--
6 2 2 2 4 6
then add term by term to the first series. Note that S = In 2, as shown in Problem 11.100.)
11.81.  Prove that the terms of an absolutely convergent series can always be rearranged without altering the sum.
Ratio test
> (=) o 10" 1 23"
11.82.  Test for convergence: @ Y- Z " (© Z @ 2 - ) , and
5 \/‘ = (n+1e" -
© Z
n=1
Ans. (a) convergence (absolute) (b) convergence (c) divergence (d) convergence (absolute) (e) divergence
11.83.  Show that the ratio test cannot be used to establish the conditional convergence of a series.
|
11.84.  Prove that (a) Z_ converges and (b) lim L 0.

n— n
n=1" cn

Miscellaneous tests

11.85.

11.86.

11.87.

11.88.

Establish the validity of the nth root test on Page 282.

Apply the nth root test to work Problems 11.82(a), (c), (d), and (e).

o2 (1Y (2 (1Y (2
Prove that —+|— | +|=| +|=| +|=| +| = | +-: - converges.
3 3 3 3 3 3

14147 d(b)z 25 258
336 369 9912 9-12-15

Ans. (a) divergence (b) convergence

Test for convergence: (a) —
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+ + +2
11.89. If a, b, and d are positive numbers and b > a, prove that — g5 alatd) + a(atd)(at2d) +
b bb+d) bb+d)(Db+2d)
converges if b —a > d, and diverges if b —a < d.

Series of functions

oo

N n i _1 n _1 n 1
11.90.  Find the domain of convergence of the series (a) ZX_B’ (b) ZM (©) Z

g oy o n@a-1) | A+ )"
(d)Z (—j,and(e)z

n=1 n ln -n+l
Ans. (a) -1 <x< 1(b)—1<x§3(C)a11x¢0(d)x>0(e)x§0

1 2n—-1
11.91.  Prove that 2 23 45 . ( ?2 ) ) x" converges for -1 < x< 1.
n =

Uniform convergence

11.92. By use of the definition, investigate the uniform convergence of the series

x
[T+(m-=1) x][1+ nx]

NgE

n=1

1+nx']

Ans. Not uniformly convergent in any interval which includes x = 0; uniformly convergent in any other
interval.

[Hint: Resolve the nth term into partial fractions and show that the nth partial sumis S, (x) =1—

11.93. Work Problem 11.30 directly by first obtaining S,(x).

=3

n=1
(b) Zsm L ande) ¥ —X— x>0
A1+ )"

Ans. (a) convergence for | x| <3; uniform convergence for | x| < r < 3 (b) uniform convergence for all

71
11.94. Invesngate by any method the convergence and uniform convergence of the series (a) 2( ) s

x (c) convergence for x > 0; not uniform convergence for x > 0, but uniform convergence for x > r>0

11.95. If F(x)= z sin , prove that (a) F(x) is continuous for all x, (b) lim F(x) =0, and
x—0

CosT. .
(c) F'(x)= 2 , is continuous everywhere.

T
11.96. Prove that J c0s 2% + cosdx cos6x + .- |dx=0.
o 1-3 3-5 5.7

11.97. Prove that F(x) = z sin nx

has derivatives of all orders for any real x.
sinh nr

11.98.  Examine the sequence u,(x) = S = 1,2, 3, ..., for uniform convergence.

1+x
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1
11.99. Prove that lim L =1-e'.
n—eJ0 (1+ x/n)"

Power series

2 3 4
11.100. (a) Prove that In (1+x)=x—x—+x——x—+-~~(b)ProvethatIn 2:1—l+l—l+--~.(Hint:Use
x 3 4 2 3 4

the fact that =l—x+x>—x+---and integrate.)

1+x

3 5 7
1. 1-3.
11.101. Prove that sin~! x=x 4+ L% 413 % 13 5x—+---,—ISx$1.
23 245 2:4.617 -~

V2 _ o 11—cosx . S
11.102. Evaluate (a) J. e dxand(b) J ——— dx to three decimal places, justifying all steps.
0 0 X
Ans. (a) 0.461 (b) 0.486

11.103. Evaluate (a) sin 40° (b) cos 65°, and (c) tan 12° correctly to three decimal places.

Ans. (a) 0.643 (b) 0.423 (c) 0.213

11.104. Verify the expansions 4, 5, and 6 on Page 289.

11.105. By multiplying the series for sin x and cos x, verify that 2 sin x cos x = sin 2x.

2 4 6
, 4xt 31
11.106. Show that e°°5x=e(1—x—+i— x +J oo < x < oo,
207 41 6!

11.107. Obtain the expansions

3 5 7
(a) tanh™'x —xr g —l<x<1
3 5 7
1 1 5 1.3. 7
b In(x+yx>+D)=x——"+ SIESNN LE AL DAE S ~l<x<l
23 245 2:4.6 7 =
e x#0
11.108. Let f(x)= . Prove that the formal Taylor series about x = 0 corresponding to f(x) exists but
0 x=0

that it does not converge to the given function for any x # 0.

11.109. Prove that

(a) Ind+x) =x- 1+l X+ 1+l+l X - for—-1<x<l1
1+ x 2 23
3 4
b (407 = —[1+0 12 i1+ )22 ot
2] 3 2 3) 4

Miscellaneous problems

11.110.  Prove that the series for J,(x) converges (a) for all x and (b) absolutely and uniformly in any finite interval.



11.111.

11.112.

11.113.

11.114.

11.115.

11.116.

11.117.

11.118.

11.119.

11.120.

11.121.

11.122.
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Prove that (a) 4 {(Jo()}=—J,(x), (b) 4 {x"J, (0)}=x"J,_,(x), and
dx dx P P

2p

(©) Jp+1(x) ZTJP()C)—JP_I()C).

Assuming that the result of Problem 11.111(c) holds for p =0, -1, -2, . . ., prove that (a) J_,(x) = =/,(x),
(b) J,(x) = J,(x), and (¢) J_,(x) = (-1)" J,(x),n=1,2,3, . ...

Prove that e'/>*¢ =1/ = z J,(x)t” (Hint: Write the left side as e ¢ expand, and use Problem
11.112)) il

— (n+ 17"

3 is absolutely and uniformly convergent at all points within and on the circle |z =1.
s h(n+2)

Prove that

o

(a) If 2 a,x" = Z b,x" for all x in the common interval of convergence |x | < R where R > 0, prove
n=1 n=1

thata, =b,forn=0, 1,2, ... (b) Use (a) to show that the Taylor expansion of a function exists and the

expansion is unique.

Suppose that lim {'l|un| = L. Prove that Zu, converges or diverges according as L< 1 or L> 1. If L=1, the
test fails.

Prove that the radius of convergence of the series Xa,x" can be determined by the following limits, when

, (b) lim L and (c) Tim

1
E) ——
n—eo n¢|a | n—eo n[|a |
n n

Use Problem 11.117 to find the radius of convergence of the series in Problem 11.22.

_n_

a

they exist, and give examples: (a) lim
n—soo

n+1

(a) Prove that a necessary and sufficient condition that the series Zu, converge is that, given any € > 0, we
can find N > 0 depending on € such that | S,-S, | < e whenever p >Nand g >N, where S; =u; +u, +-- -+

u,. (b) Use (a) to prove that the series Z

n=1

n
———— converges. (¢c) How could you use (a) to prove that the
(n+1)3"

o 1
series 2— diverges? (Hint: Use the Cauchy convergence criterion, Page 27.)

n=1

Prove that the hypergeometric series (Page 276) (a) is absolutely convergent for |x | < 1, (b) is divergent
for |x| > 1, (c) is absolutely divergent for |x| =1ifa+b-c<0,and (d) satisfies the differential equation
x(I=x)y"+{c—(a+b+ 1)x}y —aby=0.

If F(a, b; c; x) is the hypergeometric function defined by the series on Page 290, prove that (a) F(-p, 1; 1; —x) =

(1 +xY, (b)x F(1, 1;2; —x) = In(I +x), and (c) F(% %; %; x? J: (sin™ x)/x.
x° %
Find the sum of the series S(x) =x + ﬁ + m + - - - . (Hint: Show that S’(x) — 1 + xS(x) and solve.)

2 X2
Ans. e* /ZJ. e % dx
0



CHAPTER 11 Infinite Series

1123, Provethati+ 4+ , v L o_plpo v v T
1-3 1-3-5 1-3-5-7 2.3 2%2.21.5 23.31.7 2%.41.9

11.124. Establish Dirichlet’s test on Page 284.

sin nx

is uniformly convergent in any interval which does not include 0, =, +2m, . . . (Hint:

11.125. Prove that

use the Dirichlet test, Page 284, and Problem 1.94.)

11.126. Establish the results on Page 289 concerning the binomial series. (Hint: Examine the Lagrange and Cauchy
forms of the remainder in Taylor’s theorem.)

e D"~ 1
11.127. Prove that 2 =D 5 converges uniformly for all x, but not absolutely.
o htx

11.128. Prove that 1—l+l—i+---:L+lln2.
4 7 3

10 33

s 1" n—1
11.129. If x = y¢’, prove that y = z()—'n x" for-lfe<x<1/e.
n!

n=1

11.130. Prove that the equation e = A — 1 has only one real root and show that it is given by
i -1 n—-1_n-1 —n
A=1+ Z()#

|
el n:

B,x*  Byx’
L —1+Bx+ 2t 23t
e’ —1 2! 3!

satisfy the recursion formula (B + 1)" — B" = 0 where B*is formally replaced by B, after expanding.

11.131. Let

+ ---. (a) Show that the numbers B,, called the Bernoulli numbers,

n’

(b) Using (a) or otherwise, determine B, . . ., B,.

1 1 1 1
Ans. (b) B :_E’Bz :g,Ba =0, B, :_%,Bs =0, Bg 0

11.132. (a) Prove that
=1,2,3,... ¢ -1

= g [coth% — 1). (b) Use Problem 11.127 and (a) to show that B,,,, =0 if k

11.133. Derive the series expansions:

3 2n
B, (2
(a) Cothx=l+£_x_+... &
x 3 45 (2n)!x
3 2n
B, (2
(b) COthx=l+£—x_+.,,(_1)"&_*_.“
3 5 -1 2n-1
2(2 -DB, (2
(@) tanx=x+x_+2i+...(_1)n—1 ( ) 2n( x) N
3 15 (2n)!
222n—1_1 B 2n—1
(d) CSC.x=l+£+Lx3+...(_1)n—l ( ) X
X 6 360 @l

[Hint: For (a) use Problem 11.132; for (b) replace x by ix in (a); for (c) use tan x = cot x — 2 cot 2x; for (d) use
csc x = cot x + tan x/2.]



11.134.

11.135.

11.136.

11.137.

11.138.

11.139.

11.140.

11.141.

11.142.

11.143.
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= 1
Prove that H[l + —3] converges.

n=1 n

= 1
Use the definition to prove that H(l + —j diverges.

n=1 n

(a) Prove that H(l —u,), where 0 <u, <1, converges if and only if Zu, converges.

n=1

= 1 1

(a)Prove that H(l - —2) converges to E (b) Evaluate the infinite product in (a) to two decimal places
n=2 n

and compare with the true value.

Prove that the series 1 +0—-14+14+0-14+1+4+0-1+---is the C— 1 summable to zero.
Prove that the Cesaro method of summability is regular. (Hint: See Page 291.)
Prove that the series 1+ 2x + 3x> + 4x° + - - - + nx"' + - - - converges to 1/(1 — x)? for lx] <1.

A series Za is called Abel summable to S if § = lim Za X" exists. Prove that

n=0 x—1-
(@) ;(—1)" (n+1) (n+1)is Abel summable to%
S (-D"(n+D(n+2)
2

(b) =0 is Abel summable to é

1

Prove that the double series 2 Z , where p is a constant, converges or diverges according as

m=0 n= O(m + 2)[’
p>lorp <1, respectively.
1 1 2! 3! D" (n-1)! e
(a) =t 4 (=])"n! du.
x x x X x" ¢ '[* !
e 1 1 2! !
(b) Use (a) to prove that I ¢ du~———2+—3—3—4

X X X X



Improper Integrals

Definition of an Improper Integral

The functions that generate the Riemann integrals of Chapter 5 are continuous on closed intervals. Thus, the
functions are bounded and the intervals are finite. Integrals of functions with these characteristics are called
proper integrals. When one or more of these restrictions are relaxed, the integrals are said to be improper.
Categories of improper integrals are established as follows.

The integral jb f(x)dx is called an improper integral if
1. a =— or b= or both; i.e., one or both integration limits is infinite.
2. f(x) is unbounded at one or more points of a < x < b. Such points are called singularities of f (x).
Integrals corresponding to (1) and (2) are called improper integrals of the first and second kinds, respec-
tively. Integrals with both conditions (1) and (2) are called improper integrals of the third kind

EXAMPLE 1. J:Q sin x>dx is an improper integral of the first kind.

EXAMPLE 2.

is an improper integral of the second kind.

J‘4 dx

0 x—

EXAMPLE 3. J‘w ¢ dx is an improper integral of the third kind.

° Jx

Isinx |, . . . .
EXAMPLE 4. J‘O dx is a proper integral, since hrgl
X =0+ x

sin x
=1.

Improper Integrals of the First Kind (Unbounded Intervals)

If fis integrable on the appropriate domains, then the indefinite integrals IX f(@®)dt and j ’ f(@®)dt (with vari-

able upper and lower limits, respectively) are functions. Through them we define three forms of the improper
integral of the first kind.

Definition . .
(a) Iffis integrable on a < x <o, thenJ. f(x)dx = 1imJ f(t)dt.

(b) If fis integrable on - <x < a, thenf f(x)dx = 1iq1 Iu f(@)dt.
(c) If fis integrable on —» < x < %, then
j”; Fx)dx = L Fx)dx+ j: F(x)dx

= lim j £ dt+li£1“[: () dt
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In (c) it is important to observe that

lim jf‘ f(@)dt+1im j F(o)d

and
lim U“ F(Odt+ L f(t)dt}

are not necessarily equal. ,
This can be illustrated with f(x) = xe*". The first expression is not defined, since neither of the improper
integrals (i.e., limits) is defined, while the second form yields the value 0.

1 2
EXAMPLE. The function F(x)= Te"(" ' s called the normal density function and has numerous appli-
i

cations in probability and statistics. In particular (see the bell-shaped curve in Figure 12.1),

J: ! e—%:dle

NS

(See Problem 12.31 for the trick of making this evaluation.)

Perhaps at some point in your academic career you were “graded on the curve.” The infinite region under
the curve with the limiting area of 1 corresponds to the assurance of getting a grade. C’s are assigned to those
whose grades fall in a designated central section, and so on. (Of course, this grading procedure is not valid
for a small number of students, but as the number increases it takes on statistical meaning.)

In this chapter we formulate tests for convergence or divergence of improper integrals. It will be found
that such tests and proofs of theorems bear close analogy to convergence and divergence tests and corre-
sponding theorems for infinite series (see Chapter 11).

Q| 010203

g(_‘.) =g X2
Figure 12.1

Convergence or Divergence of Improper Integrals of the First Kind

Let f(x) be bounded and integrable in every finite interval @ < x < b. Then we define

[ feodx= ymj” F(x)dx 1)
where b is a variable on the positive real numbers.

The integral on the left is called convergent or divergent according as the limit on the right does or does

not exist. Note that J.m f(x)dx bears close analogy to the infinite series Zu where u, = f(n), while

n?

b n=1
j f(x)dx corresponds to the partial sums of such infinite series. We often write M in place of b in Equa-

tion (1).
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Similarly, we define
[" reoydx=tim [ oo ?)
where a is a variable on the negative real numbers. And we call the integral on the left convergent or divergent
according as the limit on the right does or does not exist.

EXAMPLE 1. xd—f: lim bﬂ:lim (1—%):1 so that de—); converges to 1.
rXx

I x b—ood 1 x2 bh—soo

EXAMPLE 2. cosxdx = limju cos x dx = lim(sinu —sin a). Since this limit does not exit, j cosxdx
is divergent. " e o -

In like manner, we define
[~ reode=[" feode+ | flxax 3)

where x, is a real number, and we call the integral convergent or divergent according as the integrals on the
right converge or not, as in definitions (1) and (2). [See the previous remarks in part (c) of the definition of
improper integrals of the first kind.]

Special Improper Integrals of the First Kind

1. Geometric or exponential integral J‘we"”dx, where ¢ is a constant, converges if # > 0 and diverges
if # < 0. Note the analogy with the geometric series if r = ¢™ so that e™ = r".
2. The p integral of the first kind de—f, where p is a constant and a > 0, converges if p > 1 and diverges
X

if p < 1. Compare with the p series.

Convergence Tests for Improper Integrals of the First Kind

The following tests are given for cases where an integration limit is %. Similar tests exist where an integration
limit is — (a change of variable x = — y then makes the integration limit ). Unless otherwise specified, we
assume that f(x) is continuous and thus integrable in every finite interval a < x < b.

1.  Comparison test for integrals with nonnegative integrands.

(a) Convergence. Let g(x) > 0 for all x > a, and suppose that 'r., g(x)dx converges. Then if 0 < f(x) <
g() forall x > a, J‘Wf(x) dx also converges.

EXAMPLE. Since

I - -
<—=e¢" and j e " dx converges, JO
a

also converges.
X - X
e'+1 e

e +1
(b) Divergence. Let g(x) > 0 for all x > a, and suppose that Jm g(x) dx diverges. Then if f(x) < g(x) for all

x> a, r f(x) dx also diverges.

1 1 = =
EXAMPLE. Since — >— for x > 2 and _[ & diverges (p integral with p = 1), J dx also diverges.
Inx x = 2 x 2 Inx

2. Quotient test for integrals with nonnegative integrands.

@ If f(x) 2 and g(x) 2 0, and if lim L

converge or both diverge. o glx

=A#0 or o, thenr f(x)dx and j” g(x)dx either both

(b) If A=0in (a) and ng(x) dx converges, then Jm f(x)dx converges.

(¢) If A=ccin (a)and r g(x)dx diverges, then r f(x)dx diverges.
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This test is related to the comparison test and is often a very useful alternative to it. In particular, taking
g(x) = 1/x?, we have, from known facts about the p integral, the following theorem.

Theorem 1 Let lim x” f(x) = A. Then

X—o0

@) JN f(x)dx converges if p > 1 and A is finite.

(ii) Jm f(x)dx diverges if p < 1 and A # 0 (A may be infinite).

2 2

x“dx . ., X
converges since lim x".———— =

- 1
EXAMPLE 1. ["——— n . — —
4x* +25 o= 4t 425 4

xdx . . . X
—— diverges since lim x.—————==1.
Nxt+x+1 e xt T+

A similar test can be devised using g(x) = ™.

EXAMPLE 2. j:

3. Series test for integrals with nonnegative integrands. r f(x)dx converges or diverges according as
>u, where u, = f(n), converges or diverges.

4. Absolute and conditional convergence. r f(x)dx is called absolutely convergent if jwl f(x)ldx con-
verges. If JW f(x)dx converges but rl f(x) ldx diverges, then r f(x)dx is called conditionally con-
vergent.

Theorem 2 If JWI f(x)dx converges, then r f(x)dx converges. In words, an absolutely convergent inte-
gral converges. ’

= COSX
EXAMPLE 1. j z—ldx is absolutely convergent and thus convergent, since
@ x’+
~|cosx dx < dx
J > < 5 J —,—— converges.
O lx"+1 0 x"+1 0 x"+1

~sin x sin x

EXAMPLE 2. jo

dx converges (see Problem 12.11), but J:e dx does not converge (see Prob-

X X

~ §in
lem 12.12). Thus, | s

dx dx is conditionally convergent.
X

Any of the tests used for integrals with nonnegative integrands can be used to test for absolute conver-
gence.

Improper Integrals of the Second Kind

If f(x) becomes unbounded only at the endpoint x = a of the interval a < x < b, then we define

b b
o=t [ oo @

and define it to be an improper integral of the second kind. If the limit on the right of Equation (4) exists, we
call the integral on the left convergent; otherwise, it is divergent.

Similarly, if f(x) becomes unbounded only at the endpoint x = b of the interval a < x < b, then we extend
the category of improper integrals of the second kind. o

jh fdv = lim | " F o dx )
Note: Be alertto the word unbounded. This is distinct from undefined. For example, J-l SINX g = lirr(} J-l S gy
a x e-0Je  x

. . . . sinx
is a proper integral, since lim

x=0  x
at x = 0. In such case the integral on the left of Equation (5) is called convergent or divergent according as

the limit on the right exists or does not exist.

=1 and, hence, is bounded as x — 0 even though the function is undefined
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Finally, the category of improper integrals of the second kind also includes the case where f(x) becomes
unbounded only at an interior point x = x, of the interval a < x < b; then we define
j" f@dv=Tim [ f(odv+ lim jb F(x)dx )
The integral on the left of Equation (6) converges or diverges according as the limits on the right exist or
do not exist.
Extensions of these definitions can be made in case f(x) becomes unbounded at two or more points of the
interval a < x < b.

Cauchy Principal Value

It may happen that the limits on the right of Equation (6) do not exist when €, and €, aproach zero indepen-
dently. In such case it is possible that by choosing €, = €, = € in (6), i.e., writing

j: f(0dx = lim { [ reodx+ jb f(x)dx} %)

the limit does exist. If the limit on the right of Equation (7) does exist, we call this limiting value the Cauchy
principal value of the integral on the left. See Problem 12.14.

EXAMPLE. The natural logarithm (i.e., base ¢) may be defined as follows:
Inx= X—, 0<x<oo
rt

1
Since f(x)=— is unbounded as x — 0, this is an improper integral of the second kind (see Figure 12.2).
X

< dt
Also, jo — is an integral of the third kind, since the interval to the right is unbounded.
t

.ooprdt . . . oo
Now lim [ —=1lim [Inl-In€] — —o0 as € = 0; therefore, this improper integral of the second kind is

e—0de ¢ e—0

odt . exdt .
divergent. Also, j —=1Ilim | — =1im [In x —In1] — oo; this integral (which is of the first kind) also
rot

x—eodl g X—>e0

diverges.

g(n

] (/ x
_1 -
g = . y=lInx
(a) (b)
Figure 12.2

Special Improper Integrals of the Second Kind

b dx . . .
1. J converges if p < 1 and diverges if p > 1.
“(x—a)’

Jb dx converes if p < 1 and diverges ifp > 1.
“(b—x)"

These can be called p integrals of the second kind. Note that when p < 0 the integrals are proper.



CHAPTER 12 Improper Integrals

Convergence Tests for Improper Integrals of the Second Kind

The following tests are given for the case where f(x) is unbounded only at x = a in the interval a < x < b.
Similar tests are available if f(x) is unbounded at x = b or at x = x, where a < x, < b.

1. Comparison test for integrals with nonnegative integrands.
(a) Convergence. Let g(x) € 0 for a < x < b, and suppose that J g(x)dx converges. Then if

0 < f(x) < g(x)fora<x < b,j f(x)dx also converges.
1 1
<
xt—1 x-1

also converges.

EXAMPLE.

5
for x > 1. Then since J

dx
'Vx—1

1
converges (p integral witha =1, p = 5),

5 dx
e
(b) Divergence. Let g(x) > 0 for a < x < b, and suppose that Lb g(x)dx diverges. Then if
f(x) > g(x) fora<x > b, j: f(x)dx also diverges.

1 1 b
EXAMPLE. —* for x > 3. Then since L

(x=3)" (x=3)

+ diverges (p integral with a = 3, p =4),

b1
'[ iz‘dx also diverges.
P (x=3)
2. Quotient test for integrals with nonnegative integrands.

(a) If f(x) > 0 and g(x) > 0fora<x < b, and if lim f(( ))—A;tO or oo, then jhf(x)dx and
X—a g x a
j g(x)dx either both converge or both diverge.

(b) IfA=0in (a), and jbg(x)dx converges, then jh f(x)dx converges.
(c) If A=coin (a), and Jbg(x)dx diverges, then jb f(x)dx diverges.

This test is related to the comparison test and is a very useful alternative to it. In particular, taking g(x) =
1/ (x — @)” we have, from known facts about the p integral, the following theorems.

Theorem 3. Let lim (x—a)’ f(x) =A. Then
Jb f(x)dx converges if p <1 and A is finite.
(i) Jb J(x)dx diverges if p > 1 and A # 0 (A may be infinite).

If f(x) becomes unbounded only at the upper limit, these conditions are replaced by those in Theorem 4.

Theorem 4. Let lir? (b —x) f(x) =B. Then
J.b f(x)dx converges of p <1 and B is finite.

(ii) Lh f(x)dx diverges if p > 1 and B # 0 (B may be infinite).

5 dx 12 1 L x-1 1
EXAMPLE 1. Jll mconverges since X11_{n+(x 1) W—}gﬂ o1 2

1
EXAMPLE 2. J-s diverges, since lim (3 —x)-

dx 1
OG- +1 - Goxx+1 10

3. Absolute and conditional convergence. jb f(x)dx is called absolute convergent if Jbl f(x) dx con-

verges. If Jb f(x)dx converges but Ibl f(x) 1 dx diverges, thenJ.b f(x)dx 1is called conditionally conver-
gent.



CHAPTER 12 Improper Integrals

Theorem 5. If J-hl f(x)ldx converges, then jb f(x)dx converges. In words, an absolutely convergent

integral converges.

an dx
exampie, |t | and [" ==
L
4n sinx
that J-n dx converges and thus L m
Any of the tests used for integrals with nonnegative integrands can be used to test for absolute conver-
gence.

. . 1
converges ( p integral witha=m,p = E} it follows

dx converges (absolutely).

Improper Integrals of the Third Kind

Improper integrals of the third kind can be expressed in terms of improper integrals of the first and second
kinds, and, hence, the question of their convergence or divergence is answered by using results already es-
tablished.

Improper Integrals Containing a Parameter, Uniform Convergence

Let
o0@)= [ flxa)dx ®)

This integral is analogous to an infinite series of functions. In seeking conditions under which we may
differentiate or integrate ¢(ct) with respect to a, it is convenient to introduce the concept of convergence for
integrals by analogy with infinite series.

We shall suppose that the integral (8) converges for o, < o < @, or, briefly, [0, O,].

Definition. The integral (8) is said to be uniformly convergent in [0.;, 0,,] if for each € > 0 we can find a
number N depending on € but not on o, such that

o)~ [ fx, a)dx

<e forall u> N and all o in [0, O, ]

This can be restated by noting that

o)~ [ f(x, 0 dx

series to the absolute value of the remainder after N terms.

This definition and the properties of uniform convergence to be developed are formulated in terms of improper
integrals of the first kind. However, analogous results can be given for improper integrals of the second and third
kinds.

|[] reron .

which is analogous in an infinite

Special Tests for Uniform Convergence of Integrals

1.  Weierstrass M test. If we can find a function M(x) € 0O such that
@ Ifte o)l < Mx)ay < o< o,x>a

(b) J‘: M (x)dx converges

then J‘w f(x,a)dx is uniformly and absolutely convergentin 0, < 0 < 0.

cosOLx 1 ~ dx
> andj ——— converges, it follows that J
X +1]= x7+1 0 x"+1

absolutely convergent for all real values of o.

COsSOLX

EXAMPLE. Since dx is uniformly and
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As in the case of infinite series, it is possible for integrals to be uniformly convergent without being ab-
solutely convergent, and conversely.

2. Dirichlet’s test. Suppose that
(a) w(x)is a positive monotonic decreasing function which approches zero as x — .

(b) U:f(x,oc)dx

<Pforallu>aand o, <o <o,.

Then the integral J - f(x, o)y (x)dx is uniformly convergent for o, < o < 0.

Theorems on Uniformly Convergent Integrals

Theorem 6. If f(x, o) is continuous for x € a and 0, < O < O, and if r f(x,0)dx is uniformly conver-
gent for o, < o < O, then (o) = J‘m f(x,00)dx is continuous in 0,; < o < 0. In particular, if o, is any point

of o, < o < 0, we can write

lim ¢(ct)do = lim jwf(x,oc) = r lim £(x,00) dx )

o—-ao,

If o is one of the endpoints, we use right- or left-hand limits.

Theorem 7. Under the conditions of Theorem 6, we can integrate ¢(o) with respect to o, to 0., to obtain

[ dda =] { [ f(x,a)dx}dar{j% f(x,a)da}dx (10)
which corresponds to a change of the order of integration.
Theorem 8. If f(x, o) is continuous and has a continuous partial derivative with respect to o for x € a and

o, < 0 < 0, and if rgldx converges uniformly in o, < ¢ < 0, then if a does not depend on o,
=Yz “ 90, =%z
do _=0of
—=| —dx 11
do L do. (an

If a depends on @, this result is easily modified (see Leibniz’s rule, Page 198).

Evaluation of Definite Integrals

Evaluation of definite integrals which are improper can be achieved by a variety of techniques. One useful
device consists of introducing an appropriately placed parameter in the integral and then differentiating or
integrating with respect to the parameter, employing the aforementioned properties of uniform convergence.

Laplace Transforms

Operators that transform one set of objects into another are common in mathematics. Both the derivative and
the indefinite integral are examples. Logarithms provide an immediate arithmetic advantage by replacing
multiplication, division, and powers, respectively, by the relatively simpler processes of addition, subtraction,
and multiplication. After obtaining a result with logarithms, an antilogarithm procedure is necessary to find
its image in the original framework. The Laplace transform has a role similar to that of logarithms but in the
more sophisticated world of differential equations. (See Problems 12.34 and 12.36.)
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The Laplace transform of a function F(x) is defined as
f9)=LIF@)} = [ e F(x)dx (12)

and is analogous to power series as seen by replacing e~ by ¢ so that e = *. Many properties of power series
also apply to Laplace transforms. Table 12.1, showing Laplace transforms, is useful. In each case, a is a real
constant.

TABLE 12.1
F(x) F{Fx)}
u 4 s=>0
S
Y I
e S =a
S —da
a
i s >0
sin ax s2+a2 =
8
COs (X 3 5 s >0
S+ a
|
X'"n=1273,... s:”ﬁ s =10
Y'(x) SL{Y (V) — Y(0)
Y “(v) STLLY (X)) = s Y(0) — YO
Linearity

The Laplace transform is a linear operator; i.e., {{F(x) + G(x)} = {{F(x)} + {{G(x)}.
This property is essential for returning to the solution after having calculated in the setting of the trans-
forms. (See the example that follows and the previously cited problems.)

Convergence

The exponential ¢ contributes to the convergence of the improper integral. What is required is that F(x)

does not approach infinity too rapidly as x — <. This is formally stated as follows: If there is some constant
a such that IF(x)l < e for all sufficiently large values of x, then f(s) = J: e’ F(x)dx converges when s >a

and fhas derivatives of all orders. (The differentiations of f can occur under the integral sign.)

Application

The feature of the Laplace transform that (when combined with linearity) establishes it as a tool for solving
differential equations is revealed by applying integration by parts to f(s) = J: e "F(t)dt . By letting u = F(t)

and dv = ™ dt, we obtain, after letting x — o,

re_”F(t)dt - lF(O) +1 j T F () dt
0 s s 0
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Conditions must be satisfied that guarantee the convergence of the integrals (for example, e F(f) — 0 as
t— ),
This result of integration by parts may be put in the form
@ C{F' O} =sC{F(n} - F().

Repetition of the procedure combined with a little algebra yields

) C{F'(0)} =L {F(0)} —sF(0) - F' (0).

The Laplace representation of derivatives of the order needed can be obtained by repeating the process.
To illustrate application, consider the differential equation
d’y
ar’
where y = F(f) and F(0) = 1, F* (0) = 0. We use

+4y=3sint

. o
C(sinat}=———, {{cosat} = 5——
s +a

s*+a
and recall that

£(5) = CLF@)} § (F"(0)) + 4L(F(0)) = 3C{sin 1)

Using (b), we obtain
3

s +1

S f()=s+4f(s)=
Solving for f(s) yields
3 s J 1 s
S)= = — +
S ) (P +4)(s*+1D) s*+4 s7+1 s2+4 s7+4
(Partial fractions were employed.)
Referring to the table of Laplace transforms, we see that this last expression may be written

f(s)=C{sinr} —%C {sin2r)+{ {cos 2t}
then, using the linearity of the Laplace transform,
f()=C {sin t —%sin 2t +cos ZI}
We find that
F(t) =sint —%sin 2t +cos2t

satisfies the differential equation.

Improper Multiple Integrals

The definitions and results for improper single integrals can be extended to improper multiple integrals.

SOLVED PROBLEMS

Improper integrals
12.1. Classify according to the type of improper integral:

dx

10 xdx © ]l —cosx
© [ —

1 dx
@ Li/}(xﬂ) © ) ooy

X
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12.2.

2
® [ _ @ [
1+tanx = x"+x"+1

(a) Second kind (integrand is unbounded at x = 0 and x = —1).

(b) Third kind (integration limit is infinite and integrand is unbounded where tan x = —1).

(c) This is a proper integral (integrand becomes unbounded at x = 2, but this is outside the range of in-
tegration 3 < x < 10).

(d) First kind (integration limits are infinite but integrand is bounded).

I—-cosx 1

(e) This is a proper integral (since lim > 2 by applying L’ Hospital’s rule).

x>0+ X

Show how to transform the improper integral of the second kind, J. , into (a) an improper

integral of the first kind, (b) a proper integral. VX(2=x)

1
where 0 <e < 1,say. Let2—x=—. Then the integral becomes

\/x(2 X) e y
1/e d
L 9 . As € > 0 +, we see that consideration of the given integral is equivalent to consideration
W2y-1
=
| — ’
of Y 2y—-1

(a) Consider J.

which is an improper integral of the first kind.

I dv
(b) Letting 2 — x =12 in the integral of (a), it becomes ZJ ‘ ﬁ We are thus led to consideration of
v+

2-[ v , which is a proper integral.
Vu? +1
From this, we see that an improper integral of the first kind may be transformed into an improper integral
of the second kind, and conversely (actually this can always be done).
We also see that an improper integral may be transformed into a proper integral (this can only sometimes
be done).

Improper integrals of the first kind

12.3.

12.4.

Prove the comparison test (Page 326) for convergence of improper integrals of the first kind.

Since 0 < f(x) < g(x) for x & a, we have, using Property 7, Page 98,
b b o
0 <J. f(x)dx < J. g(x)dx <J. g(x)dx
= Ja = Ja = Ju

b -
But, by hypothesis, the last integral exists. Thus, %imj f(x)dx exists, and, hence, j f(x)dx converges.
e da o

Prove the quotient test (a) on Page 326.

By hypothesis, lim fx) = A > 0. Then, given any € > 0, we can find N such that f_ Al <€ when
== g(x) 8(x)
x € N. Thus, for x € N, we have
A-e < f(( )) < A+e or (A-e)g(x) < f(x) < (A+e)g(x)
= g(x = =
Then
b b b
(A-e)| gwdx<| f(x)dr< (A+e) g(x)dx )

There is no loss of generality in choosing A — € > 0.
If J g(x) dx converges, then by the inequality on the right of Equation (1),

})im J.; f(x)dx exists, and so J.w f(x)dx converges
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oo b
If J g(x) dx diverges, then by the inequality on the left of Equation (1), lim JN f(x)dx = oo,
and so r f(x)dx diverges.

For the cases where A =0 and A = =, see Problem 12.41.
As seen in this and Problem 12.3, there is, in general, a marked similarity between proofs for infinite
series and improper integrals.

o dx
12.5. Test for convergence: (a) J al

1 3x* +5x7 +1

= x’ =1
d b = dx.
and ) L Jx® +16 )

(a) Method 1: For large x, the integrand is approximately x/3x4 = 1/3x3.

X 1 1 (=dx
Since —————— < ——and — | — converges (p integral with p = 3), it follows by the compari-
3x+5x7+1 = 3x° 3 j’ x’
- xdx
son test that J. — 5 also converges.
I 3x" +5x" +1

Note that the purpose of examining the integrand for large x is to obtain a suitable comparison integral.

, 8(x)= i} Since lim %, and J‘IN g(x)dx converges,
X X—oo

x
Method 2: Let f(x)=————
4 3x* +5x7 +1

J.lm f(x)dx also converges by the quotient test.

1
Note that in the comparison function g(x), we have discarded the factor —. However, it could just as well
have been included.

. 1 L

Method 3: lim x’ [#):5 Hence, by Theorem 1, Page 324, the required integral
Ko X +Ox" +

converges.

(b) Method 1: For large x, the integrand is approximately x%/ x° = 1/x.

x* -1 1
>_
=2

Forx > 2, dx also diverges.

1 1 pedx - x*—1
.—. Since —| — diverges, | ————
x°+1 X ZL X J.z Vx®+16

2

x -1 1 . . f(x) S .
Method 2: Let f(x) =———, g(x) =—. Then, since lim =1and x)dx diverges,
[ = g0 =7 lim= [, 8@ g

J‘: f(x)dx also diverges.

2
. -1
Method 3: Since lim x (% J =1, the required integral diverges by Theorem 1, Page 324.
x +16

X—o0

1

Note that Method 1 may (and often does) require us to obtain a suitable inequality factor (in this case, E

1
or any positive constant less than E) before the comparison test can be applied. Methods 2 and 3, however, do
not require this.

12.6. Prove that J: e dx converges.

lim 2 e =0 (by L’Hospital’s rule or otherwise). Then, by Theorem 1, with A = 0, p = 2, the given

X—>o0

integral converges. Compare Problem 11.10(a).

Inx

o ~]—cosx
12.7. Examine for convergence: (a) J dx, where a is a positive constant and (b) j —de.
' x+a ox
. X
(a) limx. =co, Hence, by Theorem 1, Page 324, with A = o, p = 1, the given integral diverges.
e x+4q

»]1—cosx nl—cosx «1—cosx
(b) -[0 de=-[ —dx+L de

2
0 X
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The first integral on the right converges [see Problem 12.1(e)].
) ( 1—cosx

. . 3/
Since lim x

X—o0 2

)z 0, the second integral on the right converges by Theorem 1, Page 324, with
X

A=0andp=3/2.
Thus, the given integral converges.

1 p*¥ - 3+ 2
12.8. Test for convergence: (a) .[ € _dx and (b) J' o = Y dx.
S oo

x°+1
oo e_y
(a) Letx =-y. Then the integral becomes —Jl —dy.
y

o _ o
Method 1: < e for <1.Then, since jl e”dy converges, jl e—dy converges; hence, the
y - - y

given integral converges.

x—>00 Yoo

. e’ . . L
Method 2:  lim y’ (—]: lim ye™ =0. Then the given integral converges by Theorem 1, Page 324,
y

withA=0and p =2.

3,2
X +x . . . .
5 dx . Letting x = —y in the first integral, it becomes

0 x4 52 .
(b) Write the given integral as J al xl dx+ JO ]
X +

oo x6+

6 Y300 6

32 3.2
—J y -y dy. Since lim y’ y -y =1, this integral converges.
oy +1 ¥ +1

3 2
. . x +x
Since lim x* [—

=1, the second integral converges.
X x°+1

Thus, the given integral converges.

Absolute and conditional convergence for improper integrals of the first kind

12.9. Prove that Jm f(x)dx converges if J:I f(x)ldx converges; i.e., an absolutely convergent integral is
o
convergent.

We have — If(0)] < f(x) < If()l;ie., 0 < f(x) + 1)l 21f(¥)]. Then
0< Jh[f(x) <+ f(0)]dx < 2Jh| F(x)ldx

If 'rolf (x)I dx converges, it follows that Jmlf (x) + [f(x)1] dx converges. Hence, by subtracting J.wlf ()l dx,
o o o

which converges, we see that J f(x) dx converges.
o

= COS X
12.10.  Prove thatJ. -— dx converges.
X
cos x| 1 . . = dx .
Method 1: <= for x > 1. Then by the comparison test, since J —; converges, it follows that
X =X = rx
=|COS X =|COS X . = COS X
J 5 d x converges; J 5 d x converges, i.e., J -— converges absolutely, and so converges
N X X
by Problem 12.9.
. cos x| .. |[cosx . .
Method 2:  Since lim x*'* I | = hmI 0 I =0 it follows from Theorem 1, Page 324, with A = 0 and
X—>o0 e x—eo | x
=|COS X = COS X
p =3/2. that '[ >—{dx converges, and, hence, j ——dx converges (absolutely).
X roXx




12.11.

12.12.
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- sin x
Prove that j dx converges.
tox

. 1sin x sin x sin x
Since J. dx converges | because is continuous in 0 <x < 1 and lim =11, we
0 X X =0+ x

= sinx
need only show that Il dx converges.
X

Method 1: Integration by parts yields

. M
Msin x cosx M COS X cosM rMcosx
J dx=- j dx = - +J‘ — dx (1)
X X tox’ X
. o . . . . cosM
or, on taking the limit on both sides of Equation (1) as M — % and using the fact that }}m e =0,
= sin x cosx ,
L dx =cosl+ J. 2)

Since the integral on the right of Equatlon (2) converges by Problem 12.10, the required result follows.
The technique of integration by parts to establish convergence is often useful in practice.

Method 2:

« 8in x © sin x 2n sin x (n+Dr Sin X
I —dxzj dx+j dx+...+J —dx+
'

0 X 0 X nm X

EJ‘WH)K smx

Letting x = v + n7, the summation becomes

L [T sinv © Sinv = Sinv T Sinv
2( ) do[ =—dv+]| do+| do—...
0O n+nm 0 v ‘v+mw Ov+21m

1
This is an alternating series. Since < and sin v > 0in [0, «t], it follows that
v+t Tv+(n+n =

© SinV n sinv
[ gy o [P SIMD_
0V +nn =0v+(n+Dr

Also,

© sinv . dv
lim dvo <lim| —=0
noed0y+pw T o0 pn

Thus, each term of the alternating series is, in absolute value, less than or equal to the preceding term, and
the nth term approaches zero as n — . Hence, by the alternating series test (Page 281), the series and, thus,
the integral converge.

< sin x .
Prove that JO dx converges conditionally.
X

Since, by Problem 12.11, the given integral converges, we must show that it is not absolutely convergent;

i.e., j
0

As in Problem 12.11, Method 2, we have
I~ (n+D)m
J‘ d - z J‘n

for 0 < v < m. Hence,

sin x

dx diverges. diverges.

sin x sin x

dx _ZJ‘“ sinv (1)

°D+nn

Now

>—
v+t T (n+Dn

J'n sinv

o > J. sinv dv = ———— 2
0V +nm =(n+Dm Yo (n+Dm
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diverges, the series on the right of Equation (1) diverges by the comparison test.

- (n+ 1)

a dx diverges and the required result follows.

Improper integrals of the second kind, cauchy principal value

7
12.13.  (a) Prove that J converges and (b) find its value.

dx
1 x+1

The integrand is unbounded at x = — 1. Then we define the integral as
7
. 3
=lim|6-=€*’ |=6
e e—0+ 2

— converges (a) in the usual sense and (b) in the Cauchy principal value sense.

lim

€0+ -

7 dx . (x4
.[ = lim ————
l+e 3/x+1 e—0+ 2/3

This shows that the integral converges to 6.

5
12.14. Determine whether _[ Y
Sy —

5 dx . e dx . 5 dx
J = lim J. —+ lim J. S
l(x 1) €, —0+J-1 (x_l) €, >0+ J1+e, (X—l)

. 1 1 . 1 1
=lim | ——— |+ lim | ——-—
-0+ § 261 e, >0+ 262 32

and, since the limits do not exist, the integral does not converge in the usual sense.

(a) By definition,

(b) Since

. - dx 5 dx . 1 1 1 1 3
lim J. %+J- Sr=limi———— e ———— = —
=0+ |- (x—=1)7 e (x=1) -0+ |8 2e” 2e” 32 32
the integral exists in the Cauchy principal value sense. The principal value is 3/32.

12.15.  Investigate the convergence of:

5 dx /2 dx
(a (©) —_— —F,n>1
Y J 8)2” jl JGE=-x)(x-1) JO (cosx)"""

b [ sin x d d P

(b) jo S @ [ —

(a) hm(x 2)*3. ! lim ! ! N ! H the integral b

a ——— = — = . Hence, the integral converges
o2 (=8 o x| X7 +2x+4 818 ¢ o
Theorem 3(i), Page 326.

(b) lim x*- Smx 1. Hence, the integral diverges by Theorem 3(ii) on Page 326.

x—0+ x3

(c) Write the integral as

3 'x 5
Jl JG6-x)(x-1) +L JE-0(x-1)

. 1
Since lim (x —1)""*-——===—===—, the first integral converges.
xolr NOE=x)(x-1)
1 1
Since lim (5—x)""*.——————=—, the second integral converges.

5= JG-nG-1) 2

Thus, the given integral converges.

sin”! x

=2""%. Hence, the integral diverges.

@ lim(1—x)-2
x—1- 1



12.16.

12.17.
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sin”! x 271[ /2

Another method: > , and J diverges. Hence, the given integral diverges.
1-x = 1-x 11-x
1/n
. 1 . T/2—-x )
e) lim (m/2- x)”"-—” = lim | ———— | =1.Hence, the integral converges.
x—1/2n— (COS X) n x—1/2n— COS X

1
If m and n are real numbers, prove that L x"'(1=x)""dx (a) converges if m >0 and n > 0 simultaneously
and (b) diverges otherwise.

(@) Form > 1andn > 1 simultaneously, the integral converges, since the integrand is continuous in 0 < x
< 1. Write the integral as

j”zx'"" (1-x)""du+ | L (=) dx )
0 1/2

If0<m<1and0<n< 1, the first integral converges, since lim , x'™ - ¥ (1 —x)"' =1, using Theorem
3(i), Page 326, with p= 1 —m and a = 0. =0

Similarly, the second integral converges, since lim,_, | _
326, withp=1-nand b=1.

Thus, the given integral converges if m > 0 and n > 0 simultaneously.

(1 -0 x)"1 (1 —x)"~ ! =1, using 4(i), Page

(b) Ifm <0, lirré x - 2" (1 —x)"! = . Hence, the first integral in Equation (1) diverges, regardless of the
= x>0+
value of n, by Theorem 3(ii), Page 326, with p = 1 and @ = 0.

Similarly, the second integral diverges if n < 0, regardless of the value of m, and the required result fol-
lows. a

Some interesting properties of the given integral, called the beta integral or beta function, are considered
in Chapter 15.

=1 .1 ..
Prove that _[0 —sin—dx converges conditionally.
X X

< sin
Letting x = 1/y, the integral becomes L/ sy dy and the required result follows from Problem 12.12.
Ty

Improper integrals of the third kind

12.18.

If n is a real number, prove that J: x"e dx (a) converges if n > 0 and (b) diverges if n < 0.
Write the integral as
1 n-1_—x “ on-l_—x
J.Ox e dx+j1 x"edx (1)
(a) Ifn > 1, the first integral in Equation (1) converges, since the integrand is continuous in 0 < x < 1.

If 0 < n < 1, the first integral in Equation (1) is an improper integral of the second kind at x = 0. Since
lim x'7"-x"!e™ =1, the integral converges by Theorem 3(i), Page 326, with p=1—n and a = 0.

x—=0+
Thus, the first integral converges for n > 0.
If n > 0, the second integral in Equation (1) is an improper integral of the first kind. Since lim x? - x*!
X—>00

e =0 (by L'Hospital’s rule or otherwise), this integral converges by Theorem 1(i), Page 324, with p = 2.
Thus, the second integral also converges for n > 0, and so the given integral converges for n > 0.
(b) Ifn < 0, the first integral of Equation (1) diverges, since lirré x - x"! ¢ = 0 [Theorem 3(ii), Page 326].
- x—0+
If n < 0, the second integral of Equation (1) converges, since lim - x"!e™=0 [Theorem 1(i), Page 324].
Since the first integral in Equation (1) diverges while the second integral converges, their sum also di-
verges; i.e., the given integral diverges if n < 0.
Some interesting properties of the given integral, called the gamma function, are considered in Chap-
ter 15.
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Uniform convergence of improper integrals

12.19.

12.20.

12.21.

(a) Evaluate ¢ (o) = J:ocefwdx for a0 > 0. (b) Prove that the integral in (a) converges uniformly to 1 for o

e ol > 0. (c) Explain why the integral does not converge uniformly to 1 for ot > 0.

b
=liml-e* =1 ifo >0

b—oo

@ @) =lim ["oedv = lim—e ™

b—oo

x=0

Thus, the integral converges to 1 for all o0 > 0.

(b) Method 1, using definition: The integral converges uniformly to 1 in o€ o, > 0 if for each € > 0 we can
_ u —ox

1 J;) oe " dx

find N, depending on e but not on o, such that <e forallu >N.

u ! 1 1
Since |1— J-O oce_‘”dx‘ Sll-(1-e™)l=e™ <e™ <e foru>—In—= N, the result follows.

o, €

Method 2, using the Weierstrass M test: Since lim x* - oe™™ = 0 for o o, > 0, we can choose

—ax 1 - . 1 . = dx
loe™ | < = for sufficiently large x—say, x > x,. Taking M(x) =7 and noting that J;O?
converges, it follows that the given integral is uniformly convergent to 1 for o. € o, > 0.

(¢) As ol — 0, the number N in the first method of (b) increases without limit, so that the integral cannot be
uniformly convergent for o > 0.

If ¢(ax) = J:q f(x, a)dx is uniformly convergent for o, < o0 < 0, prove that ¢(ov) is continuous this

interval.

Let 0(00) = j f(x, o) dx + R(u,00), where R(u,00) = j: f(x, ) dx.
Then O(ct + /) = j”f(x, o +h)dx + R(u, o + h) and so

0@ +h)=0@) = [ {f(x, 0+ h)= f(x, 0)}dx + R(u, 0 +h) = R(u, &)
Thus,
lo(o +h)—d(a) | < LI fx,oo+h)— f(x, o) ldx+ 1 R(u, o0 +hl+1 R(u, o) | (1)
Since the integral is uniformly convergent in (Q), < () < 0, we can, for find N independent of (o) such
that for (1) > N,

IR(u, oo + h)l < €/3, IR(u, o)l < €/3 2)

Since f(x, o) is continuous, we can find § > 0 corresponding to each e > 0 such that
J‘:If(x,oc-i-h)—f(x,(x)ldx<e/3 forlhl<d 3)

Using Equations (2) and (3) in (1), we see that ld(ot + 1) — 0 (o)l < € for (k)] < §, so that ¢p(ct) is continuous.
Note that in this proof we assume that both o and o + £ are in the interval o, < o0 < o,. Thus, if o= @,
for example, /& > 0 and right-hand continuity is assumed. o
Also note the analogy of this proof with that for infinite series.
Other properties of uniformly convergent integrals can be proved similarly.
(a) Show that [}l_{& J.:Ote_a‘[dx ¢j:( lim oee™™ )dx and (b) explain the result in (a).

a—0+

(a) lim “oe ™ dx = lim =1 by Problem 12.19(a).

a—0+4J0 a—0+
Jm( lim ote™™ )dx = JWO dx =0. Thus, the required result follows.
0 \a—0+ 0

(b) Since ¢(o) = 'reoteﬂ“dx is not uniformly convergent for o = 0 (see Problem 12.19), there is no guar-
antee that ¢(ow) will be continuous for « = 0. Thus, lil’{)l 0(a) may not be equal to 0(0).
o—0+
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o o
12.22.  (a) Prove that Jo e ™ cos rx dx = SR for o0 > 0 and any real value of r. (b) Prove that the integral in
o +r

(a) converges uniformly and absolutely fora < o < b, where 0 <a < b and any r.
(a) From integration formula 34, Page 103, we have

— . M
e™**(r sin rx—o. cos rx)| o
o’ +r?

M
lim | e cos rx dx = lim —
M—J0 M—oo o +r |0

(b) This follows at once from the Weierstrass M test for integrals, by noting that le™* cos rxl < ¢* and

JO e *"dx converges.

Evaluation of definite integrals
/2 . T
12.23.  Prove that JO In sin x dx = £y In 2.
The given integral converges [Problem 12.42(f)]. Letting x = /2 — y,

/= n/21 . dx = 1[/21 dv = 1[/21 d
_-[O n s x X—JO ncosy y—‘[o ncos x ax

Then

21 = Inlz(ln sin x + In cos x)dx = jmzln[sm 2x de
0 0 2
(D
/2 . /2 /2 . T
=J. In sm2xdx—j In 2dx=J In sin2xdx——In2
0 0 0 2
Letting 2x =,

n/2 . 1¢n . 1 |pr2 .
j In sin 2x dx = —J In sinv dv =— {I In sinv dl)}
02 2Jo 2 |Jo
1 . . .
= 5(1 +1)=1 (lettingv =7 —in the last integral)

Hence, Equation (/) becomes 21 =1 %ln onl= —% In 2.

2
12.24. Prove that JO x In sin xdx =— % In 2.

Let x = —y. Then, using the results in the preceding problem,

J=j:xln sin xdx:J':(n—u) 1nsinudu=j:(n—x) In sin x dx

™ ¥
:njo In sin x a’x—j0 x In sin x dx

=mn’ln2-J
2
or J= T In 2.
2
12.25.  (a) Prove that ¢(o) = J‘w pex is uniformly convergent for oo = 1. (b) Show that ¢ (o) =L.
0 2o
(¢) Evaluate FZL (d) Prove that j —1 = I"/zcosz"e 4o =M£.
0 (x? +1) +D" 0 2.4.6---2n) 2

(a) The result follows from the Weierstrass test, since 5

<
X" +o =

~ dx
fora > 1 andj ——— converges.
=x"+1 = 0 x"+1

b
=lim— =lim—

R e i e
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(¢) From (b), j

Differentiating both sides with respect to a, we have

o Zf
« 0 1  dx T
0| 2 dx:—foﬁ=—0°m
da. | x* +o (x*+o)” 4

the result being justified by Theorem 8, Page 328, since Jw

is uniformly convergent for o = 1

o (x* +a)’
because < and r al converges
2 +a)’ =" +1)° o (x*+1) ’
dx i
Taking the limit as oo = 1 +, using Theorem 6, Page 328, we find J‘ — =
o (x*+1) 4

T
(d) Differentiating both sides of '[0 = 5(17”2 n times, we find
x +a

L: LR IR TR IO (el R L JE PR
e R 2

where justification proceeds as in (c). Letting oo — 1 +, we find
J-w dx _1~3'5'~(2n—1)n_1~3-5---(2n—1)£
o (x*+D)" 2"n! 2 2:4-6---(2n) 2

n/2
Substituting x = tan 6, the integral becomes JO c0s*"@ df and the required result is obtained.

- e—ax _ebx bZ
12.26. Provethat | —————— dx = —l
0 x secrx 2 d*+é?

From Problem 12.22 and Theorem 7, Page 328, we have

Jj:o{Jj:,; e cos rx da} dx= J-z::a{.[;o e ™ cosrx dx} do

where a, b>0.

or
e** cos rx ’ b o
L ey L S
x=0 —X e o=aqy 4
i.e.,
—ax —bx 2 2
e " —e 1. b +r
I ———dx=—In —
0 xsecrx 2 a +r
o 1—cos 1 o
12.27.  Prove that J e** —2x dx =tan™ ——=In(a* +1), o > 0.
0 X o 2
By Problem 12.22 and Theorem 7, Page 328, we have
jr{re"“ cos 7x dx} dr= r“re"” cos 7x a’r} dx
0 0 0 0
or
sin o _
'[e‘“ S —j =tan1i
0 X oo+ o

Integrating again with respect to r from O to r yields

r o 1—cosrx
0

2

r 1 r a4 F o
dx=J tan”' —dr =rtan” ——=In(0.* +77)
by 0 o o 2

using integration by parts. The required result follows on letting r = 1.

12.28.  Prove that j Hﬂ dx = %
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l-cosx 1-cosx
M —dax
Since e 5 <

w]—
B foroc>0,x>0andjﬂ

P dx converges [see Problem
X

w 1—
12.7(b)], it follows by the Weierstrass test that jo e™ STCosx

2 dx is uniformly convergent and represents a
continuous function of o for o = 0 (Theorem 6, Page 328). Then, letting o0 — 0 +, using Problem 12.27, we have
. [* _ox l—cosx «]—cosx . 41 «a T
lim| e “X—zdx:J —de:hm{tan 1———ln(0L2+1)}=—
oa—0J0 X 0 X a—0 o 2 2
. )
= S1n  8in T
12.29. Prove that J . J > s dx =
0 x 0 x

Integrating by parts, we have

M
J~M1—C¥ dx =(_l)(1_cosx)
€ X x

M sin x l-cose 1—-cosM (Msinx
+j dx = - +j dx
i € X IS M S
Taking the limit as € = 0+ and M — % shows that
~8in x «]—cosx b
[ g rlzeosry, T
0 x 0 X 2
. =]—=c
SmceJ

0S X = sin®(x/2) ~sin’ u
o deszo de:‘[

Jw sin® x

> du on letting u = x/2, we also have
u
5 dx =£.
0 x 2
=3
12.30. Prove that j St X dx T
0 x

ix —ix 2 ix\3 ix\2 o —ix ix ix\2 —ix\3
o[ ] @) =R )43 ()
2i i)

_l e—3ix _e—3ix +§ eix _e—ix
4 2i 4 2i
Jm sin’x

dngjwsmx dx_ljws1n3x dngrsm
o x 47  x 470 x 470

ohiz)s x

. 3.
=——sin3x+—sinx
4
Then

xdx_lrsmu di
470y

Miscellaneous problems

12.31.  Prove that j: e dx = \/T? /2.

By Problem 12.6, the integral converges. Let/,, = J
quired value of the integral. Then

Yo dv=["e¢"dy and et li
. € x—joe 'y an: etMlglIM—I,there—

I

e
, € dx)\), e dy
M oM 2,2
- ~( %)
- Jo .[0 ¢ dx dy
= ﬂ e dx dy
M

where R,, is the square OACE of side M (see Figure 12.3). Since the integrand is positive, we have

J‘J.e’("zﬂz)dx dy<I < J‘J.e’(xz”z)dx dy

M M

(6]
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12.32.

12.33.

where R, and R, are the regions in the first quadrant bounded by the circles having radii M and M \/5 , respec-
tively.
Using polar coordinates, we have, from Equation (1),

Mo 52 ni2 pMN2 2
IP:Oe ' Pdpd(l)iléi_[b:o L:o e’ pdpds 2

n/2
=0
or

T M ; T oum?
T—ey<r? <Eoey 3)
4 =M=y

Then, taking the limit as M — « in Equation (3), we find Aldim Py=P=n/4and = T /2

X

o 2
Evaluate jo e’ cosox dx.

D
_[
£ C
JM\QT
M
|
y |o A B .

Figure 12.3

Let I() = J: e cosoux dx. Then, using integration by parts and appropriate limiting procedures.

- s 1
£=J —xe " sinox dx =—e
do. 70 2

—X

2, - 1 o 2 o
sinotx I ——ocJ~ e’ cosox dx=——1
2 Jo 2
The differentiation under the integral sign is justified by Theorem 8, Page 328, and the fact that J: xe™ sin

o x dx is uniformly convergent for all o (since by the Weierstrass test, lxe % sin ot xl < xe ~*? and J: xe ™ dx
converges).
From Problem 12.31 and the uniform convergence, and thus continuity, of the given integral (since le”
cos o xI < e and Iwe"‘z dx converges, so that that Weierstrass test applies), we have I (0) =
= 0

x2

lim 7 () =~ vt
o—0 2

Solving a _ ey subject to 1(0) = ﬁ, we find I(0) = ﬁe'“z’4
do. 2 2 2
(a) Prove that /(o) = J: ey = % (b) EValuateJ: e ™

(a) We have I'(0) =2 j: e (L —a/ xP) dx

The differentiation is proved valid by observing that the integrand remains bounded as x — 0 + and that
for sufficiently large x,
e—(x—(x/x)Z (1 _ WXZ) —e x2 + 2(1 _ (x2/x2 (1 _ (X/Xz) S eZO( e—xz

. . . w 2
so that I’ (o) converges uniformly for o € O by the Weierstrass test, since J' e~ dx converges. Now
0
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—(x—oc/x)z

o) =2 j: e gy _ 20 j:ex—Q dx=0

as seen by letting o/x = y in the second integral. Thus, /() = ¢, a constant. To determine c, let o0 — 0+ in the
required integral and use Problem 12.31 to obtain ¢ = /2.

* x—o/x)? o 2,2 2 o 2 2 9 /n
(b) From (a), JO e dx :J‘O e gy = ™ JO e dx :7.

o 2 T . w2
Then JO e gy =%e **_ Putting o0 =1, J.O e Dy =

2
12.34.  Verify the results: (a) £{e™} = — s>aand (b) F{cosaz}= Sz_i_;z ,5>0.

(a) Fle™} = j e e dy=Tim | e dx

0 M —>00d 0

I .

= lim —% = ifs>a
Mo §s—a s—a
(b) £L{cos ax)= Jme’” cos ax dx = —— by Problem 12.22 with o= s, r = a.
0 s’ +a’

Another method, using complex numbers. From (a), £{e" } = . Replace a by ai. Then

s—a
Pe™} = PL{cos ax+i sin ax} = L{cos ax} +iF{sin ax}
1 s+ai N . a

= = = +1
s—ai  s*+a® s +d’ s2+da®

Equating real and imaginary parts:

N

FL{sin ax} =

P{cos ax} = )
s’ +a’ s’ +a’

This formal method can be justified using the methods in Chapter 16.

12.35.  Prove that (a) £{Y’ (x)} = (s) £ {Y ()} - Y(0) and (b) £ {Y” (x)} = s* L{Y(x)} — sY (0) — Y’ (0) under

suitable conditions on Y(x).

(a) By definition (and with the aid of integration by parts),

< Xy /7 1 M —SXy7/
LY (x)) = jo e Y (x)dx = ET()IO e Y (x)dx
. —sx M M —sx

= hTm{e Y(x)|0 + sfo e Y (x) dx}

Y
=5 J.:e’”Y(x)dx— Y(0)=sL{(x)} - Y (0)
assuming that s is such that lim,,_..e™" Y (M) = 0.
(b) Let U(x) = Y'(x). Then by (a), £{U'(x)} — U(0). Thus,
ZY ()} =s L{Y' ()} - Y'(0) = s[s£{¥(x)} - Y (0)] - Y'(0)
=2 F{Y ()} - s¥(0) - Y'(0)

12.36.  Solve the differential equation Y” (x) + ¥ (x) =x, Y(0) =0, Y" (0) = 2.
Take the Laplace transform of both sides of the given differential equation. Then by Problem 12.35.
LY () + Y (x)} = L{x}, LY ()} + L{Y(x)} = 1/5°

and so

s> LY ()} = 5L (0) - Y'(0) + L{Y(x)} = /s>



CHAPTER 12 Improper Integrals

Solving for £{Y(x)} using the given conditions, we find

2s? 1 1
Y ==t —
Y ST+ s? * s +1 M

by methods of partial fractions.

. 1 1 . . 1 1 .
Since — = £{x} and ——— = ¥{sin x}, it follows that — +———= F{x+sinx]
K s +1 sT o osT+1
Hence, from (1), £{Y(x)} = £{x + sin x}, from which we can conclude that Y(x) = x + sin x, which is, in

fact, found to be a solution.

Another method: If £{F(x)} =f(s), we call f(s) the inverse Laplace transform of F(x) and write f(s) = £

{F()}.
By Problem 12.78. &7 {f(s) + g(s)} = L1 = L7 {f(s) + £ {g(s)}. Then, from Equation (1),

a1 1 a1 _ 1 .
Y(x)=% l{s—2+sz+l}:.§£ I{S—2}+§9 l{Sz_i_l}:x+sm

Inverse Laplace transforms can be read from Table 12.1.

SUPPLEMENTARY PROBLEMS

Improper integrals of the first kind

12.37.

12.38.

12.39.

12.40.

12.41.

Test for convergence:

@ Jw x*+1 dr @ « dx © o x*dx
a . Xxax
1 0 X'+ 4 £ iy
x dx 2+smx «Inx dx
b h
()j ()Lox+1 ()f,ﬁe—x
- - X dx »sin’ x
@ raxr : dx
© J’ x\/3x+2 J-z (In x)’ w JO x’

Ans. (a) convergence (b) divergence (c) convergence (d) convergence (e) convergence (f) divergence (g)
convergence (/) divergence (i) convergence

d T .
Prove that j il = ifb>lal.

2
x> +2ax+b b — 4>

Test for convergence: (a) J‘Ne" Inx dx, (b) J.Om e " In(l+e") dx, and (c) J: e " cosh x’dx.

Ans. (a) convergence (b) convergence (c) divergence

sin2x
Test for convergence, indicating absolute or conditional convergence where possible: (a) J ] dx;
+
=t . COS X xsinx
(b) J- e™™ cos bx dx, where a, b are positive constants; (c) J- ———dx; (d) J ——— dx; and
- Vx? +1 VX’ +a’
= COS X
(e) —— dx.
0 coshx

Ans. (a) absolute convergence (b) absolute convergence (c) conditional convergence (d) divergence (e)
absolute convergence

Prove the quotient tests (b) and (c) on Page 323.
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Improper integrals of the second kind

12.42.  Test for convergence:

1 dx > Inx 3ox 3dx
W [—2 o [2a (@ dx 0 [=
b @5 o I

1COs X
(b) JO e d dx

_[1 dx ) J~n 12¢e" cosx
0 JIn(1/x) 0 X
tan”' x k2 2

dx f) j:”m sinx dx j de,1kl<1

Ans. (a) convergence (b) divergence (c) divergence (d) convergence (e) convergence (f) convergence (g)
divergence (h) divergence (i) convergence (j) convergence

12.43.

sense but converges in the Cauchy principal value senses. (b)
Find the Cauchy principal value of the integral in (a) and give a geometric interpretation.

Ans. (b) In 4

1 1
12.44.  Test for convergence, indicating absolute or conditional convergence where possible: (a) JO Cos(—j dx,
x

(b) j—cos( )dx and () j—cos[ de

Ans. (a) absolute convergence (b) conditional convergence (c) divergence

jf

4n 2 . 1
12.45.  Prove that _[0 3x°sin——xcos— S
B

X X

Improper integrals of the third kind
e “dx

«/xln(x+1 ¢ IO Yx@B+2sinx)

Ans. (a) convergence (b) divergence (c) convergence

Ans. (a) convergence (b) convergence if a > 2, divergence if O <a<?2.

12.46.  Test for convergence: (a) j “Inx dx, (b) J

12.47.  Test for convergence: (a) J‘ and (b) J‘

= sinh(ax)
0 sinh(m x)

12.48.  Prove that dx converges if 0 < lal < 7 and diverges if lal < 7.

12.49.  Test for convergence, indicating absolute or conditional convergence where possible: (a) J al dx and

sin
° 2

sin f

® sinh (

Ans. (a) conditional convergence (b) absolute convergence

(b)

Uniform convergence of improper integrals

cos O
12.50. (a) Prove that ¢(ot) = J _x dx is uniformly convergent for all a.. (b) Prove that ¢(o) is continuous for

1+x°
all a.. (c) Find hné o(o).
Ans. (¢) /2
12.51.  Let 0() = j: F(x), o) dx, where F(x, o) = o’xe (a) Show that ¢(a) is not continuous at o = 0;

ie., lin% J: F(x,o) dx # J: lim0 F(x, o) dx . (b) Explain the result in (a).
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12.52.  Work Problem 12.51 if F(x, o) = 0 xe ™.

12.53. If F(x) is bounded and continuous for —© < x < % and

1 ¢~ yF(A)dA
Vix,)=—| —————
) nL«szr(x—x)z
Prove that }13(} V(x, y) = F(x).

12.54. Prove (a) Theorem 7 and (b) Theorem 8 on Page 328.
12.55. Prove the Weierstrass M test for uniform convergence of integrals.
12.56. Prove that if J‘: F(x) dx converges, then J: e ™ F(x) dx converges uniformly for o = 0.

12.57.  Prove that (a) (@) ®(a)= j: e MYy converges uniformly fora > 0, (b) ¢(a) = %—tan’1 a, and
X Z

(C) J‘O“’ sn;x

T
dx = 7 (compare Problems 12.27 through 12.29).
12.58.  State the definition of uniform convergence for improper integrals of the second kind.

12.59. State and prove a theorem corresponding to Theorem 8, Page 328, if o is a differentiable function of o

Evaluation of definite integrals

Establish each of the following results. Justify all steps in each case.

—ax —bx

12.60. j:i dx =1n(b/a), a,b>0
X
wefax _efbx
12.61. j —° dx=tan'(b/r)—tan"'(al/r),  ab,r>0
0 xcscrx
262 [ 00 dx “Ta-en), F>0
0 x(1+x?) 2 =
12.63. _[:ﬂ dx =% 7l
X
1264, [ ax =% e ar>0
a +x =

2 2
12.65.  (a) Prove that JO e (w) ! [OL b

dx=—In
o’+d’

2 } o > 0. (b) Use (a) to prove that

X

o —cosb. b

Jo £osax=cosbx dx =1In (—) [The results of (b) and Problem 12.60 are special cases of Frullani’s
X a

F(ax)—F(bx)

——~dx

b
=F(0)In (— } where F(7) is continuous for t < 0, ¢ > 0, F’(0) exists and
X a

integral, j:
« F(t

.[1 Q dt converges. ]
t

. 1
12.66. Given J‘O e dx = E\/n /o, o >0, prove that forp=1,2,3, ...,

“ 2y 135 @p-1) +n
J xTe dx=—=.=... .
0 222 2 22




12.67.

12.68.

12.69.
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If a>0, b > 0, prove that I: (e_”/x2 —e ¥ ) dx =~tb —+1ta.

Prove that jo

X

tan~' (x/a)—tan"" (x/b) T b
dx=—1
2 a

n —j, where a >0, b > 0.

o dx 4

Prove that =
= +x+1) 33

. (Hint: Use Problem 12.38.)

Miscellaneous problems

12.70.

12.71.

12.72.

12.73.

12.74.

12.75.

12.76.

12.77.

12.78.

12.79.

12.80.

In(1+x))°
Prove that jo {—} dx converges.

X
- . . =, c(n+hn dx
Prove that I ————— converges. | Hint: Consider ZJ. ————— and use the fact
0 1+x7sin” x o ™  1+x’sin” x
(+Dn dx (n+m dx
that | < [ TS,
mo 14+x’sin“x Y™ 14(nmw)’sin” x
- xdx )
Prove that | ————— diverges.
O I+x’sin” x
In(1+0.°x”)

(a) Prove that .[: dx=mnIn(l+a), o > 0. (b) Use (a) to show that

1+x2

m/2 T
j Insin® do =—— In 2.
0 2

sin* x T
Z dx=—.
X 3

Evaluate (a) £(1 /\/;), (b) £{cosh ax}, and (¢) £{(sin x)/x}.
Ans. (@) \Jn/s,s>0 (b) ——,s>lal (¢) tan™ [l) §>0
s°—a

N

Prove that jo

(a) If L{e™F(x)} prove that £{e™ F(x)}=f(s — a) and (b) evaluate £{e™ sin bx}.
Ans. (b) %, s>a
(s—a) +b
(@) If £{F(x)} =f(s), prove that £{x" F(x)} = (~1)" f*)(s), giving suitable restrictions on F(x). (b) Evaluate
P{x cos x].
st -1
(s +1)*’

Prove that £7' {£(s) + g(s)} = L7 {f(5)} + L7 [g(s)], stating any restrictions.

Ans. (b) s>0

Solve using Laplace transforms, the following differential equations subject to the given conditions:
(@ Y'(x)+3Y'(x)+2Y(x)=0;Y(0)=3,Y(0)=0
b) Y®)-Yx)=x;Y0)=2,Y (0)=-3
() Y'(xX)+2Y'(x) +2Y(x) =4, Y(0)=0Y'(0)=0
Ans. (a) Y(x) = 6 =3¢ (b) Y(x) =4 — 2" — %xz —x(c) Y(x) =1—¢ (sin x + cos x)
Prove that £{F(x)} exists if F(x) is piecewise continuous in every finite interval [0, b] where b > 0 and if

F(x) is of exponential order as x — %; i.e., there exists a constant o such that le™** F(x)l < P (a constant) for
all x> b.
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1281, Iff(s) = £{F(x)} and g(s) = L{G(x)}. prove that f(s)g(s) = L{H(x)} where
H(x) = [ Fa)G(x—u) du
is called the convolution of F and G, written F*G. Hint: Write
F(s)a(s)= Binw{ jOM ¢ Fu) du}{joM ¢ *G(v) du}

= lim jOM jOM ¢ F(u) G(v) du dv and then letu + v = ¢

Moseo
12.82. (a) Find &' {ﬁ (b) Solve Y"(x) + Y(x) = R(x), Y(0) = Y'(0) = 0. (c) Solve the integral equation
Yx)=x+ JOX Y (u)sin(x —u)du. (Hint: Use Problem 12.81.)
Ans. (a) %(sin x—xcosx) (b) Y(x)= jo R(u)sin(x —u)du (c) Y(x) = x+x° /6
12.83. Letf(x), g(x), and g'(x) be continuous in every finite interval a <x< b and suppose that g'(x) < 0.

Suppose also that i(x) = J‘OX f(x) dx is bounded for all x € a and lirlg gx)=0.
xX—>

(a) Prove that j: F(x)g(x)dx = —j‘” ¢ (X)h(x)dx.
(b) Prove that the integral on the right, and, hence, the integral on the left, are convergent. The result is that

under the given conditions on f(x) and g(x), r f(x)g(x)dx converges and is sometimes called Abel’s
b
integral test. [Hint: For (a), consider limj‘ f(x)g(x)dx after replacing f(x) by h’'(x) and integrating by

parts. For (b), first prove that if |4(x)| < H (a constant), then and then let b — .]

[ g ontoax

sin x

12.84.  Use Problem 12.83 to prove that (a) J‘: dx and (b) J: sin x”dx, p > 1 converge.

X
< = 1 |n
12.85. (a) Given that JO sin x’dx = jo cosx’dx = 5\/; [see Problems 15.27 and 15.68(a)], evaluate
J: J: sin(x* +y*) dx dy and (b) Explain why the method of Problem 12.31 cannot be used to evaluate the

multiple integral in (a).

Ans. /4
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Fourier Series

Mathematicians of the eighteenth century, including Daniel Bernoulli and Leonhard Euler, expressed the
problem of the vibratory motion of a stretched string through partial differential equations that had no solu-
tions in terms of “elementary functions.” Their resolution of this difficulty was to introduce infinite series of
sine and cosine functions that satisfied the equations. In the early nineteenth century, Joseph Fourier, while
studying the problem of heat flow, developed a cohesive theory of such series. Consequently, they were
named after him. Fourier series and Fourier integrals are investigated in this chapter and Chapter 14. As you
explore the ideas, notice the similarities and differences with the chapters on infinite series and improper
integrals.

Periodic Functions

A function f(x) is said to have a period T or to be periodic with period T if for all x, f(x + T) = f(x), where
T is a positive constant. The least value of 7'> 0 is called the least period or simply the period of f(x).

EXAMPLE 1. The function sin x has periods 2m, 4w, 6m, . . ., since sin(x + 2x), sin( + 4x), sin(x +
6m), . . . all equal sin x. However, 27 is the least period or the period of sin x.

EXAMPLE 2. The period of sin nx or cos nx, where n is a positive integer, is 2m/n.
EXAMPLE 3. The period of tan x is 7.

EXAMPLE 4. A constant has any positive number as period.

Other examples of periodic functions are shown in the graphs of Figure 13.1(a), (b), and (c).

PACY) ~>
‘ X

(@) (&) (c)

Period

Sx)

A [ [

Period

Figure 13.1

Fourier Series

Let f(x) be defined in the interval (—L, L) and outside of this interval by f(x + 2L) = f(x); i.e., f(x) is 2L-
periodic. It is through this avenue that a new function on an infinite set of real numbers is created from the
image on (—L, L). The Fourier series or Fourier expansion corresponding to f (x) is given by
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a, — nwx . NnmXx
—+ a cos——+b sin—— (1
2 nz{( " L " L ) )

where the Fourier coefficients a, and b, are
a = le Fx)cos ™ gy
Lt L B
: n=0,12,.. ®))
L . NmX
b, = 7 j_L fx) smT dx

To correlate the coefficients with the expansion, see the following Examples 1 and 2.

Orthogonality Conditions for the Sine and Cosine Functions

Notice that the Fourier coefficients are integrals. These are obtained by starting with the series (1) and em-
ploying the following properties called orthogonality conditions:

(a) j_LLcosmnx cosnnTxdx=Oifm¢nandLifm=n
&) [ sin™sin 5 de=0if m#nand Lif m=n 3
mi x

(c) J:LL sin

ni x s
cos de =(. Where m and n assume any positive integer values.

An explanation for calling these orthogonality conditions is given on Page 355. Their application in de-
termining the Fourier coefficients is illustrated in the following pair of examples and then demonstrated in
detail in Problem 13.4.

EXAMPLE 1. To determine the Fourier coefficient a,, integrate both sides of the Fourier series (1) and em-
ploy the orthogonality conditions (2).

L [t a_o L nmx . Hnmx
[ reode=]" S dxt jLzl{a cos— =+ b, sin—= }dx
Now
IL S dx = aOL,jL sinﬂ dx = O,J.L cos’m—x dx=0
-L 2 -L L -L L
therefore
1L d
ay= [, f(0)dx

T
EXAMPLE 2. To determine a,, multiply both sides of series (/) by cos Tx and then integrate. Using the or-

1 cL
thogonality conditions (3), and (3),, we obtain a, = Z-[—L f(x) CosnTx dx. Now see Problem 13.4.

If L = &, the series (1) and the coefficients (2) or (3) are particularly simple. The function in this case has
the period 2.

Dirichlet Conditions

Suppose that
1. f(x)is defined except possibly at a finite number of points in (-L, L).
2. f(x)is periodic outside (-L, L) with period 2L.

3. f(x) and f’(x) are piecewise continuous in (—L, L).
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Then the series (1) with Fourier coefficients converges to
(a) f(x)if xisa point of continuity

fx+0)+ f(x-0)

(b) > if x is a point of discontinuity

Here f(x + 0) and f(x — 0) are the right- and left-hand limits of f(x) at x and represent lim f(x+ €) and lim
f(x —e€), respectively. For a proof, see Problems 13.18 through 13.23. e ot

The conditions 1, 2, and 3 imposed on f(x) are sufficient but not necessary, and are generally satisfied in
practice. There are at present no known necessary and sufficient conditions for convergence of Fourier series.
It is of interest that continuity of f(x) does not alone ensure convergence of a Fourier series.

0dd and Even Functions

A function f(x) is called odd if f(-x) = —f (x). Thus, x°, x’ — 3x> + 2x, sin x, and tan 3x are odd functions.

A function f(x) is called even if f(—x) = f(x). Thus, x*, 2x° — 4x? + 5, cos x, and €' + ¢ are even func-
tions.

The functions portrayed graphically in Figure 13.1(a) and (b) are odd and even, respectively, but that of
Figure 13.1(c) is neither odd nor even.

In the Fourier series corresponding to an odd function, only sine terms can be present. In the Fourier series
corresponding to an even function, only cosine terms (and possibly a constant, which we shall consider a
cosine term) can be present.

Half Range Fourier Sine or Cosine Series

A half range Fourier sine or cosine series is a series in which only sine terms or only cosine terms are present,
respectively. When a half range series corresponding to a given function is desired, the function is generally
defined in the interval (0, L) [which is half of the interval (-L, L), thus accounting for the name half range]
and then the function is specified as odd or even, so that it is clearly defined in the other half of the interval,
namely, (L, 0). In such case, we have

a,=0, b = 2 JL f(x) sin % gy for half range sine series
L 7t L @)

2
b,=0, a,= ZJOL f(x) cosmth dx for half range consine series

n

Parseval’s Identity

If a, and b, are the Fourier coefficients corresponding to f(x) and if f(x) satisfies the Dirichlet conditions,
then

2 oo
%J‘,LL{f(x)}zdx=%+Z(aj +5) -
(See Problem 13.13.) =l

Differentiation and Integration of Fourier Series

Differentiation and integration of Fourier series can be justified by using the theorems on Page 285, which
hold for series in general. It must be emphasized, however, that those theorems provide sufficient conditions
and are not necessary. The following theorem for integration is respecially useful.
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Theorem The Fourier series corresponding to f(x) may be integrated term by term from « to and the result-

ing series will converge uniformly to I f(x) dx provided that F(x) is piecewise continueus in—-L < x < L
and both a and x are in this interval. "

Complex Notation for Fourier Series

Using Euler’s identities,

€®=cos0+isind, ¢ ®=cos®—isin0 (6)

where i = v/—1 (see Problem 11.48), the Fourier series for f(x) can be written as

f(x) — z Cneinnx/L (7)
where
_ 1 L —inmx/L
c, _ZLL f(x)e dx )

In writing the equality (7), we are supposing that the Dirichlet conditions are satisfied and, further, that

f(x) is continuous at x. If f(x) is discontinuous at x, the left side of (7) should be replaced by
(f(x+0) + f(x-0))
5 .

Boundary-Value Problems

Boundary value problems seek to determine solutions of partial differential equations satisfying certain
prescribed conditions called boundary conditions. Some of these problems can be solved by use of Fourier
series (see Problem 13.24).

EXAMPLE. The classical problem of a vibrating string may be idealized in the following way. See Figure
13.2.

Suppose a string is tautly stretched between points (0, 0) and (L, 0). Suppose the tension F is the same at
every point of the string. The string is made to vibrate in the xy plane by pulling it to the parabolic position
g(x) = m(Lx — x*) and releasing it (m is a numerically small positive constant). Its equation will be of the form
y =f(x, t). The problem of establishing this equation is idealized by (a) assuming that the constant tension F
is so large as compared to the weight wL of the string that the gravitational force can be neglected, (b) the
displacement at any point of the string is so small that the length of the string may be taken as L for any of
its positions, and (c) the vibrations are purely transverse.

The force acting on a segment PQ is

2
v Q, x<x; <x+Ax, g =32 ft per sec?
g of
If o and B are the angles that F makes with the horizontal, then the vertical difference in tensions is
F(sin o — sin PB). This is the force producing the acceleration that accounts for the vibratory motion.
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g(x)
L=1
m=1
n-}
O 1 R
8(x) = m(Lx —x?)
Figure 13.2
Now
tano tan

F{sin o, — sin B} =F{ } ~ F{tan o — tan B} =F{a—y(x+Ax,t)—ﬂ(x,t)}
ox ox

\/1+tan20c _\/1+tan2[3

where the squared terms in the denominator are neglected because the vibrations are small.
Next, equate the two forms of the force, i.e.,

2
F{Q(Hm,r)—@(x,z)}zﬁma—y
ox ox g

or?
JFg

divide by Ax, and then let Ax — 0. After letting oo =~—=, the resulting equation is
w
9’ 9’
l
ot dx
This homogeneous second partial derivative equation is the classical equation for the vibrating string.
Associated boundary conditions are

yO0,n=0,y(L 1=0,t>0
The initial conditions are

y(x,0) = m(Lx—x%,%(x,O) =0,0<x<L

The method of solution is to separate variables, i.e., assume
Y, 1) = G()H(1)
Then, upon substituting,
G(x) H” (1) = 02 G” (x)H(t)
Separating variables yields

Since the solution must be periodic, trial solutions are

=0.%k, where k is an arbitrary constant

G(x) =c,sinv—k x+c, cosv—k x,<0

H(t) = c,sinaN—k t + ¢, cosov—k ¢

Therefore,

y=GH =[c, sinv—k x + ¢, cosN—k x][c,sinov—k t+c, coso—k ¢]

The initial condition y = 0 at x = 0 for all ¢ leads to the evaluation ¢, = 0.
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Thus,
y=[c, sinv—k x][c, sinov/—k t+c, cosov—k 1]

Now impose the boundary condition y = 0 at x = L; thus, 0 = [¢, sin =k L] [c; sin o0 =k t + ¢, cos O
N=k t].
¢, # 0, as that would imply y = 0 and a trivial solution. The next-simplest solution results from the

. nmo . . NI . nm n .
choice -k = T,smce y= [cl sme} [q sino e t+c, coso T t} and the first factor is zero when

x=L.
With this equation in place, the boundary condition g—y =(x,0)=0,0<x <L can be considered.
t

dy { . nm H nn nmn nn . nn}
—=|¢ sin—ux || c,0. —cos0. —¢—c, 0. —sinot —¢
ot L T L L L L
Atr=0,

. NI
0= ‘:cl sm—x}ga —
L L
Since ¢; # 0 and sin ™ x is not identically zero, it follows that c¢; = 0 and that

. nm nm nm
y= [cl sm—x}[qa —CosQo —t}
L L L

y(x, 0) =m(Lx —x?),0<x <L

The remaining initial condition is

When it is imposed,

nto . Nm
m(Lx —x*) = ¢,c,0.—sin—x
L L

However, this relation cannot be satisfied for all x on the interval (0, L). Thus, the preceding extensive
analysis of the problem of the vibrating string has led us to an inadequate form:

nw . nn nm
¥ =c¢,c,00 —sin— x coso. —1
L L L

and an initial condition that is not satisfied. At this point the power of Fourier series is employed. In particu-
lar, a theorem of differential equations states that any finite sum of a particular solution also is a solution.
Generalize this to infinite sum and consider

S . NI nm
y= an smecos(x Tt

n=1
with the initial condition expressed through a half range sine series, i.e.,
3 b, sin " x = m(Lx—x*), t=0
n=l1 L
According to the formula on Page 351 for the coefficient of a half range sine series,
L
—b, = JL(Lx—xz)sinm—x dx
2m 0 L
That is,
Ly - [ Lasin % d— [ sin T e
m 0 L 0 L
Application of integration by parts to the second integral yields
L

: r L
—b, = LJ.Lxsmm dx +——cosnm +JL—c0smt—x 2x dx
2m 0 L nm 0 nm
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When integration by parts is applied to the two integrals of this expression and a little algebra is employed,
the result is
2
b = 4L :
(nm)

(1-cosnm)
Therefore,
— nmw nm
=) b sin—xcoso, —t¢
y=20b, 7 7

n=l1

with the coefficients b, defined previously.

Orthogonal Functions

Two vectors A and B are called orthogonal (perpendicular) if A - B =0 or or A\B, + A,B, + A;B; =0, where
A=Ai+A,j+Akand B = Bi + B, + B;k. Although not geometrically or physically evident, these ideas
can be generalized to include vectors with more than three components. In particular, we can think of a
function—say, A(x)—as being a vector with an infinity of components (i.e., an infinite dimensional vector),
the value of each component being specified by substituting a particular value of x in some interval (a, b). It
is natural in such case to define two functions, A(x) and B(x), as orthogonal in (a, D) if

| " A(x) B(x)dx =0 )

A vector A is called a unit vector or normalized vector if its magnitude is unity, i.e., if A - A = A* = 1.
Extending the concept, we say that the function A(x) is normal or normalized in (a, b) if

[1aydr=1 (10)

From this, it is clear that we can consider a set of functions {¢, (x)}, k=1,2, 3, ..., having the properties
[[60,(0)0,(0dx=0 m=n an
[0, 0 dr=1 m=123.. 1)

In such case, each member of the set is orthogonal to every other member of the set and is also normalized.
We call such a set of functions an orthonormal set.
Equations (11) and (12) can be summarized by writing

[[6, (00, ax=5,, a3

where 9§, called Kronecker’s symbol, is defined as 0 if m # n and 1 if m = n.

Just as any vector r in three dimensions can be expanded in a set of mutually orthogonal unit vectors i, j,
k in the form r = ¢|i + ¢, j + c;K, so we consider the possibility of expanding a function f(x) in a set of ortho-
normal functions, i.e.,

F@=Yc0,(x) asxsh (14)

As we have seen, Fourier series are constructed from orthogonal functions. Generalizations of Fourier
series are of great interest and utility from both theoretical and applied viewpoints.
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SOLVED PROBLEMS

Fourier Series

13.1. Graph each of the following functions.

@ f) 3 0<x<5 Period = 10
a X)= eriod =
-3 -5<x<0
/@]
~— Period —
—— — -_— e - - ——— ‘ — - e —— ——
3
T T T T T : T T T T T T x
-25 -20 -15 -10 -5 0 i 5 10 15 20 25
Figure 13.3

Since the period is 10, that portion of the graph in —5 < x < 5 (indicated by heavy lines in Figure 13.3) is
extended periodically outside this range (indicated by dashed lines). Note that f(x) is not defined at x = 0, 5,
-5, 10, -10, 15, —15, and so on. These values are the discontinuities of f(x).

sinx O<x<m
(b) f(x)={ 0 = = Period =2n

T<x<2w
J) e Pperiod —
-~ -7
'\\ ,/ \\ f/ \\ ,/
S A £ . L — i X
—3x -2 -7 0 n 2 3 4
Figure 13.4

Refer to Figure 13.4. Note that f(x) is defined for all x and is continuous everywhere.

0 0sx<2
() f(x)=41 2=£x<4 Period=6
0 4<x<6
S(x)
+—— Period —
- - - ) — - -
1
1 r =T T '__l T | T X
12 -0 -8 -6 4 -2 0 2 4 6 8 10 12 14

Fig.13.5
Refer to Figure 13.5. Note that f(x) is defined for all x and is discontinuous at x = 2, +4, +8, %10,
+14,
L, kmx L kmx .
13.2 prove JLsm dx—J_Lcos L dx=0 if k=12.3,..
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I mde——Lc sknX =icoskn +£cos( —km)=0
L km L |-L &k«
choskn—dezisinm =ismkn—ism( —kmt)=0
L km L |-L k=n km

L mm nm L . mn
13.3. Prove (a) j ,cos a cosTxdx = _[ _sin X si L
- - m=n

nnx 0 m#n
n—-—dx =
L

cosmdx 0
L

(b) J:LL sin

where m and n can assume any of the values 1,2, 3, . ...

1 1
(a) From trigonometry: cos A cos B = E {cos(A — B) + cos(A + B)}, sin A sin B = E {cos(A — B) —

cos (A +B)}.
Then, if m # n, by Problem 13.2,
L T T 1L —X)T +n)n
J cosm xcosudX— J cos(m x) x+cos(m X dx=0
- L 27-L L

Similarly, if m # n,

. . 1 - +
jL sin mnxsmnn_xdxz_r cos (om n)nx—cos (m + mym x dx=0
-L L L L L

If m = n, we have

1 2
'[L cosmnxcosmt—xdx=— - 1+cosﬂ dx=1L
-L L L 2L L

L. mXx .
'[ sin xsmn =—j (1— jd x=L
—L L
Note that if m = n these integrals are equal to 2L and 0, respectlvely.
(b) We have sin A cos B = 1/2 {sin(A — B) + sin(A + B)}. Then by Problem 13.2, if m # n,

JL sinmnx dx J { (m = n)nx+sin(m+z)nx}dx:0

-L

Ifm =n,
L mmt n( X |~ 2}’” )C
J. x

x=0

The results of (a) and (b) remain valid even when the limits of integration —L, L are replaced by ¢, ¢ + 2L,
respectively.

- A . nm
13.4. If the series A + 2 [an CosnL—x+ b, sin %j converges uniformly to f{x) in (-L, L), show that for n =

n=1
1L N X 1L nnx a
1,2,3,..., a =— x)cos——dx and (b) b =— x)sin —— dx, A=,
@ a=_[, f@cos==dvand ) b, =—[  f0sin==dr, © A==
(a) Multiplying

f(x)=A+2(an cos%+bﬂ sinmz—xj (1)
n=l1

mmn x
by cos and integrating from —L to L, using Problem 13.3, we have
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j f(x)cos Y dx = AI cosmnxaix
X . nmx
+ cos COS— dx+b cos sin—— dx
Sfaf, I " s}
=a,L ifm=#0
Thus,

1L MM X .
am=zj_Lf(x)cos dx ifm=123,..

. T
(b) Multiplying Equation (1) by sin mmx

and integrating from —L to L, using Problem 13.3, we have

J. f(x)sm dx AJ sin X dx
L . mmx MUX . NUX
+ sin cos =X v +b, [ cosZtsin L gy
. Sl [
us, :me
=—I F@sinTE gy it m=1,2,3,..

(c) Integrating Equation (1) from —L to L, using Problem 13.2, gives

L 1 L
j_L f0dr=2AL or A=— j_L F(x)dx

1 cL
Putting m = 0 in the result of (a), we find g, = ZI—L f(x)dx and so A = a?O.

The above results also hold when the integration limits —L, L are replaced by c, ¢ + 2L.

Note that in (a), (b), and (c), interchange of summation and integration is valid because the series is as-
sumed to converge uniformly to f(x) in (-L, L). Even when this assumption is not warranted, the coefficients
a,, and b,, as obtained are called Fourier coefficients corresponding to f (x), and the corresponding series with
these values of a,, and b,, is called the Fourier series corresponding to f(x). An important problem in this case
is to investigate conditions under which this series actually converges to f(x). Sufficient conditions for this
convergence are the Dirichlet conditions established in Problems 13.18 through 13.23.

13.5. (a) Find the Fourier coefficients corresponding to the function

0 -5<x<0 .
f(x)= Period =10
O<x<5

(b) Write the corresponding Fourier series.
(c) How should f(x) be defined at x =5, x = 0, and x = 5 in order that the Fourier series will converge to f (x)
for-5 S x £ 5?

The graph of f(x) is shown in Figure 13.6.
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f(X)|

—— Period —

S — -

T o
-15 -10 -5 5 10 15

Figure 13.6

(a) Period =2L =10 and L = 5. Choose the interval ¢ to ¢ + 2L as -5 to 5, so that ¢ = -5. Then
1 pe+2L nTx 1 s ntx
a =— (x)cos——dx=— (x)cos——dx
"L Jf ! L 5 'Lf 5

nmwx

{_[ (O)COS—dx +j (3)cos—dx} j os_dx

5
=0 ifn#0

If n=0,a,=q, =§J‘ cosm—xdx——fdx:&
570 5 0

@:lf”ﬁumm@iwzlﬁfumnﬂiw

{J 0)s 1anx+_[ (3)smmcx dx } J. nmc—xdx

3 5 nm x 3(1 — cosnm)
==| ———cos =
nmw 5 b nmw

(b) The corresponding Fourier series is

a_+2 a COS +b in nmx :§+23(1—cosmt)sinmcx
2 n=1 L L n=1 nro 5

3 6(.mx 1. 3ntx 1. 5mx
=—+—| sin— +—sin——+—sin——+ -
2 x 5 3 5 5 5

(c) Since f(x) satisfies the Dirichlet conditions, we can say that the series converges to f(x) at all points of

fx+0)+ f(x=0)

continuity and to at points of discontinuity. At x = -5, 0, and 5, which are points

of discontinuity, the series c%)nverges to (3 + 0)/2 = 3/2, as seen from the graph. If we redefine f(x) as
follows,
3/2 x=-5
0 —S5<x<0
f(x)=<3/2 x=0 Period =10
3 O0<x<5
3/2 x=5

then the series will converge to fix) for-5 < x < 5.

13.6. Expand f(x) = x%, 0 < x < 27 in a Fourier series if (a) the period is 2r and (b) the period is not specified.

(a) The graph of f(x) with period 2r is shown in Figure 13.7.
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n

f(x)
/ / /] / /
/ / / // zf
/ /
7/ y; /s 472 / /
/ / / Ve P 4
- - — - _ - - - g - x
—é.'r -‘Iin —L? 0 In 4i:r t‘\lrl
Fig. 13-7
Period = 2L = 2w and L = . Choosing ¢ = 0, we have
1 pe+2L nwx 1 ¢f2n
a, :—J- f(x)cos—dx:—J x* cosnx dx
L7 L T Yo
1 i i " 4
sin nx — cosnx —sinnx
== -(2x) > +2 5 =—, n#0
b n n N n

2
If n=0,q, :ljz x* dszL.
T 70 3

1 pevae Lonx 1w,
b"_z.’.c f(x)sdeX—;JO X~ sinnx dx

1 {(xz)[sinnx )_ (2x)(—cozsnx j"' 2(— sir:nx )}
T n n n

0

an? & 4 .
+ 3| =cosnx ——sinnx |
n n

Then f(x)=x" =

n=1
This is valid for 0 < x < 21. At x = 0 and x = 27 the series converges to 272,

(b) If the period is not specified, the Fourier series cannot be determined uniquely in general.

1 1
13.7. Using the results of Problem 13.6, prove that — +—+ —+ - =
r 20 3

At x = 0, the Fourier series of Problem 13.6 reduces to 3 .
n=1 N

By the Dirichlet conditions, the series converges at x = 0 to E (0 +41%) =212
2 oo 4 oo 1 2
+ 2—2 =2n?,and so 2—2— p

n=1 n

4
Then

n=1
0dd and even functions, half range Fourier series

Classify each of the following functions according to whether they are even, odd, or neither even nor odd

13.8.

@ £ 2 0<x<3 Period = 6
a X)= eriod =
-2 —-3<x<0

From Figure 13.8, it is seen that f (—x) = —f(x), so that the function is odd.

cosx O<x<m .
b fx)= Period =27
0 T<x<2m
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13.9.

Figure 13.8

From Figure 13.9, it is seen that the function is neither even nor odd.

fx)

-~ 1 -
AN e
Y
N \Y
\ . \

Figure 13.9

(©) f(x)=x(10-x),0<x<10 Period =10

From Figure 13.10 below the function is seen to be even.

fix)
-~
7 N
Ve N
\ / \ /
\ / \ 25 /
Ny \ /
N oy \ /
N 1 1 *
lur 0 5 10
Figure 13.10

Show that an even function can have no sine terms in its Fourier expansion.
Method 1: No sine terms appear if b, =0,n=1, 2,3, . ... To show this, let us this, let us write
1L . nmXx 1 o . NmXx 1L . NTXx
b, = ZL fQosin==dr=— L FEOsin==dx+— jo fC0sin="=dx
If we make the transformation x = —u in the first integral on the right of Equation (1), we obtain
1 o . NmX 1L . nmu 1L . NnTu
ZI—L fQosin==dr=—- jo F(=u)sin (—Tjdu = —Zjo fwsin == du

1L . nmu 1z . nmu
:_Z-[O f(u)sdeu——ZJ.O f(x)sdex

(&)

2

where we have used the fact that for an even function f(—u«) = f(«) and in the last last step that the dummy
variable of integration u can be replaced by any other symbol, in particular, x. Thus, from Equation (1), using

Equation (2), we have

1L . HnmXx 1L . nnu
b, __ZIO f(x)sdex +Z-[o f(x)sdex—O
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Method 2: Assume
— nix
=% 4 s—+b sin——
f@=- 2( 7 )
Then
f(= )c)——0 Z(a cos——szin%J
=1

If f(x) is even, f(—x) = f (x). Hence,

a—°+2 ancosm—x+bnsinm—x =a—°+2 ancos’m—x—bnsinm—x
2 L L 2 L L

n=1 n=1

and so - X
zb sm—=0 ie., f(x)——+ acosT

n=1

and no sine terms appear.
In a similar manner, we can show that an odd function has no cosine terms (or constant term) in its Fourier
expansion.

13.10.  If f(x) is even, show that (a) a, = %J.OL f(x) COS% dx, and (b) b, = 0.

1 1 ¢o0 1 oL
(@ a, =ZJ7Lf(x)cos% dx =ZJ‘7Lf(x)COS mlTJX dc +ZIO F(x)cos ml;‘x 0

Letting x = —u,

1 ¢o nmx 1,2 —nmn x 1z nmx
ZL flcos==dr = jo F(~u) cos( 7 jdu = Z'[O f(w)cos== du
since, by definition of an even function, f(—u«) = f (u). Then
1t nmu 1L nm X 2 L nm x
a, = ZJO fwcos==du+— jo flx)cos == dx = Zjo fx)cos == dx

(b) This follows by Method 1 of Problem 13.9.

13.11.  Expand f(x) = sin x, 0 < x < 7, in a Fourier cosine series.

A Fourier series consisting of cosine terms alone is obtained only for an even function. Hence, we extend
the definition of f(x) so that it becomes even (dashed part of Figure 13.11). With this extension, f(x) is then
defined in an interval of length 27w. Taking the period as 2w, we have 2L = 27 so that L = 7.

S(x)
-~ — T~ -~ ~
N s \ ’ \ ’ \ 7
A4 \ 7/ \ / \ 7/
\I/ v | '|" x
—2n -!.'r 0 T I
Figure 13.11

By Problem 13.10, b, = 0 and

> “n

2 oL nTu 2 mo,
a, _Z.[o f(x)cosT dx—;jo sin x cos nx dx
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U

= ij” {sin(x + mx) + sin(x — nx)} = 4 £ Dx | costn = Dx
T Y0 T n+1 n-1

[

_l{l—cos(n+l)7t + cos(n — )i —1} 1{1+cosnn +1+cosnn}

T

n+1 n—1 T n+1 n—1
:—2(1+2cosmt) r—_—
n(n” —1)
Forn=1, i
2 ¢n 2 sin’
n=1, alz—J sinxcosxdx:—sm a =0
T Y0 b 0
Forn =0,
2 (n 2 i
n=0, aoz—J sinx dx =—(—cosx) | =—
Y0 b o
Then

2 2 (1+cosnm)
X)=———) —————~cosnx
7@ T n; n* -1

2 4(cos2x cosdx cos6bx
=——— + + +
n m|2°-1 4°-1 6°-1

13.12.  Expand f(x) = x, 0 < x <2, in a half range (a) sine series and (b) cosine series.
(a) Extend the definition of the given function to that of the odd function of period 4 shown in Figure 13.12.
This is sometimes called the odd extension of f(x). Then 2L =4, L =2.
fx)
v /7 /
7/ y; /
/7 . /
T |/ T - Z *
U/ S I R A A
7/ / 7/ 7/
Ve 7/ 7/ /
Figure 13.12
Thus, a, =0 and
2 L . nmx 202 . nmXx
b, = ZJO f(x) smT dx = E.[o xsmT dx
2
-2 -4 -
=<(x) —cosnnx - 5= Smnn_x =——cosnm"
nm 2 nm 2 ,
Then

S —4 . NmX
X)= ) ——Cosnm sin——
f(x) Zm >

n=1

4/ . mx 1 . 2nx 1 . 3mx
=—| sin— — —sin—— + —sin —— — -~
T 2 2 2 3 2

(b) Extend the definition of f(x) to that of the even function of period 4 shown in Figure 13.13. This is the
even extension of f(x). Then 2L =4, L =2.
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S(x)
N\ /\ \ N\
N 7/ N\ \ /N
4 N \ \ 7
T \1/ T T > T *
6 4 -2 o 4 6
Figure 13.13
Thus, b, =0,
a —g_[Lf()c)cosm dx —zrx cosnn—x dx
LYo L 270 2

2 . nmx -4 nwx ’
= {(x)[;smTj— (1)(nzn2 cos Tj}

0

:—242 (cosnm—1) Ifn#0
n'm

2
Ifn:O,aO:J-O)cdle
Then

= 4 nwx
x)=14+ ) ——(cosnm —1)cos——
f(x) ;nznz( Jeos—

_1_8( nx 1 3nx 1

St x
—| coS—+ —-cos——=—cos——+ -~
0 2 3 2 5 2

It should be noted that the given function f(x) = x, 0 < x < 2 is represented equally well by the two differ-
ent series in (a) and (b).

Parseval’s identity

13.13.

Assuming that the Fourier series corresponding to f(x) converges uniformly to f(x) in (-L, L), prove
Parseval’s identity

1L 2 5 a(z) 2 2
ZL{f(x)} dx="2+ > (@ +8)

where the integral is assumed to exist.

a - A L
If f(x)= 70 + Z[an CosnL—x + b, sin %), then multiplying by f(x) and integrating term by term
n=l1
from —L to L (which is justified since the series is uniformly convergent), we obtain
L 2 a_o L — L nwx L . nnx
j_L {f(x)} dx = 5 J_L f(x)dx + ;{an _[_L f(x) cos—L dx +b, j_L f(x)sin - dx}

2

=%L+L2(ai +b) M
n=1

where we have used the results
L nw X L . nmx L
I_L f(x) COST dx=La,, J_L f(x) smT dx=1b,, J_L f(x)dx = La, 2)
obtained from the Fourier coefficients.

The required result follows on dividing both sides of Equation (1) by L. Parseval’s identity is valid under
less restrictive conditions than that imposed here.
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13.14.

13.15.

(a) Write Parseval’s identity corresponding to the Fourier series of Problem 13.12(b). (b) Determine from (a)

1 1

1
the sum S of the series 1—4+2—4+3—4+~-- +—t
n
4
(a) Here L=2,a,=2,a,=——(cosnn —1),n#0,b, =0.
nT

Then Parseval’s identity becomes

12 sl (2 16 2
E_L{f(x)} dx_ELx dx—T+; —(cosnm — 1)

4
1 n

or

§—2+ﬁ L+L+i+‘.. ie i+i+L+...—n_4
3 nt\1t 3 5t I R A 96

(b) S:’L+L+i+ ...:(i+L+L+ ...\)+[L+L+L+ j
T 3 5 2 4t g
:(—1 +_1 +_1 +...]+_1 [i+_1 +_1 +j
14 34 54 24 14 24 34

t 4

:—+£, from which § T
96 9

Prove that for all positive integers M,
2 M
% 2 2 1t 2
—+ > (a +b )X— (x)}dx
RPN, [ s

where a, and b, are the Fourier coefficients corresponding to f(x), and f(x) is assumed piecewise continuous

in (=L, L).
Let u
a, nmx nmnx
Sy (x)=—-+ a, cos——+b sin—— (1)
M 2 2; ' L " L
ForM =1,2,3, ..., this is the sequence of partial sums of the Fourier series corresponding to f (x).
We have
L
[ F ) =8, (0 dx 20 )

since the integrand is nonnegative. Expanding the integrand, we obtain

2" s, dx- [ 8% (dv< [ {f(0) d 3)

Multiplying both sides of Equation (1) by 2f(x) and integrating from —L to L, using Equations (2) of
Problem 13.13, gives

2 M
2j_LL F0)S,, (x)dx =2L {%0 +Y @+ bj)} )
n=1
Also, squaring Equation (1) and integrating from —L to L, using Problem 13.3, we find
L) ao 2 g
sy (nax=2L = Y (@ +5?) )
n=1

Substitution of Equations (4) and (5) into Equation (3) and dividing by L yields the required result.
Taking the limit as M — o, we obtain Bessel’s inequality
a4
2
If the equality holds, we have Parseval’s identity (Problem 13.13).

=2 1 L
+ 200, +h )] F0rdx ©)
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We can think of S,,(x) as representing an approximation to f (x), while the left-hand side of Equation (2),
divided by 2L, represents the mean square error of the approximation. Parseval’s identity indicates that as
M — o, the mean square error approaches zero, while Bessels’ inequality indicates the possibility that this
mean square error does not approach zero.

The results are connected with the idea of completeness of an orthonormal set. If, for example, we were
to leave out one or more terms in a Fourier series (cos 4mx/L, for example), we could never get the mean square
error to approach zero no matter how many terms we took. For an analogy with three-dimensional vectors, see
Problem 13.60.

Differentiation and integration of Fourier series

13.16.  (a) Find a Fourier series for f(x) = x%, 0 < x < 2, by integrating the series of Problem 13.12(a). (b) Use (a) to
(_ l)n 1

evaluate the series 2

n=1

(a) From Problem 13.12(a).

4( . nx 1 . 2rx 1 . 3mx
X =—| SiIn— ——SIn—— + —SIn——— - (1
T 2 2 2 3 2
Integrating both sides from 0 to x (applying the theorem of Page 352) and multiplying by 2, we find

16 1 2 1 3

¥=C=— cosn—x—Tcosﬂ+—zcosﬂ—--- 2)
4 2 2 2 3 2

16 1 1 1
where x _C_nz [1—2—2+3—2—4—2+ )

(b) To determine C in another way, note that Equation (2) represents the Fourier cosine series for x* in 0 < x
< 2. Then, since L = 2 in this case,

_ao_l L _] 2,
C="p=g], f0=5] atdv=

Then, from the value of C in (a), we have

= (=) 11 1 n’ 4 n’
~ n 22 3 4 16 3 12

13.17.  Show that term-by-term differentiation of the series in Problem 13.12(a) is not valid.

X 21 x 3nx
Term-by-term differentiation yields Z(COST—COST+C ST_ j Since the nth term of this

series does not approach 0, the series does not converge for any value of x.

Convergence of Fourier series

13.18.  Prove that 1
1 sin M+5 t
(a) 5+ cost +cos2t+ - - - +cosMt =

2s1nft

sin| M+— |t 1 sin| M+— |t
(b) IJ—I —I. 4(—1

ZSm—t 251n—t
2
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1 1] . 1 . 1
We h cosntsin—t=—<sin| n+— |t —sin| n—— |t ;.
(a) e have > 2{ [ 2] [ 2)}

Then, summing from n =1 to M,

1 .3 1 .5 .3
sin—t{cost+cos2t+ -+ +cosMt}.=| sin—t—sin—t |+ | sin—t—sin—t
2 2 2 2

+ - +(sin M+l t —sin M—sinlt
2 2
:l sin M+l t—sinlt
2 2 2

1 1
On dividing by sin > t and adding > the required result follows.

(b) Integrating the result in (a) from —m to 0 and O to m, respectively, gives the required results, since the in-
tegrals of all the cosine terms are zero.

13.19. Prove that lim J:n f(x)sinnx dx = limf f(x)cosnx dx = 0if f(x) is piecewise continuous.

a >
This follows at once from Problem 13.15, since if the series —— + Z(ai +b§ ) is convergent,
lima, =limb, =0. n=1

n—eo n—eo

The result is sometimes called Riemann’s theorem.

m-—»oo

We have

n 1
13.20.  Prove that lim J_ f(x)sin (M + 5 J x dx =0if f(x) is piecewise continuous.

j f(x)sin (M +%jx dx = j {F(x) sin% x}cos Mx dx + j (F(x) cos% x}sin Mx dx

1
Then the required result follows at once by using the result of Problem 13.19, with f (x) replaced by f (x) sin 5
1
x and f(x) cos 5 x, respectively, which are piecewise continuous if f(x) is.

The result can also be proved when the integration limits are a and b instead of —w and m.

13.21.  Assuming that L = m, i.e., that the Fourier series corresponding to f(x) has period 2L = 2x, show that

. [ 1]
u Iy 1 o sin M+E t
SM(x)=7°+2(an cosnx+b, sinnx)=—j Ft+x) i
n=1 T

2sin—t
2

Using the formulas for the Fourier coefficients with L = 7, we have
. 1 (n 1 (n . .
a,cosnx+b, sinnx = —J f(u)cosnu du |cosnx+ —J f(u)sinnu du |sin nx
T T
1 ¢ . .
= —J f(u)(cos nucosnx + sin nusin nx)du
n -

=ljn S (w)cosn(u—x)du
T J-*

Also,
a()

1 ¢n
T=5 j fwdu
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Then

M
8, (x) =2+ (a, cosnx +b, sin nx)

n=l1
I = 1 on
= E L{ Swdu+ E; j_n f(u)cosn(u—x)du
1 ¢n 1 M
= EL[ Sf@w) {E + ;cos n(u— x)} du

1 o sin(M+;)(u—x)
:;L: f@w) du

2sin—(u—x
2( )

using Problem 13.18. Letting u — x = ¢, we have

1 o sin M+l t
Sy (1) =—| f(t+x)i—12 dr
TC J-T—x 1

2sin—t

Fourier Series

Since the integrand has period 2w, we can replace the interval —t — x, T — x by any other interval of length

2m, in particular, —m, 7. Thus, we obtain the required result.

13.22.  Prove that

SM(X)—[(f(x+0)+f(x_0))):nlj'° (ft+x)— f(x 0))

2 - 2sin ft

2sin—t

L J (ft+x)- f(x+0)J M+

From Problem 13.21,

sin| M + sin| M+— |t
S, (x)=— j f(t+x)J—ldt+ J.f(t+x)—(—l

2s1nft 251n7t
2

Multiplying the integrals of Problem 13.18(b) by f(x — 0) and f (x + 0), respectively,

sin| M+— |t sinf M+— |t
f(x+0)+f(x 0 _ j flx —O)J—ldﬁ—j f(x+0)i—1

251n7t 2s1n7t

Subtracting Equation (2) from Equation (1) yields the required result.

13.23.  If f(x) and f’(x) are piecewise continuous in (-7, 1), prove that

fx+0)+ f(x=0)
2

fim 5,0 =

The function Ja+x) - f(x+0)

tinuous. 2sin—t

tdt

tdt

(e))

@)

is piecewise continuous in 0 < ¢t < T because f(x) is piecewise con-
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Also, lim LEFN S0 o JEHD-fx+0) 0 JEHD) -~ f(x+0)

1—=0+ =0+ t =0+ t

2sin—t 2sin—t
2 2

exists,

since, by hypothesis, f’(x) is piecewise continuous so that the right-hand derivative of f(x) at each x exists.
t+x)— -0
Thus, LUFD=(=0)

2sin—t

is piecewise continuous in 0 < 7 < .

f+x)—f(x-0)

2sin—t

Similarly, is piecewise continuous in -1t < ¢ < 0.

Then, from Problems 13.20 and 13.22, we have

AI}HLSM(X)_{J‘(HO);J“(x—O)}:0 or }}IQOSM(x):{f(x+O)J2rf(x—O)}

Boundary value problems

13.24.  Find a solution U(x, f) of the boundary value problem

2
6_U=3alzj t>0,0<x<2
ot ox
U@0,n=0,U2,t)=0 t>0
Ux,0)=x O0<x<?2

A method commonly employed in practice is to assume the existence of a solution of the partial differen-
tial equation having the particular form U(x, ) = X(x) T(¢), where X(x) and T(¢) are functions of x and #, respec-
tively, which we shall try to determine. For this reason, the method is often called the method of separation of
variables.

Substitution in the differential equation yields

oU 9’
?<XT):337(XT) )]
or
2
X Ci—T =3T c; }2( 2)
t X
where we have written X and 7 in place of X(x) and 7(z).
Equation (2) can be written as
1 dr_1aX 5
3T dt X dx*

Since one side depends only on ¢ and the other only on x, and since x and ¢ are independent variables, it is clear
that each side must be a constant c.
In Problem 13.47 we see that if ¢ > 0, a solution satisfying the given boundary conditions cannot exist.
Let us thus assume that ¢ is a neg_ative constant, which we write as —A% Then, from Equation (3), we
obtain two ordinary differentiation equations
dT ) d’X

—+3\°T=0, —+A’X=0 4)
dt dx

whose solutions are, respectively,
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T=Ce™', X=A coshx+B sinhx )
A solution is given by the product of X and 7, which can be written
U(x,t)=e " (Acoshx + Bsin Ax) (©6)

where A and B are constants.
We now seek to determine A and B so that Equation (6) satisfies the given boundary conditions. To satisfy
the condition U(0, r) = 0, we must have

e (A)=0 or A=0 7
so that Equation (6) becomes
U(x,t) = Be ™" sinAx 8)
To satisfy the condition U(2, f) = 0, we must then have
Be ¥ 'sin2A =0 )
Since B = 0 makes the solution (8) identically zero, we avoid this choice and instead take
sin2A =0, ie., 2A=mmw or A= % (10)
where m=0, =1, +2, . ...
Substitution in Equation (8) now shows that a solution satisfying the first two boundary conditions is

22y . M
UCx,)=B """ s1n% (1)

where we have replaced B by B,,, indicating that different constants can be used for different values of m.

If we now attempt to satisfy the last boundary condition U(x, 0) = x, 0 < x < 2, we find it to be impossible
using Equation (11). However, upon recognizing the fact that sums of solutions having the form (11) are also
solutions (called the principle of superposition), we are led to the possible solution

)

_3mPn? . mmx
3m1‘ct/481n

Ux,t)=) B,e (12)
m=1
From the condition U(x, 0) = x, 0 <x < 2, we see, on placing ¢ = 0, that Equation (12) becomes
. . Mm%
x:ZBmsmmzx O0<x<?2 (13)
m=1
This, however, is equivalent to the problem of expanding the function f{x) = x for 0 < x < 2 into a sine
—4
series. The solution to this is given in Problem 13.12(a), from which we see that B, =—— cos mm so that
Equation (12) becomes mn
- 4 22 mmnx
Ux,t)=Y | ———cosmm |e™"™"*sin —— (14)
,;( mm ] 2

which is a formal solution. To check that Equation (14) is actually a solution, we must show that it satisfies the
partial differential equation and the boundary conditions. The proof consists in justification of term-by-term
differentiation and use of limiting procedures for infinite series and may be accomplished by methods of
Chapter 11.

The boundary value problem considered here has an interpretation in the theory of heat conduction. The
equation E =k a—2 is the equation for heat conduction in a thin rod or wire located on the x axis between

x

x =0 and x = L if the surface of the wire is insulated so that heat cannot enter or escape. U(x, 1) is the tem-
perature at any place x in the rod at time ¢. The constant k = K/sp (where K is the thermal conductivity, s is the
specific heat, and p is the density of the conducting material) is called the diffusivity. The boundary conditions
U(0, 1) =0 and U(L, 1) = 0 indicate that the end temperatures of the rod are kept at zero units for all time ¢ > 0,
while U(x, 0) indicates the initial temperature at any point x of the rod. In this problem the length of the rod is
L = 2 units, while the diffusivity is k = 3 units.
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Orthogonal functions

13.25. (a) Show that the set of functions

. TX Tx . 2nx 2rx . 3mx 3nx
1,8in —, cos—, sin ,COS ,sin ,CO8
L L L L L L

forms an orthogonal set in the interval (-L, L).

(b) Determine the corresponding normalizing constants for the set in (a) so that the set is orthonormal in
(=L, L).

(a) This follows at once from the results of Problems 13.2 and 13.3.

(b) By Problem 13.3,

dc=L

2 2
_[L \/Isinmnx dx=1 JL \/Icosmnx dx =1
-L{ VL L Ll VL L

_[L ()’dx=2L or _[L b 2dx =
-t Ll v2L
Thus, the required orthonormal set is given by
1 1

L . ,mox L mm x
J sin’ dx =1L, J. cos?
L L -L

Then

Also,

2nx 1 2nx

— sinn—x Lcosn—x Lsin— cos
NCYZRN/ 7D AN /TR SN/ JEE AN A
Miscellaneous problems

13.26.  Find a Fourier series for f{x) = cos o, -t < x < m, where o0 # 0, +1, £2, +3, .. ..
We shall take the period as 27 so that 2L = 2w, L = wt. Since the function is even, b, = 0 and

2 cL 2 en
a, —ZJO f(x)cosnxdx —;J.O cosOLx cos nx dx

1 jo {cos(0L —1)x +cos(o +nm)x}dx
'

_ 1 |sin(o —n)w N sin(ot + n)m + _ 20.sin0im cos nm
b o—n o+n n(o* —n?)
_ 2sinoim
§ = —————
o
Then
SINCT 200 SINOUTT = COS 1T
+ z 5 cosnx
o b o =2

_sinom ( 1 2a

CosOlx =

200 o
—— cosx +— 2cost— 5 2cos3)c+---

o o-1 o’-2 o’ -3

2 2 2
13.27.  Prove that sin x = x l—x—2 l—x—2 1—x—2
B 2m) (3m)

Let x = m in the Fourier series obtained in Problem 13.26. Then

T
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oS0 = sinor (1 N 200 N 20, + 20, +
r \o a?-1" o?-2° o?-3*
or
1 200 20 20
T cotout —— = + + + (D

o o’-1 a*-2°

o’ -3
This result is of interest since it represents an expansion of the contangent into partial fractions.

By the Weierstrass M test, the series on the right of Equation (1) converges uniformly for 0 < lo | < lxl<1
and the left-hand side of (1) approaches zero as o0 — 0, as is seen by using L’Hospital’s rule. Thus, we can 1ntegrate

both sides of (1) from O to x to obtain

x 1 o 200
J.O (TC cotolm —aj - do, +_[0 e do.+ -
or ‘
sinom \|* x> X2
Inf —— 1—— +1n 1——2 +
(054 o I? 2
1.e.,
2 2 2
ln(smﬂ: )_ﬁm 1n(1—)16—2j +In 1—;—2J + . +1n(1_x_2)
X n—e n
. x2 x2 xz
. x2 x2 xz
:ln{lilg}o 1—1—2 1_2_2 l_n_2
so that
sint . x? x2 X2 52

Replacing x by x/rt, we obtain

2 2
sinx:x(l—;—zj[l—(z);)zj”' 3)

called the infinite product for sin x, which can be shown valid for all x. The result is of interest since it corre-
sponds to a factorization of sin x in a manner analogous to factorization of a polynomial.

n 22446688
" 13-3.5-5.7-7-9 ...

Prove that —

Let x = 1/2 in Equation (2) of Problem 13.27. Then,

O U R ) )

Taking reciprocals of both sides, we obtain the required result, which is often called Wallis’s product.

SUPPLEMENTARY PROBLEMS

Fourier Series

13.29.

Graph each of the following functions and find their corresponding Fourier series using properties of even
and odd functions wherever applicable.
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O<x<?2 . .
(@ f(x)= Period 4 () f(x)=4x,0<x<10, Period 10
-8 2<x<4
o ro=1" 55 pias @ =1 23 peioas
X)= €110 X)= €110
X O§x§4 0 -3<x<0
Ans. (a) EZ(l_cos'm)sin mx (© 20-205 1, mx
n 2 T on 5
a- cosnn) Jmx 3 {6(cosnn—1) nmx  6cosnm nnx}
b 2—— d = > + cos - sin
(®) z 4 @ 2;‘ n’n’ 3 nm 3

13.30.  In each part of Problem 13.29, tell where the discontinuities of f(x) are located and to what value the series
converges at the discontunities.

Ans. () x=0,%2,+4,...;0 () x=0, %10, 20, ...;20
(b) no discontinuities (d)x==+3,49,x15,...:3

2—-x O<x<4 ) ) )
13.31. Expand f(x)= in a Fourier series of period 8.
x—6 4<x<8

16 nx 1 3nx 1 Smx
Ans. —4C0S—+—COS——+—COS—— + -+
? 4 3 5 4

13.32.  (a) Expand f(x) = cos x, 0 < x < T, in a Fourier sine series. (b) How should f(x) be defined atx=0and x =7

. . < <
so that the series will converge to f(x) for 0 = x = w?

8 < nsin2
Ans. @) DTS 0)f(0)= f0) =0

13.33.  (a) Expand in a Fourier series f(x) = cos x, 0 < x < « if the period is 7, and (b) compare with the result of
Problem 13.32, explaining the similarities and differences, if any.

Ans. Answer is the same as in Problem 13.32.

x O<x<4 ) ) )
13.34. Expand f(x)= in a series of (a) sines and (b) cosines.
8—x 4<x<8

Ans. (a) gz%sin%si mTTX ®) _Z(Zcosmru;cosnn—ljcosméx
n

n=1 n=1

13.35. Prove thatfor0 < x < m,

m? cos2x cosdx cosbx
@ x(mr-x)=—- —t— —+
6 1 2 3

®  x(t—x) :i(
T

sinx sin3x sinSx
r Ty s

13.36.  Use the preceding problem to show that
3

oo 1 7132 oo (_1)n—1 n2 ( l)nl 713
—="_( =
(a)ng;nz 6()% . 12()2 %

n
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2
13.37. Showthat%+L3_i3_iz+i3+%_...:3n \5.
P35 79 16

Differentiation and integration of Fourier series

13.38.  (a) Show that for -t <x <,

1 2 3

(b) By integrating the result of (a), show that for -t < x < T,

(sin x sin2x sin3x J
x=2 — + —

m? cosx cos2x sin3x
P Ty
. . < <
(c) By integrating the result of (b), show that for -t = x = m,
sin2x  sin3x
23 + 3‘5 — e

X(T = X)(T +x) _12(311” -

13.39. (a) Show that for -t < x < T,

XCOSX =—lsinx+2 isin2x—isin3x +isin4x—
2 1-3 2-4 3-5

< <
(b) Use (a) to show that for -t = x = T,

. 1 cos2x cos3x cosdx
xsmx=1—Ecosx—2 - —

1.3 24 35

13.40. By differentiating the result of Problem 13.35(b), prove that for 0 < x < m,

m 4 (cosx cos3x cosSx
x="-— + + +
2 ml 17 3? 5*

Parseval’s identity

13.41. By using Problem 13.35 and Parseval’s identity, show that

=1 =t 1 nf
@25 O

n=1 n=1

1 1 1 n’-8
13.42.  Show that ———+——+——-+ = . (Hint: Use Problem 13.11.)
-3 3.5 5.7 16
13.43. Show that
o -
2‘(2 —1 %

6

®) z(2n D° 960

1 1 4n* -39

1
13.44. Show that + + =
12.2%.32 2%.3%.4* 32.4*.%° 16
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Boundary value problems

13.45.

13.46.

13.47.

13.48.

13.49.

13.50.

13.51.

13.52.

13.53.

2
(a) Solve aa—U = 2?}—12] , subject to the conditions U(0, 1) =0, U (4,1) =0, U (x, 0) = 3 sin mtx — 2 sin 5T x,
t X

where 0 <x <4, > 0. (b) Give a possible physical interpretation of the problem and solution.
Ans. (a) U(x, 1) = 3¢ 2™t sin mtx — 2¢ "¢ sin 5mx
1 0<x<3
,a
0 3<x<6

U U

Solve — =——, subject to the conditions U(0,7) =0, U(6,t) =0,U(x,0) = { n

o  ox*’
interpret and interpret physically.

[ 1—cos(mm /3) } it G X
6

Ans. U(x,t) = 22
mm

m=1

Show that if each side of Equation (3), Page 369, is a constant ¢, where ¢ > 0, then there is no solution
satisfying the boundary value problem.

A flexible string of length 7 is tightly stretched between points x = 0 and x = = 7t on the x axis, its ends are

fixed at these points. When set into small transverse vibration, the displacement Y(x, 7) from the the x axis of

2 2
2

52 43

ot o0x

(a) Find a solution of this equation (sometimes called the wave equation) with a> = 4 which satisfies the
conditions Y(0, 1) =0, Y(m, 1) =0, Y(x, 0) = 0.1 sin x + 0.01 sin 4x, Y#(x,0)=0forO<x<m, t>0.

any point x at time ¢ is given by where a® = T/p, T = tension, p = mass per unit length.

(b) Interpret physically the boundary conditions in (a) and the solution.

Ans. (a) Y(x, t) = 0.1 sin x cos 2¢ + 0.01 sin 4x cos 8¢

’Y _dY
(a) Solve the boundary value problem 8_2 = 98_2 , subject to the conditions Y(0, 1) =0, Y(2, 1) =0, Y(x, 0)
t X

=0.05x(2 — x), Y,(x, 0) =0, where 0 < x < 2, £ > 0. (b) Interpret physically.

1.6 & 1 . 2n-1 32n—-Drt

Ans. (a) Y(x,1) = —32 - sin (2n—Dmx cos (2n—Dm
n o (2n—1) 2 2
o’U .
Solve the boundary value problem 8_ = a—z, U@©O,n=1,U(m, 1) =3, U, 0)=2. [Hint: Let U(x, t) =
t X

V(x, t) + F(x) and choose F(x) so as to simplify the differential equation and boundary conditions for V(x, ?).]

Ans. U(x,t)=1 +2_x+ e " sinmx

i 4cosmm  _,p,
m=1 mmn

Give a physical interpretation to Problem 13.50.

Solve Problem 13.49 with the boundary conditions for Y(x, 0) and Y (x, 0) interchanged,; i.e., Y(x,) =0,
Y,(x, 0) = 0.05x(2 — x), and give a physical interpretation.

3.2 z 1 i (Zn—l)nxsin 32n-Dmt

Ans. Y(x,t) = si
(1) nt = 2n-1* 2 2

Verify that the boundary value problem of Problem 13.24 actually has the solution (14), Page 370.
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Miscellaneous Problems

13.54.

13.55.

13.56.

13.57.

13.58.

13.59.

13.60.

If-n<x<mand o # 0, 1. £2, . . ., prove that

wsinox _ sinx  2sin2x | 3sin3x

2sinon 1*—o? 2*-0? 3*-o?

If -t < x < m, prove that

T sinhox sinx 2sin2x 3sin3x
P =% 12 2 st 2
2 sinhomw o”+1° o”+2° o~ +3

w coshoox 1  ocosx  ocos2x
2 sinhom 200 a’+1° o +2°

2 2 2
Prove that sinh x = x 1+x_2 1+ a =1+ x =
14 2m) (3m)

4x’ 4x° 4x’ _— o .
Prove that cosx =| 1— 1 1— . ... [Hint: cos x = (sin 2x)/(2 sin x).]

(b)

2 | Gr) (51)°

Show that
N2 1:3:5:7-9.22:13:15...
2 2:2-6-6-10-10-14-14. ..

4-4-8-8-12-12-16-16. ..
(b) n«/E=4 j
3-5-7-9-11-13-15-17. ...

(a)

<
Let r be any three-dimensional vector. Show that (a) (r - i)? + (r - j)*> = (r)*and (b) (r - i)> + (r - j)* + (r - k)?
= r? and discuss these with reference to Parseval’s identity.

2
, w
If {¢, (x)},n=1,2,3,...is orthonormal in (a, b, prove that J. {f(x) - Zqu)n (x)} dx is a minimum
4 n=1

b
when ¢, = j f(x)9,(x)dx. Discuss the relevance of this result to Fourier series.
a
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Fourier Integrals

. o . . . .Gy nux . NmX
Fourierintegrals are generalizations of Fourier series. The series representation —- + Z a, cos - +b, sin -

n=l1
of a function is a periodic form on —% < x < o obtained by generating the coefficients from the function’s
definition on the least period [-L, L]. If a function defined on the set of all real numbers has no period, then
an analogy to Fourier integrals can be envisioned as letting L — o¢ and replacing the integer valued index n
by a real valued function o. The coefficients a, and b, then take the form A(o) and B(o). This mode of
thought leads to the following definition. (See Problem 14.8.)

The Fourier Integral

Let us assume the following conditions on f(x):
1. f(x) satisfies the Dirichlet conditions (Page 350) in every finite interval (L, L).

2. _[_w | f (x)| dx converges; i.e., f(x) is absolutely integrable in (-, ).

Then Fourier’s integral theorem states that the Fourier integral of a function f'is
flx)= j: {A(t)cos oux + B(o,)sin oux} do )
where

Alo) = lj” F(x)cos oux dx

Tf - @)
Bo)=— [ f(x)sin oux dx

I

A(or) and B(o) with —» < o < % are generalizations of the Fourier coefficients a, and b,. The right-hand
side of Equation (1) is also called a Fourier integral expansion of f. (Since Fourier integrals are improper
integrals, a review of Chapter 12 is a prerequisite to the study of this chapter.) The result (/) holds if x is a
fx+0)+ f(x-0)

> ,asin

point of continuity of f(x). If x is a point of discontinuity, we must replace f(x) by

the case of Fourier series. Note that these conditions are sufficient but not necessary.
In the generalization of Fourier coefficients to Fourier integrals, a, may be neglected, since whenever

f f(x) dx exists,

-0 as L— o

1 ¢L
la,l = ‘Z |7 Feo ax
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Equivalent Forms of Fourier’s Integral Theorem

Fourier’s integral theorem can also be written in the forms

f(x)zljm [” Fuycos alx—u) du do 3)
7T Jo=0 Ju=—o

f(x)= % J: e do _[: F)e™ du
)
= % J‘:, J: Fw)e™ " du do.

fx+0)+ f(x-0)

where it is understood that if f(x) is not continuous at x, the left side must be replaced by

2
These results can be simplified somewhat if f(x) is either an odd or an even function, and we have
fx)= EJW Cos OLx demf(u) cos ou du if f(x) is even 5)
T 0 0
fx)= zj°°s,in ox dxr F(u)sin o du if £(x) is odd (6)
T Y0 0

An entity of importance in evaluating integrals and solving differential and integral equations is introduced
in the next paragraph. It is abstracted from the Fourier integral form of a function, as can be observed by putting

Equation (4) in the form
1 = | T
— —10Lx nou d d(x
fw=p=] e {_JE [ ra u}

and identifying the parenthetic expression, as F (o). The following Fourier transforms result.

Fourier Transforms

From Equation (4) it follows that

1 = )
Flo) = = L Fu)e™ du 7
then
F(x)= ﬁ | Faye™dor 8)

The function F(a) is called the Fourier transform of f(x) and is sometimes written F(o) = F{f(x)}. The
function f(x) is the inverse Fourier transform of F(o) and is written f(x) = %! {F(o)}.
Note: The constants preceding the integral signs in Equations (7) and (8) were here taken as equal to

1/+/21. However, they can be any constants different from zero so long as their product is 1/2m. This is
called the symmetric form. The literature is not uniform as to whether the negative exponent appears in Equa-
tion (7) or in (8).

EXAMPLE. Determine the Fourier transform of fif f(x) = e for x > 0 and > when x < 0.

I = 1 [0, w
F )= iox d — { iox 2xd + iox —xd }
() —2 \/ﬁ J:we f(x)dx _271' Loe e dx Joe e “dx

x—0— .
io—1
e

T 1 1 1
+ = +
e ia—lﬁm} \N27m {2+ai 1—051'}

1 io+2
an {ia +2
If f(x) is an even function, Equation (5) yields

F(o)= \/ijf(u)cos o du
T 0

flx)= \EJNFC(a)cos oux dx
T Y0

and we call F (o) and f(x) Fourier cosine transforms of each other.

C))
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If f(x) is an odd function, Equation (6) yields

F.(o)= Fj'”f(u)sin o du
mTYo

f(x)= \Ej”a(a)sm ox do,
T 0

and we call F (o) and f(x) Fourier sine transforms of each other.

Note: The Fourier transforms F, and F are (up to a constant) of the same form as A(o) and B(o). Since f
is even for F', and odd for F|, the domains can be shown to be 0 < o < .

When the product of Fourier transforms is considered, a new concept called convolution comes into being,
and in conjunction with it, a new pair (function and its Fourier transform) arises. In particular, if F(o) and
G(0) are the Fourier transforms of fand g, respectively, and the convolution of fand g is defined to be

(10)

f*g=#j:f(u>g(x—u) du (11
then

F(o) G(a):%j_ie'““f*g du (12)

f*g=%'|:ei°”F(oc) G(a) do (13)

where in both Equations (11) and (13) the convolution f ' g is a function of x.
It may be said that multiplication is exchanged with convolution. Also “the Fourier transform of the con-
volution of two functions, f and g is the product of their Fourier transforms,” i.e.,

T(f+8)=G(HT(g)

[F(0)) G(o) and f = g) are demonstrated to be a Fourier transform pair in Problem 14.29.]
Now equate the representations of f x g expressed in Equations (11) and (13), i.e.,

T%J:f(u) g(x—u) du =ﬁﬁemF(a) G(a) do. (14)
and let the parameter x be zero; then
|~ f@) g-u) du=[" F(o) G(or) dot (15)

Now suppose that g = ]7 and, thus, G = F , where the bar symbolizes the complex conjugate function.
Then Equation (15) takes the form

D F) P du =j_°;| F(o) P do (16)

This is Parseval’s theorem for Fourier integrals.
Furthermore, if f and g are even functions, it can be shown that Equation (15) reduces to the following
Parseval identities:

[, 7@ g@wdu =[] F.(@) G, (@) do (17

where F.and G, are the Fourier cosine transforms of fand g. If fand g are odd functions, then Equation (15)
takes the form

[ @) g@odu =] " F (@) G, (@) do (18)

where F and G, are the Fourier sine transforms of fand g . (See Problem 14.3.)
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SOLVED PROBLEMS

The Fourier integral and Fourier transforms

1 Ixl<a

14.1. (a) Find the Fourier transform of f(x)= 0 Ixl . (b) Graph f(x) and its Fourier transform for a = 3.
xl>a

(a) The Fourier transform of f(x) is

1 eioﬁu @

1 * o _L ¢ o -
ﬁjiwf(u)e du—ﬂjla(l)e du = N ]

1 (e —e™ _\/zsin oa @20
N2n i T oa

For o0 = 0, we obtain F(o\)=~/2/7 a.
(b) The graphs of f(x) and F(c) for a = 3 are shown in Figures 14.1, and 14.2, respectively.

F(o)=

1) Fla)

3 =
3=

[#4
=1 ~
J |2 1 I ! ¥ * - —EJIIU-:I."B ,rr."M:r-"B n
-3 - -1 | 2 3

~1 =

Figure 14.1 Figure 14.2
< sin o a = §i
14.2. (a) Use the result of Problem 14.1 to evaluate J S0 G cos X do. (b) Deduce the value of J.o S u du.
o u
(a) From Fourier’s integral theorem, if
Flo) = —— f“ fwe™du  then f(x)= L f“’ F(o)e ™ do,
N2 N2 Y
Then, from Problem 14.1,
| 3 1 x| < a
w o .
—] \Fsm Cemdx=11/2 1xl =a 1)
2n i\t o
0 lxl > a
The left side of Equation (1) is equal to
lJ-m sin OLa COS OLX doc—ijm sin OLa sin oLx ot @
T ¥~ o T ¥ o

The integrand in the second integral of Equation (2) is odd, and so the integral is zero. Then from Equa-
tions (1) and (2), we have

. T x|l < a
oo ol o
| SN SO j=In/2 Ixl =a 3)
- o
0 lxl > a

Alternative solution: Since the function fin Problem 14.1 is an even function, the result follows immedi-
ately from the Fourier cosine transform (9).
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(b) Ifx=0anda =1 in the result of (a), we have

do =1 or

~ Sinq, = SIN QL B
] |, =y

—oo

since the integrand is even.

14.3. If f(x) is an even function, show that (a) F(o) = \/Z J: f(u)cos ou du and
T
(b) f(x)= \Pj“’F(oc)cos ox dot
t Jo
We have
Fo)=—— [~ fane“du=——= [ fucos au du+——]" fasin o du )

(a) If f(u) is even, f(u) cos Au is even and f(u) sin Au is odd. Then the second integral on the right of Equa-
tion (1) is zero, and the result can be written

F(d)=&J:f(u)cos ou du =\/g_[:f(u)cos ou du

(b) From (a), F(—o) = F(a) so that F(o) is an even function. Then, by using a proof exactly analogous to that
in (a), the required result follows.

A similar result holds for odd functions and can be obtained by replacing the cosine by the sine.

o I-a O0<ax<l
14.4. Solve the integral equation JO f(x)cos oux dx = - =

o>1
,2 o N2 /(- 0 1
Let —J‘ f(x)cos oux dx = F(o) and choose F(at) = m(-o) o< Then, by Prob-
o 0 a>1
lem 14.3,
2 ¢~ 2 2
f0 = ‘/—j F(ot)cos oux do, = ,/—jl,/—(l—a)cos oux da
T Yo T o0ONT
2 2(1-
=—J1(1—0c)cosocx doc=(—c§)sx)
T Y0 X
.2
14.5. Use Problem 14.4 to show that J‘ sm2 u du ZE.
0 u 2

As obtained in Problem 14.4,

2 r=l—cosx l-oo 0<a<l
—j ———— cos ox dx = = =
T Y0 X 0 o>1

Taking the limit as oo — 0 +, we find

«=]—cosx T
[Flocosx
0 X 2
n’u

2
u

= 2sin*(x/2)
2

. = i
dx , which becomes J‘
X 0

But this integral can be written as du on letting x = 2u, so

that the required result follows.

COS OLX T
5 do=—e", x>0.
a +1 2 =

14.6. Show that Jm
0
Let f(x) = ¢ in the Fourier integral theorem

fx)= %J‘:cos ox docJ.:f(u)cos Au du
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Then
2 e -
—j cosoLx docJ. e'cosoudu=e"
s 0 0
- 1
But by Problem 12.22, we have jo e cos o du= Tl Then
o+
2 >~ COS O _ = COS OLX T _
= > xdoc=e‘” or J- > do=—¢e"
T a’+1 0 g’ +1 2

Parseval’s identity

14.7. Verify Parseval’s identity for Fourier integrals for the Fourier transforms of Problem 14.1.

‘We must show that
[ oy ac= | {F))do

where

1 Ixl <a i
F) = and Flo)= |2 S04
0 Ixl <a T o

This is equivalent to

Jde= [ 2 o

2

or
2 2
= sin” ola = sin” ola
| == do=2] do. =Ta
—oo o 0
ie.,
J~w sin® oa _Ta
o o 2

By letting 0ia = u and using Problem 14.5, it is seen that this is correct. The method can also be used to

2
= sin
find IO 3 L du directly.
u

Proof of the Fourier integral theorem

14.8. Present a heuristic demonstration of Fourier’s integral theorem by use of a limiting form of Fourier series.

Let
f(x)— 2( cos—+b nnnTxJ (1)

=1

where
1 ¢z nwu 1t . Nnmu
a, = zj_Lf(u)cosT du and b, = zj_Lf(u)smT du
Then, by substitution (see Problem 13.21),

f(x)——J f(u) du+— Zf(u)cos—(u x) du 2)

If we assume that Jw | f (u)| du converges, the first term on the right of Equation (2) approaches zero as

L — o, while the remaining part appears to approach

ol - nw
lﬂzgj_wf(u)cosT(u—x) du 3)
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14.9.

14.10.

This last step is not rigorous and makes the demonstration heuristic.
Calling Ao = /L, Equation (3) can be written

fo= lim i A0 F(nAo) 4)
00 4=
where we have written
F(oc)zlj“’f(u)cos o - x) du 5)
T 0

But the limit (4) is equal to
flx)= j:F(oc) do. = nl j:daj:f(u)cos ou(u— x) du

which is Fourier’s integral formula.
This demonstration serves only to provide a possible result. To be rigorous, we start with the integral

1/m 7y dou [ ., f(u) cos ou(u — x)dx

and examine the convergence. This method is considered in Problems 14.9 through 14.12.

Prove that
L Sin QL

o—e 40 ih)

>

(b) lim

o—oc0 L 0}

dv =

T
2
0 sin o T
2

. L i
() Letow =y. Then lim [’ T v =lim [ gy = [THRY gy = % by Problem 12.29.
y

oL—>oo ih) a—eo 40 y 0

0 sin OV J‘aLsinyd T
— y:

(b) Let oo =—y. Then lim dv = lim
0 y 2

O—eo & =L 0y} Xx—>o0

Riemann’s theorem states that if F(x) is piecewise continuous in (a, b), then

lim  F(x)sin ox dx =0

with a similar result for the cosine (see Problem 14.32). Use this to prove that

@ fim [ fo+0) 2 o =" fet0)
o—oo 40 L)) 2
sin oV

(b) lim jOL Fx+v) v = % Fx—0)

where f(x) and f” (x) are assumed piecewise continuous in (0, L) and (L, 0), respectively.
(a) Using Problem 14.9(a), it is seen that a proof of the given result amounts to proving that

sin ot
d

L
1imj {f(x+v)= f(x+0)) v =0
o—o0 ¢ 0 ih)
x+v)— f(x+0
This follows at once from Riemann’s theorem, because F(V) = S )=/ ) is piecewise continuous

L
in (0, L), since lim F(v) exists and f(x) is piecewise continuous.
n—0+

(b) A proof of this is analogous to that in (a) if we make use of Problem 14.9(b).
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14.11.  If f(x) satisfies the additional condition that Jm | f(x) | dx converges, prove that

@ fim [ e T do =T fat0) ) fim [ v T do =T f(x-0)
O—o0 4 0 ) 2 Ol—>o00 o —o0 ) 2

We have
j:f(x+1)) o= i+ ySAY + f(x+1))sm X M
sin otV sin oW sin oV
[Tra+ 02 o = [ pa+ 00T do+ [ e+ 0) 2 dv @)
Subtracting,
sin o sin ol
[T+ = fr+0)) v = [ {f(+0)- fx+0))
3)
sin ol sin oL
+ [0 T dv —j.ﬂ +0)
Denoting the integrals in Equation (3) by I, I}, I,, and I, respectively, we have [ = I, + I, + I; so that
il < Inl+ 1]+ 5] “)
Now
sin oL 1 =
|1, |<j ‘f( +0) dugZJLlf(x+1))Id1)
Also,
11,1 < |f(x+0)|‘j Sin o a’u‘.

SlIlOﬂ)

< € /3. Also, we can choose o so large that |I1 | < € /3. Then from Equation (4) we have |I| < e for o and

Since both J | f(x)}dx an d_[

dv converge, we can choose L so large that | I

L sufficiently large so that the required result follows.
This result follows by reasoning exactly analogous to that in (a).

14.12.  Prove Fourier’s integral formula where f(x) satisfies the conditions stated on Page 377.
f(x+0)+ f(x=0)
> .

We must prove that hm J. j f(u)coso(x —u) du do. =

Since

LQ f(u)cosou(x—u) du

< J | f(u)!| du, which converges, it follows by the Weierstrass test

that J‘w f(u)coso(x —u) du converges absolutely and uniformly for all o.. Thus, we can reverse the order of
integration to obtain

%J::od“fu;f(”)“’so‘(" ) du = %L;f(u) du " cosou(x—u) dor

_ T%J:ﬂxf(”) sin L(u — x) d

U—Xx
)sinL‘L)

= nl [ dv

=11 fr)?
)

where we have let u = x + .
Letting L — 0, we see by Problem 14.11 that the given integral converges to
required.

I 0H/6-0)
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Miscellaneous problems

14.13.

14.14.

14.15.

1 0<xx<l1
0 x> 1’ U(x, 1) is bounded

2
Solve aa—U = (3—[2], subject to the conditions U(0, 1) =0, U(x, 0) = {
t X

where x >0, 1> 0.

We proceed as in Problem 13.24. A solution satisfying the partial differential equation and the first bound-
ary condition is given by Be~*f sin Ax. Unlike Problem 13.24, the boundary conditions do not prescribe the
specific values for A, so we must assume that all values of A are possible. By analogy with that problem, we
sum over all possible values of A, which corresponds to an integration in this case, and are led to the possible

solution
Utx, )= [ BOY e sin dxd) )
where B(A) is undetermined. By the second condition, we have
* B sin 1 O0<x<1 5
Jy Bsindzdh=y ) = f) @
from which we have, by Fourier’s integral formula,
2 e 2 i 21—
B(l):—J‘ f(x)sinAx dx:—j sin Ax dx:(—COSM 3)
o o A
so that, at least formally, the solution is given by
2 = 1=cosA Y .
Ulx, )= —j (—COS ) e sinAx dx )
0 A

See Problem 14.26.

Show that ¢*%/2 is its own Fourier transform.
hed 2
Since e7%/2 is even, its Fourier transform is given by 2 /7 = Jo e cos xo., dx .

Letting x = ~2u and using Problem 12.32, the integral becomes

—u? COS(OC\/EM) du = i_%eaz/z

ir
Jr o€ N

which proves the required result.

Solve the integral equation

¥ = g0+ [ ) r(x—u) du

where g(x) and r(x) are given.

Suppose that the Fourier transforms of y(x), g(x), and r(x) exist, and denote them by Y(a), G(c), and R(a),
respectively. Then, taking the Fourier transform of both sides of the given integral equation, we have, by the
convolution theorem,

G(o)
- 2 =T e Ry
Y(0) = G(o) +2nY (@) R(@) or Y 1-v21 R(@)

Then
G (O( ) (;((X ) —ioLx d

a1 _ 1 ”
Y= {1—\/5 R(a)}_\/ﬁjﬂ—\/ﬁ R@) ©

assuming this integral exists.




CHAPTER 14 Fourier Integrals

SUPPLEMENTARY PROBLEMS

The Fourier integral and Fourier transforms

14.16.  (a) Find the Fourier transform of f(x)=
€ — 0+ and discuss the result.
1 sinoe

1
b
o ae O

14.17.  (a) Find the Fourier transform of f(x)= {

. (b) Determine the limit of this transform as

1/2 € lege
0 lxl>€

Ans. (a)

1-x IxI<l1 < ((xcosx—sinx X
. (b) Evaluate -[0 P —— COSE dx -

0 [xI>1 x°
) o
Ans. (a) 2\/:(0c cos el : smoc) ) 3n
i o 16
I 0<x<l1
14.18. If f(x)= 0 ; 1’ find (a) the Fourier since transform and (b) the Fourier cosine transform of f(x).
x iy

In each case, obtain the graph of f(x) and its transform.

Ans. (a) \/E(—l — 08 OL) (b) \/Z sina.
T o T o

« xsin mx 14
14.19. (a) Find the Fourier sine transform of ¢, x > 0. (b) Show that '[0 2—1 dx = 5 e, m>0 by using
= X+
the result in (a). (c) Explain from the viewpoint of Fourier’s integral theorem why the result in (b) does not

hold for m = 0.
Ans. (a) V2 /7 [0/ (1+02)]

14.20.  Solve for Y(x) the integral equation
1 0<r<l
J:Y(x)sinxt de=32 1<t<2
0 >0

and verify the solution by direction substitution.
Ans. Y(x) = (2 + 2 cos x — 4 cos 2x)/mx

Parseval’s identity

x2dx

- d o
14.21.  Evaluate (a) J % and (b) J. — 5 by use of Parseval’s identity. (Hint: Use the Fourier sine and
o (x"+1) 0 (x"+1)
cosine transforms of ¢, x > 0.)

Ans. (a) m/4 (b) n/4

. 4

sin® x T

dx=—.
2

o 1- 2 T o
1422, Use Problem 14.18 to show that (a) | (ﬂ) dx =" and (b) [
X X

. 2
14.23.  Show that JO w dx i

x° 15



CHAPTER 14 Fourier Integrals

Miscellaneous problems

U _9°U
14.24. Solve — =2 ,
(@solve o =200

(b) Give a physical interpretation

- ke 22 inAx

U,1)=0, U(x,0)=¢e", x>0, U(x, t) is bounded where x >0, t > 0.

Ans. U(x, t)=—| ———— dA
ns. U(x, t) j T
oU U x O0<x<l
14.25.  Solve —=—, U, (0, 1)=0, U(x, 0)= = = , Ul(x,t) is bounded where x >0, ¢ > 0.
ot ox : 0 x>1
2 = (sinh cosA—1Y _2
Ans.U(x, t)= ;JO ( 7\‘ +T) e cosAx dA

14.26. (a) Show that the solution to Problem 14.13 can be written

U X2t 7‘)2 (1+x)/242 702
(x, )= \/_J J_ J.(l x)/Z\/—
. . . oU U .
(b) Prove directly that the function in (a) satisfies 3 = Py and the conditions of Problem 14.13.
x

1 lxlkl

14.27.  Verify the convolution theorem for the functions f(x)= g(x)= {O x>l
X

14.28.  Establish Equation (4), Page 378, form Equation (3), Page 378.

B g™ dv,

1
-

1 o o .
then F(a)G(o) = 2—I J. €““ f(u)g() du dv. Now make the transformation u + v = x.]
JE B

1 o )
14.29.  Prove the result (12), Page 379. [Hint: If F(ot) = FJ‘ f(w)e™ du and G(or) =
T

Fo) G(o) = %j‘: |~ e fangte—u) du dx
Define
f*gzﬁ“:f(u)g(x—u) du (f =g isa function of x)
then

1 == 4
— e fxg dx
Lpr
Thus, F(o) G(o) is the Fourier transform of the convolution fx g and, conversely, as indicated in Equa-
tion (13), f * g is the Fourier transform of F(a) G().

F(o) G(o) =

14.30.  If F(or) and G(o) are the Fourier transforms of f(x) and g(x), respectively, prove (by repeating the pattern of
Problem 14.29) that

| Fa@) G@) da = [~ fx) g(x) dx
where the bar signifies the complex conjugate. Observe that if G is expressed as in Problem 14.29, then

@)= [ ™ fa) g) v
s
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) ) 1 ¢~ .
14.31.  Show that the Fourier transform of g(u — x) is ¢™; i.e., €*“*G(0t) = TJ. e f(u) g(u—x) du . (Hint:
See Problem 14.29. Let v = u — x.) n

14.32. Prove Riemann’s theorem (see Problem 14.10).



Gamma and Beta
Functions

The Gamma Function

The gamma function may be regarded as a generalization of n! (n-factorial), where n is any positive integer
to x!, where x is any real number. (With limited exceptions, the discussion that follows will be restricted to
positive real numbers.) Such an extension does not seem reasonable, yet, in certain ways, the gamma function
defined by the improper integral

C(x)= j:z*"e"dt (1)

meets the challenge. This integral has proved valuable in applications. However, because it cannot be repre-
sented through elementary functions, establishment of its properties takes some effort. Some of the important
properties are outlined as follows.

The gamma function is convergent for x > 0. (See Problem 12.18.)

The fundamental property

T'x+1)=xI"(x) 2

may be obtained by employing the technique of integration by parts to Equation (1). The process is carried
out in Problem 15.1. From the form of Equation (2), the function I'(x) can be evaluated for all x > 0 when its
values in the interval 1 < x <2 are known. (Any other interval of unit length will suffice.) Table 15.1 and the

graph in Figure 15.1 illustrate this idea.

Tables of Values and Graph of

the Gamma Function I'(n)

TABLE 15.1 U s

N T'(N) i

1.00 1.0000 I

1.10 0.9514 sl | )
1.20 0.9182 I IR N AR IR T M
1.30 0.8975 S

1.40 0.8873 .

1.50 0.8862 [\ )

1.60 0.8935 .

1.70 0.9086

1.80 0.9314 Figure 15.1

1.90 0.9618

2.00 1.0000
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Equation (2) is a recurrence relationship that leads to the factorial concept. First observe that if x = 1, then
Equation (1) can be evaluated and in particular,

(=1
From Equation (2)
T+ D=xl(x)=x(x— DIGx-D=...x(x-Dx-2)...x-k[x-k)
If x = n, where n is a positive integer, then
T+ )=nn-1)n-2)...1=n! 3)

If x is a real number, then x! = T'(x + 1) is defined by I'(x + 1). The value of this identification is in intuitive
guidance.

If the recurrence relation (2) is characterized as a differential equation, then the definition of T'(x) can be
extended to negative real numbers by a process called analytic continuation. The key idea is that even though

I'(x) as defined in Equation (1) is not convergent for x < 0, the relation I'(x) = l1“(x +1) allows the meaning

to be extended to the interval — 1 < x < 0, and from there to — 2 <x <— 1, and )sco on. A general development
of this concept is beyond the scope of this presentation; however, some information is presented in Problem
15.7.
The factorial notion guides us to information about I'(x + 1) in more than one way. In the eighteenth cen-
tury, James Stirling introduced the formula (for positive integer values 7)
\/E nn+]e—n

lim—=1 C))

n—oo n!

This is called Stirling’s formula, and it indicates that n! asymptotically approaches 2 n"*'e™ for large

values of n. This information has proved useful, since n! is difficult to calculate for large values of n.
There is another consequence of Stirling’s formula. It suggests the possibility that for sufficiently large
values of x,

xX=T(x+1) =21 x**'e™ (5a)
(An argument supporting this is made in Problem 15.20.)
It is known that I'(x + 1) satisfies the inequality

! 1
V2m x e < T(x+1) <21 x™e™

JREE

(5b)
Since the factor % — 0 for large values of x, the suggested value (5a) of I'(x + 1) is consistent with (5b).
e

An exact representation of I'(x + 1) is suggested by the following manipulation of »!. [It depends on (n + k)!
=(k+n)l]

12...n(n+1)+(n+2)...(n+k)_lim kK" lim(k+1)(k+2)...(k+n)

n!'=1lim =
ke (n+D)(n+2)...(n+k) k== (p+1)...(n+k) ko= k"
. . . . kk" . .
Since n is fixed, the second limit is one; therefore, n!=1lim ————————. (This must be read as an in-

finite product.) koe(n+)...(n+k)

This factorial representation for positive integers suggests the possibility that
' X
Fxr+1) = xl=lim— K a1k )
koo (x+1)...(x+k)
Carl Friedrich Gauss verified this identification back in the nineteenth century.

' X
This infinite product is symbolized by I1(x,k); i.e., [1(x,k) = L It is called Gauss’s function,

and through this symbolism, (x+1)-(x+k)

I'(x+1)= %im I1(x, k) @)
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The expression for 1 [which has some advantage in developing the derivative of I'(x)] results as fol-
X

lows. Put Equation (6) in the form
. k* 11
lim X#E——,—, ..
koo (1+x)(1+x/2)...(0+x/k) 23

1
X
Next, introduce
1 1 1
=l+—+—+---——=Ink
Tk 23 k

Then
Yy =limy,

k—eo

is Euler’s constant. This constant has been calculated to many places, a few of which are
v=0.57721566 .
By letting k* = Ik = e 2] , the representation (6) can be further modified so that

X x/2 x/k oo
I'(x+1)=e" lim ¢ ¢ ¢ = e’”He”e"l"k 142
e 14 x 1+x2 1+ x/k = k .
=[]« kik +x) = lim L2350k x* =lim [1(x. k)
= om (DX +2) - (x k) ko=
Since I'(x + 1) = xI"(x),
= et fim L IEX2 T y*]'[(1+x/k)e ©)

I'(x) A A et

Another result of special interest emanates from a comparison of I'(x)['(1 — x) with the well-known for-
mula

Tx 1 1 1 = ,
=1 i, =TTo-(x/k 10
i lm{l ¥ 1-(x/2) (1—x/k2} [T0-Griy (10

sInftx ko k=1
[See Differential and Integral Calculus, by R. Courant (translated by E. J. McShane), Blackie & Son Limited.]
I'(1 — x) is obtained from I'(y) = ll"(y +1) by letting y = —x; i.e.,
y
I'(—x)= —ll"(l —x) or I'l—x)=—-xI'(-x)
X
Now use Equation (8) to produce
1 -
_ _ -1 —yx 1 x/k YX 13 _ -1 _—x/k — N 2
I -x) = [{ 11mH(1+/k) }](e lim(1-x/k)"e j xmg(l(x/k))

Thus,
FOT(-x)=——, 0<x<1 (11a)
SINT

Observe that Equation (11a) yields the result
r[l): Jn (11b)

Another exact representation of I'(x + 1) is

12x  288x”  51840x°

The method of obtaining this result is closely related to Stirling’s asymptotic series for the gamma func-
tion. (See Problems 15.20 and 15.74.)

Tx+1)= znx“lx{ui 1 &+} (12)
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The duplication formula

2! F(x)l"(x +%)= JrT(2x%) (13a)

is also part of the literature. Its proof is given in Problem 15.24.
The duplication formula is a special case (m = 2) of the following product formula:

r(x)r(x +ij - r(x+3j . r(x +m—_1)= m? "™ 1) T Tmy) (13b)
m m m

It can be shown that the gamma function has continuous derivatives of all orders. They are obtained by
differentiating (with respect to the parameter) under the integral sign.

It helps to recall that T'(x) = J':tx’le’y’dt and that if y =t*', thenIny=Int*'=(x—-1)Int
Therefore; 1 y=Int
y

It follows that
(x) = j:t*‘le“ In ¢ dt. (14a)

This result can be obtained (after making assumptions about the interchange of differentiation with limits)
by taking the logarithm of both sides of Equation (9) and then differentiating.
In particular,

I (1) = —y (yis Euler’s constant.) (14b)

I'(x) [1 1) (1 1 ] (1 1 j
=_ry+ — + —_— + oo | —— (15)
T'(x) 1 x 2 x+1 n x+n-1

(See Problem 15.73 for further information.)

It also may be shown that

The Beta Function

The beta function is a two-parameter composition of gamma functions that has been useful enough in ap-
plication to gain its own name. Its definition is

B — ! x=1 y-1
(x,y)_jot (-1)"dt (16)

If x> 1and y > 1, this is a proper integral. If x > 0, y > 0, and either or both x < 1 or y < 1, the integral is
improper but convergent.

It is shown in Problem 15.11 that the beta function can be expressed through gamma functions in the fol-
lowing way
_T@rQ)

B(x, 17
(x,y) Txty) (17)
Many integrals can be expressed through beta and gamma functions. Two of special interest are
_[n " in> 0 cos™ 0O = lB(x, y) = 1 TIT) (18)
0 2 2 T(x+y)
- x?! T
[, == dx=T(T(p-=—— 0<p<l (19)
O 1+x sinw P

See Problem 15.17. Also see Page 391, where a classical reference is given. Finally, see Problem 16.38,
where an elegant complex variable resolution of the integral is presented.
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Dirichlet Integrals

p q r
If V denotes the closed region in the first octant bounded by the surface (i) +(1) +(£) =1 and the
a a

coordinate planes, then if all the constants are positive, ¢
e 5 oY)
r
J‘“‘x"’lyﬁ’lzyfldx dydz =242 P (20)
v PAT 4+ il + E + Y
p q T

Integrals of this type are called Dirichlet integrals and are often useful in evaluating multiple integrals
(see Problem 15.21).

SOLVED PROBLEMS

The gamma function

15.1. Prove () T(x+ 1) =xI'X),x>0and b)) T'(n+ 1)=nl,n=1,2,3,...

o M )
'v+1)= _[0 x’e"dx=1im | x"edx

M—so0

(a) = lim {(x“ )=e™)

M M —-X -1
0 —jo (—e " )(vx" " )dx

= lim {—M“e’M + v_[oM x“"e"‘dx} =ul'(v) ifv>0

M —c0
() T)=[ e dv=lim [" e dx=lim(1-¢™)=1.
Putn=1,2,3,...inI'(n+ 1) = nl'(n). Then
I'Q)=1I')=1,I3)=2I'2)=2-1=2!T4)=3I'3) =3 - 2! = 3!

In general, I'(n + 1) = n! if n is a positive integer.

15.2. Evaluate each of the following:
@) rey s!' 5432
23 2-2! 2-2

() 37G) 343
(b) = =

30

3 ) )
2 2 2
r3)re.s) 21(1.5)(0.5)T(0.5) _ 16
(5.5 (4.5(3.5(2.5(1.5(0.500.5) 315

RORHEED
) ot

3
15.3. Evaluate each integral.
(a) j: e tdx =T(4)=31=6

_3
4

(b) J.: xS dx
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Let 2x = 7. Then the integral becomes

6
- - !
J-O (z]e_ydy: 1 654 :F(7)_6._45

2 )¢ o T T T T

1
15.4. Prove that F(Ejz \/TT
= r x e dx.
Letting x = u? this integral becomes
"= Y|
2f e du—2[ : )_\/E

using Problem 12.31. This result also is described in Equation (11a, b) on Page 391.

15.5. Evaluate each integral.

(a) J‘:\/; e dy.

Letting y* = x, the intergral becomes

J‘“’ /xl/s eix.lezmdx =ljmx71/ze”dx =1F l =£
0 3 370 3 2 3

(b) J.: 374)(2 dx — j: (eln3 )(4.¥2)dz — J: (6,*(41113)12 dZ

Letting (4 In 3)72 = x, the integral becomes

1/2

© X 1
e'd =
jo [\/41n3] 2+41In3

X

e = R
0 2W4In3  44/In3

[ e e = T2 Vi

© J'Ol dx

—lnx.

Let —In x = u. Then x = e—u. When x = 1, u = 0; when x = 0, u = %. The integral becomes

j”i du= j: u e du=T(1/2)=n

o Va

15.6. Evaluate | x"e ™™ dx, where m, n, and a are positive constants.
0

Letting ax” =y, the integral becomes

J‘w X 1/n eiyd Z 1/n _ 1 J‘w (m+1)/nfle*}'d _ 1 r m+1
o\l & P g™ Jo y Yy g .

15.7. Evaluate (a) (a) I'(-1/2) (b) (-5/2)

We use the generalization to negative values defined by I'(x) = T+l .
X
(a) Letting x = LI T A (N =y
2 -1/2
(b) Letting x=-3/2, TI'(-3/2)= Ic1/2) = _2\/1? = 4\/TT , using (a)

-3/2  -3/2 3

(-3/2) 8
Then T'(=5/2) = — - > [n.
en TSI =27 "="15
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15.8.

15.9.

(=1)"n!

1 !
Prove that J x"(Inx)"dx = —-, where 7 is a positive integer and m > —1.
0 (m+1)

Letting x = ¢, the integral becomes (—1)" JON y"e "™ dy. If (m+1) y = u, this last integral becomes

o n _ n . _ n _ n '
U du _ (=D 1,[ We " du = (=D T(n+1)= (=D"n!
O (m+1)" m+1 (m+1)"Jo

(m+1)n+1 (m+1)n+1
Compare with Problem 8.50.

="

A particle is attracted toward a fixed point O with a force inversely proportional to its instantaneous distance
from O. If the particle is released from rest, find the time for it to reach O

At time ¢ = 0, let the particle be located on the x axis at x = @ > 0 and let O be the origin. Then, by
Newton’s law,
d’*x __k
dr’ X

where m is the mass of the particle and k£ > 0 is a constant of proportionality.

dx d’ av adv d dv
Let — =v, the velocity of the particle. Then —f =—=— .—x =v.— and Equation (1) be-
comes dt dt dx dt dx

m

ey

dv k mo>
= or

dx x

upon integrating. Since v = 0 at x = 4, we find ¢ = k In a. Then

2
LA . S 3)
2 X dt m X

where the negative sign is chosen, since x is decreasing as ¢ increases. We thus find that the time 7 taken for
the particle to go from x = a to x = 0 is given by

7= | o dx
\/;J.Ow/lna/x @

Letting In a/x = u or x = ae™, this becomes

T=a ﬂJmLf”ze’”duza ﬂl" l =a Tm
\ 2k Jo 2k \2 \ 2k

=—klnx+c 2)

The Beta Function

15.10.

15.11.

/2
Prove that (a) B(«, v) = B(v, u) and (b) B(u,0) = 2.[0 sin®™'0 cos™ ™0 db.
(a) Using the transformation x = 1 —y, we have

1 1 1
Bu,v) =[x (=0 dx = [ (1-y) "y dy =] 37 (1= dy = Bo,w)

(b) Using the transformation x = sin® 8, we have
1 n/2 oo
B(uv) = jo 1= x)dx = jo (sin20)" " (cos?B) " 2sind cos do
m/2
= ZJO sin®™"' 0 cos™* ' do

')
T'(u+v)

had - R _ _2
Letting 2> = x°, we have T'(u) = JO 7" ledx = 2J.0 x2e™ dx.

Prove that B(u,0) = u,0 > 0.



15.12.

15.13.

15.14.
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Similarly, I'(v) = 2J: yz""e’y2 dy. Then
_ < 2u-l —x? <201 _—y?
T (v) = 4( [t dx) ( [7ye dy)
=4 J: J:x2u—1y21)—le—(xz+y2)dxdy
Transforming to polar coordinates, x = p cos ¢, y = p sin ¢,

) (v) = 4 L/z j:o PAu+v) =1 cos™ ¢sin® pdp d¢

o 5 /2
_ 4( L pZ(lA-H))flefp dp)(J'¢:0 cos! ¢Sin2u71 ¢d¢

=20+ )| cos™ gsin® §dg=T(u+v)B(v.u)
=T'(u+v)B(u,v)

using the results of Problem 15.10. Hence, the required result follows.
This argument can be made rigorous by using a limiting procedure as in Problem 12.31.

Evaluate each of the following integrals.

D TG@) 4131 1
@ [x'a-x dx=B(5,4)=%=?=%

2

) J-OZ x“dx

V2-x

Letting x = 2v, the integral becomes

T ~ I 1)_42T3NA/2) _ 6442
WE[ o =21 e = aap 3.1 |- HEORLD

© |, v'Ja* =y dy

Letting y2 =a’xory= \/; , the integral becomes

a’T(5/2)T(3/2) ma’
T'(4) 16

a(’J:xm(l—x)”zdx —a°B(5/2,3/2) =

T'(w)I')
2I'(u+v)
This follows at once from Problems 15.10 and 15.11.

/2
Show that IO sin*'0 cos™'0d0 = u,0 > 0.

Evaluate (a) j:’zsinﬁede, (b) jo“’zsin“e cos>0d0, and (¢) j;”zcos“ede.

(a) Let2u—-1=6,2v-1=0,1i.e.,u=7/2,v=1/2,in Problem 15.13. Then the required integral has the value
ra/2rar’2) 5_n
2I°(4) 32°
I'g/2)r
(b) Letting 2u—1=4,2v -1 =15, the required integral has the value M = i
2I°(11/2) 315

2
(c) The given integral = ZJ: cos* 0 do. Thus, letting 2u — 1 =0, 20 — 1 =4 in Problem 15.13, the value is

2r(1/2)(5/2) _3n
2I(3) 8’
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15.15. Prove J‘n/z sin”0 d6 = J‘nlzcospe de = (a)wlif p is an even positive integer and
2.4.6---(p—1
(b) M if p is an odd positive integer.
1-3-5-p

From Problem 15.13, with 2u — 1 = p, 2v -1 =0, we have

F[l(p+1)l" 1
/2, » 2
jo sin’0do = 1
2F|:2(p+2):|

(a) If p=2r, the integral equals

1" 11" 1 }"—l r_é l]" l ]" l
(r+1) [2]: 2 2) 2 (2 2)_@r-1@r-3)-1n _1:3-5-Qr-hn

20(r+1) 2r(r—1) 2rQ2r=2)-2 2 2:4-6--2r 2

(b) If p=2r+ 1, the integral equals

1
F(r+1)1"(2]= rr=Dolym 2:4:62r
3 1y, 1) 1 135 (2r+1)
21"(r+2j 2(r+2][r 2) Z\E

In both cases, _[:lzsinp 0do = J:lzcos" 0 dO,as seen by letting® =1 /2 —¢.

n/2 6 /2, g 2 n | 3
15.16.  Evaluate (a) J‘O cos 0do, (b) JO sin” 0 cos“ 0 dO, and (¢) IO sin® 0 do.

1-3.5 5
(a) From Problem 15.15, the integral equals m :3—7; [compare Problem 15.14(a)].
(b) The integral equals
[“sin6(1-sin*6)de =["sin’6.d8 — [ "sin6 do _2 242
0 0 0 1-3 1-3-5 15

The method of Problem 15.14(b) can also be used.

n/2 1-3-57m 35w
The given i ] Is 4] “sinf@do =4 " |-
(c) e given integral equals JO (2-4~6-8 > j )

p-1

15.17.  Given Jm * dx= - , show that I'(p)I'(1 - p) =— , where 0<p< 1.
O 1+x sin pr sin pmt
. X y . .
Letting =y or x =——, the given integral becomes
1+x 1-y

[y a=y7dy=B(p.1-p)=T(pTA - p)

and the result follows.

dy
+y*
-3/4
o X b T2
Let y* = x. Then the integral becomes — Ix =— = \/>
49 1+x 4sin(m /4)

1
p= Z The result can also be obtained by letting y* = tan 6.

15.18. Evaluate '[:1

by Problem 15.17, with
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1
15.19.  Show that joz 3 vidx =1

93’

Letting x* — 8y or x = 2y'”

1 2 _ 81 _ 8 (2 4
J'02y|/3 8(1—)’).5)) 2/3dy:§J‘0y llz(l—y)mdyz—B[ j

371373

, the integral becomes

r(2rd

8 (37 3) 8 (1)(2) 8 = 16n
3 T2 9 (3)(3) 9sinn/3 943

Stirling’s formula

15.20.  Show that for large positive integers n,n!=./2nn n"e™" approximately.

By definition, I'(z) = J.:t“le*’dt. Let Ifz=x + 1, then

T = [Trede=[ e ™ dr=[ e " ar

(e))

For a fixed value of x the function x, In ¢ — ¢ has a relative maximum for ¢ = x (as is demonstrated by ele-

mentary ideas of calculus). The substitution # = x + y yields

Fx+1)=e™ J: &Y gy Zx"e"‘J‘N exln(l%}ydy

2

To this point the analysis has been rigorous. The following formal steps can be made rigorous by incor-

porating appropriate limiting procedures; however, because of the difficulty of the proofs, they have been

omitted.
In Equation (2) introduce the logarithmic expansion

2 3
In 1+l =l_ y2+y_3_+...
X x 2x° 3x

and also let

y=x/;1), dy=\/;d1)

Then
F(x + 1) = xxe—x\/; J‘“ e_ol /2+(03/3)\/:d‘0

For large values of x

I'(x+1) = xe " \x J‘jo eV Py = xte N 2mx

When x is replaced by integer values n, then the Stirling relation

n!=T(x+1)=~2nx x*e"

is obtained.

3

“)

(&)

It is of interest that from Equation (4) we can also obtain the result (12) on Page 391. See Problem 15.72.

Dirichlet integrals

15.21. Evaluate I = J:U x*7'yP 2" dx dy dz, where V is the region in the first octant bounded by the sphere x2 + 2
Vv

+ 7% = 1 and the coordinate planes.
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Letx®>=u, y* =0, 22 = w. Then

I = Hj ©@=D)/2) (B=1)/2 ) (v=D/2 du dv dw

24u 240 2w

— gJ‘J‘ju(a/2)711)([5/2)71w(y/2)71dudn dw
R

(1

where R is the region in the wow space bounded by the plane
u+ v+ w=1 and the wv, vw, and uw planes, as in Figure
15.2. Thus,

1 ¢t I-u pl-u-v . . o
P T e g o
u w=l

1 1 1-u w2 .
=— [ ue Ay — 0y dudo ()

1 1 1-u
— [ e { J‘ VPN 1 —u—v)"dv } du Figure 15.2
4/}/ u=0 v=0

Letting v = (1 — u)t, we have
J-l—:D(ﬁ/z)q (-u —D)ylzdl) =(1 _u)(ﬁ+y)/2J‘1 t([}/z)-l a _t)ylzdt
V= 1=

)P TR /2)T(y/2+1)

== TP +y)/2+1]

so that Equation (2) becomes
_ L TR /2Ty /2+1) J‘l uer (1_u)(ﬁ+y)/2du
4y TIB+y)/2+1] Ju=0
_ 1 IN(] /2)F(y/2+1) T /2)T(B +y)/2+1) T /2)T(R /2T (y /2)
47 TR +y)/2+1] Mo +B+y)/2+1] 8T +PB+)/2+1]

3

where we have used (y/2) I'(y/2) =T'(y/2 + 1).
The integral evaluated here is a special case of the Dirichlet integral Equation (20), Page 393. The general
case can be evaluated similarly.

15.22.  Find the mass of the region bounded by x* + y? + z 2 = a” if the density is ¢ = x*y%z%.

The required mass = 8JH x*y* 72 dx dy dz, where V is the region in the first octant bounded by the sphere
14

x* +y? + 7% = @* and the coordinate planes.
In the Dirichlet integral, Equation (20), Page 393,letb=c=a,p=g=r=2,and oo = f =y= 3. Then the
required result is
3 a-a’-a’ T(3/2)['(3/2)['(3/2) _ 4rs’
2-2.2 TA+3/24+3/2+43/2) 945

Miscellaneous problems

! {T1/4)y
15.23.  Show that | Vl—x*dyx=—""".
J. 0 621

Let x* = y. Then the integral becomes

L ey =L CA/4TE/2) Ve (Ta/4)
4 T(7/4) 4 TA.4HT'3/4)

From Problem 15.17, with p = 1/4, T(1/4)T'(3/4) =1 \/5 , so that the required result follows.
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1
15.24.  Prove the duplication formula 2" T(p)I'(p + 3= Jn Tep).

n/2 2p n/2 2p
Let I=J0 sin )cdx,J=J.0 sin”” 2x dx.

[ 1 ]
Then I=5B pt+—.— |= .

22 2I°(p+1)
Letting 2x = u, we find

1 ¢n T
Jz—j sin®” udu =J nsinz”uduzl
2 Jo 0

But
/2 . 2 2 n/2 2 2p
J= JO (2sinxcosx)’dx =2 _[0 sin” xcos™ xdx

- 1)=22p‘{r(”+§)}2

pt+—,P+
2 2 Ir'ep+1)

ot 2l

2pI(p) 2pT(2p)
and the required result follows. (See Problem 15.74, where the duplication formula is developed for the simpler
case of integers.)

Then, since I = J,

do _{ras4y

Jl—%sinzq) e

/2
15.25.  Show that jo

Consider

as in Problem 15.23.

But ] = J-n/z _J- do J-n/z do
N Jeos?0 /2—sin*0/2 *° J1-2sin’0/2
/2 d¢

Letting V2 sin0/2= sing in this last integral, it becomes V2 J. from which the result

follows. fl L sin’ ¢
2

15.26.  Prove that J cosx dx = T ,0<p<l.
2I(p)cos(pm /2)
1 1 =
We have — =—— | u’"'¢™™du. Then
x" T(p)-°
jo coix F( 3o j j ™ cosxdudx
p
| , )
=— “ ~du
I'(p)?° 1+u

where we have reversed the order of integration and used Problem 12.22.
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Letting u* = in the last integral, we have, by Problem 15.17,

U(p D72 o T
= — = 2
'[0 1+u’ J 1+v 25in(p+l)7t/2 2cospr /2 @

Substitution of Equation (2) in Equation (1) yields the required result.

15.27. Evaluate J: cos x?dx.
cos y 1 T

\/* y_
ZF( )cosn/4
2

This integral and the corresponding one for the sine [see Problem 15.68(a)] are called Fresnel integrals.

1
Letting x* = y, the integral becomes — I =—+/m /2 by Problem 15.26.

SUPPLEMENTARY PROBLEMS

The gamma function

I°(7) I'(3)I'(3/2)
15.28. Eval , (b , and Ta/2)r@a/2)r/2).
valuate (a) TAIG) (b) T/2) and (c) I'A/2)I'(3/2)I'(5/2)

Ans. (2) 30 (b) 16/105 (c) %n”

15.29. Evaluate (a) J:cx“e’xdx, (b) J‘:x%%xdx’ and (c) I:xzefzxzdx.

Ans. (a) 24 (b) T( c) @

1530 Find (@ [ e dx, b) [ Yxedx, and @ [ y'e™ dy.

1 e T@4/5)
Ans. — b) ——
ns. (@) 2 ( )( ) (© i

= —st TC
15.31.  Show that jo erz = \/; 5>0.
t

V-1
15.32. Prove that I'(0) = J.Ol (lnl) dx, v>0.
X

15.33.  Evaluate (a) JOI (In x)*dx, (b) J.Ol (xIn x)*dx, and (c) JOI 3In(1/x) dx.
Ans. (a) 24 (b) -3/128 (c) %F(%j

15.34.  Evaluate (a) I'(=7/2) and (b) I'(-1/3).
Ans. (a) (16\/TT )/105 (b) —3 I'(2/3)

15.35. Prove that lim I'(x) =, where m=0,1,2,3,....

x—=—m
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2) 1-3:5--2m-1)

1 jz =)"2"Vn

15.36.  Prove that if m is a positive integer, F[—m +

15.37.  Prove that I(1) = j: e™"In x dx is a negative number (it is equal to —y, where y=0.577215 . . . is called

Euler’s constant, as in Problem 11.49).

The beta function

15.38. Evaluate (a) B(3,5), (b) B(3/2,2), and (c) B(1/3, 2/3).
Ans. (a) 1/105 (b) 4/15 (¢) 21 A3

15.39.  Find (a) Jj x*(1=x)’dx, (b) JOI N =x)/x dx, and (c) j()l (4-x*)"dx.
Ans. (a) 1/60 (b) ©/2 (c) 3n

4 3 dx
15.40. Evaluate (a) | v’*(4—u)"*duand (b) | ———.
J.o .[0 /3x —y?

Ans. () 12n (b)

_{rda 14))

a dy
Prove that .
.[o /a4 _ y4 4a /ZTC

w2y 4 2n 6
15.42. Evaluate (a) jo sin” 0 cos™® dO and (b) _[0 cos 0 db.

15.41.

Ans. (a) 31/256 (b) 5n/8

L n/2 5 .2
15.43.  Evaluate (a) J;) sin’0 d6 and (b) jo cos’0sin” 0 d6.
Ans. (a) 16/15 (b) 8/105

15.44. Prove that J:/Z\/tane o =m /2.

= xdx T = y* dy 4
1545. P that ——=—~and (b — ==
rove @ ), e T3 J 14y 22

2x
o 2
15.46. Prove that J ¢ dx = T .
~ae™ +b 3x/§a2/3b”3

where a, b > 0.

2x

- 21
15.47. Prove that J‘ % fx D dx = 9 \/5 . [Hint: Differentiate with respect to Problem 15.46(b).]
= (™ +

15.48.  Use the method of Problem 12.31 to justify the procedure used in Problem 15.11.

Dirichlet integrals

15.49.  Find the mass of the region in the xy plane bounded by x + y = 1, x = 0, y = 0 if the density is 6 =~/ Xy .
Ans. /24



CHAPTER 15 Gamma and Beta Functions

2

15.50.  Find the mass of the region bounded by the elhps01d y—2 + Z—2 =1 if the density varies as the square of
the distance from its center. b* ¢
Tabck
Ans. 30 (a* +b* +c*),k = constant of proportionality
15.51.  Find the volume of the region bounded by x** + y** + 7% = 1.
Ans. 41t/35
15.52.  Find the centroid of the region in the first octant bounded by x*3 + y** + 723 = 1.

Ans. X =y =7 =21/128
8{ra/ }
15.53.  Show that the volume of the region bounded by x™ + y" + 7" = @, where m > 0, is given by M a’.
3m°T'(3/m)

15.54.  Show that the centroid of the region in the first octant bounded by x” + y" + 7" = @™, where m > 0, is given
32/ mI3/m) 4
ATA/m)T(4 1 m)

by X = y =7 =
Miscellaneous problems

b
15.55.  Prove that J. (x—a)’ (b—x)" dx=(b—a)""" B(p+1,q+1), where p>-1,¢>-1, and b > a. [Hint:
Letx—a=(b-a)y.]

3 dx
15.56. Evaluate (a) [ ————
valuate (a -[1 W
2{r(1/4)}
3Jn
{ra/3)y Jrni2
rase) 3

and (b) [ 37 (7= x)(x— 3)dx.
Ans. (a) T

15.57.  Show that

1 u—1 + v-1
15.58.  Prove that B(u,v) = j ﬁ dx, where u, v > 0. [Hint: Let y = x/(1 + x).]
+

2 T 119
15.59. If0<p <1, prove that J: tan” 0 d6 = Esec p?

1xX"N (1= %) _ B@u,v)

15.60.  Prove that e ol
(x+r)™ r(+r)"

(r+y.]

where u, v and r are positive constants. [Hint: Let x = (r + 1)y/

2 sin®”' @ cos™'0d0  B(u,v)

(asin’0 +bcos’0)*  2a°b"
and choose r appropriately.)

where u, v > 0. (Hint: Let x = sin? 8 in Problem 15.60

15.61. Prove that j

tdx 111
15.62. Prove that '[O_f=1_1+?+?+
X



15.63.

15.64.

15.65.

15.66.

15.67.

15.68.

15.69.

15.70.

15.71.

15.72.

15.73.

15.74.
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.M. 2n . 3; . -1 .
Prove that form=2,3,4,..., sin—sin—sin—--- smu = % . [Hint: Use the factored form
m m m m 2

X"=1=x-Dx-a) x-0,) ... (x-0q,),divide both sides by x — 1, and consider the limit as x — 1.]

/2
Prove that jo In sin xdx = —m/21In 2, using Problem 15.63. (Hint: Take logarithms of the result in

Problem 15.63 and write the limit as m — % as a definite integral.)

_ (m=1)12
Prove that T (l) r (2) r (i) - (m—1) = (2n) . [Hint: Square the left-hand side and use
m

m m m \/Z

Problem 15.63 and Equation (11a), Page 391.]

1 1
Prove that jo InT(x)dx = EIH (2r). (Hint: Take logarithms of the result in Problem 15.65 and let m — <°.)

sin T
(a) Prove that j i dx = 0 < p<1. (b) Discuss the cases p=0and p= 1.

2I(p)sin(pm /2)

Evaluate (a) '[: sin x*dx and (b) .[: xcos x*dx

Ans. (a) — x/Tl:/ (b)

3\/_1“(1/3)
X~ 11
Prove that J‘ nxdxz—ﬂ2 cscprcotpm,0<p< 1.
+Xx
1 -2
ShowthatJ' nx dx = w2
+1 16

21

\/4ac—b2.
3
D/(3\/;)+"'ina

Obtain Equation (12) on Page 391 from the result (4) of Problem 15.20. [Hint: Expand e
power series and replace the lower limit of the integral by —.]

If a >0, b > 0, and 4ac > b*, prove that Jm Jm (@ e’ g dy =

. . 1
Obtain the result (15) on Page 392. [Hint: Observe that F(x) =— F(X + !); thus, InT'(x)=InT"(x+ 1) —In x,
X

I’ I'(x+1 1 k'k*
d ' = FotD . Furthermore, according to Equation (6), page 390, I'(x +!)=lim ———,
I'x) TI'(x+1) x koo (x+ 1) (x+ k)
Now take the logarithm of this expression and then differentiate. Also, recall the definition of the Euler

constant .]

The duplication formula (13a), Page 392, is proved in Problem 15.24. For further insight, develop it for positive
. . 2n-1 1 . 1
integers; i.e., show that 2" T'| n+ 5 I'(n)= F(Zn)\/E . [Hint: Recall that I E =TT, then show that

-1)...5-3. |
r(n+1)r(2”+1)=(2” D531/ Observe that ~ 2D -G _ oy 5030
2 2 2" 2T(+1) 2'n!

Now substitute and refine.




CHAPTER 16

Functions of a Complex
Variable

Ultimately, it was realized that to accept numbers that provided solutions to equations such as x> + 1 = 0 was
no less meaningful than had been the extension of the real number system to admit a solution for x + 1 =0 or
roots for x> — 2 = 0. The complex number system was in place around 1700, and by the early nineteenth century,
mathematicians were comfortable with it. Physical theories took on a completeness not possible without this
foundation of complex numbers and the analysis emanating from it. The theorems of the differential and integral
calculus of complex functions introduce mathematical surprises as well as analytic refinement. This chapter is
a summary of the basic ideas.

Functions

If to each of a set of complex numbers which a variable z may assume there corresponds one or more values
of a variable w, then w is called a function of the complex variable z, written w = f(z). The fundamental op-
erations with complex numbers have already been considered in Chapter 1.

A function is single-valued if for each value of z there corresponds only one value of w; otherwise, it is multiple-
valued or many-valued. In general, we can write w = f(z) = u(x, y) + iu(x, y), where u and v are real functions of
xand y.

EXAMPLE. w=z>=(x+iy)?=x>—y? + 2ixy = u + iv so that u(x, y) = x> — y%, v(x, y) = 2xy. These are called
the real and imaginary parts of w = z, respectively.

In complex variables, multiple-valued functions often are replaced by a specially constructed single-
valued function with branches. This idea is discussed in a later paragraph.
EXAMPLE. Since ¢*™ = 1, the general polar form of z is z = p ¢"®?™, This form and the fact that the loga-

rithm and exponential functions are inverse leads to the following definition of In z:

Inz=Inp+@©+2mk)ik=0,1,2,....n...

Each value of k determines a single-valued function from this collection of multiple-valued functions. These
are the branches from which (in the realm of complex variables) a single-valued function can be constructed.

Limits and Continuity

Definitions of limits and continuity for functions of a complex variable are analogous to those for a real variable.
Thus, f(z) is said to have the limit [ as z approaches z, if, given any € > 0, there exists a § > 0 such that |f(z) —{|
<ewhenever 0< |z—z,| <d.
Similarly, f(z) is said to be continuous at z, if, given any € > 0, there exists a § > 0 such that | f(@—f(zy) | <
e whenever |z—z,| <. Alternatively, f(z) is continuous at z, if lim f(z) = f(z,).
-7
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Note: While these definitions have the same appearance as in thereal variable setting, remember that
|z—2zy| <8 means

|Gx = x| +i(y - y0)|=\/(x— X)) (y—y)* <8

Thus, there are two degrees of freedom as (x, y) — (x4, ¥o)-

Derivatives

If f(z) is single-valued in some region of the z plane, the derivative of f(z), denoted by f’(z), is defined as

o FEHAD = F@)

Az—0 Az

()]

provided the limit exists independent of the manner in which Az — 0. If the limit (/) exists for z = z,, then
f(z) is called analytic at z,,. If the limit exists for all z in a region R, then f(z) is called analytic in R. In order
to be analytic, f(z) must be single-valued and continuous. The converse, however, is not necessarily true.
We define elementary functions of a complex variable by a natural extension of the corresponding functions
of areal variable. Where series expansions for real functions f(x) exist, we can use as definition the series with

x replaced by z. The convergence of such complex series has already been considered in Chapter 11.
23 305 7

EXAMPLE 1. We define ¢ =1+ 2+ -+ +...,sinz=7——+——~—+...,and
248 2! 3! 3151 7!
cosz=1—;+z—a+--~.Fromthesewecanshowthate‘:e”"»"=e‘(cosy+siny),aswellasnumer-

ous other relations.
Rules for differentiating functions of a complex variable are much the same as for those of real variables.

Thus, 4 (@ =nz""", 4 (sinz) = cosz and so on.
dz dz

Cauchy-Riemann Equations

A necessary condition that w = f(2) = u(x, y) + iv(x, y) be analytic in a region R is that # and v satisfy the
Cauchy-Riemann equations
du _dv du  dv
ox 9y’ dy ox
(see Problem 16.7). If the partial derivatives in Equations (2) are continuous in R, the equations are sufficient
conditions that f(z) be analytic in R.
If the second derivatives of # and v with respect to x and y exist and are continuous, we find by differentiat-
ing Equations (2) that

2

?u o o’ o™
-20-0, S+57=0 3)
ox“ dy ox°  dy
Thus, the real and imaginary parts satisfy Laplace’s equation in two dimensions. Functions satisfying
Laplace’s equation are called harmonic functions.

Integrals

Let f(z) be defined, single-valued, and continuous in a region R. We define the integral of of f(z) along some
path C in R from point z, to point z,, where z; = x; + iy,, 2, = X, + iy 5, as

(x2,72) . . (x2,72) (2 m)
J.f(z)dzzj (u+11))(dx+zdy)=j udx—l)dy-i—zJ. vdx+udy
c (

X, V1) X, 01) (X1 )
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With this definition, the integral of a function of a complex variable can be made to depend on line integrals
for real functions already considered in Chapter 10. An alternative definition based on the limit of a sum, as
for functions of a real variable, can also be formulated and turns out to be equivalent to the one aforemen-
tioned.

The rules for complex integration are similar to those for real integrals. An important result is

U f(2)dz| < Jll f@)||dz| s M J ds =ML 4)

where M is an upper bound of |f(z)| on C;i.e., |f(2)| < M, and L is the length of the path C.
Complex function integral theory is one of the most esthetically pleasing constructions in all of mathemat-
ics. Major results are outlined as follows.

Cauchy’s Theorem

Let C be a simple closed curve. If f(z) is analytic within the region bounded by C as well as on C, then we
have Cauchy’s theorem that

[ r@d=§ r@yaz=o ©)

where the second integral emphasizes the fact that C is a simple closed curve. 5
Expressed in another way, Equation (5) is equivalent to the statement that J f(z) dz has a value inde-
2

pendent of the path joining z, and z,. Such integrals can be evaluated as F(z,) —F(z,), where F'(2) = f(z).
These results are similar to corresponding results for line integrals developed in Chapter 10.

EXAMPLE. Since f(z) = 2z is analytic everywhere, we have for any simple closed curve C

fj; 2zdz=0
Also,
1+1i
=(1+i) 2 =2i+4

1+i 2
J 2zdz=1z2
2i

2i

Cauchy’s Integral Formulas

If f(z) is analytic within and on a simple closed curve C and a is any point interior to C, then

1 b4
f=-= § L 4 ®)
2ni Jez—a
where C is traversed in the positive (counterclockwise) sense.
Also, the nth derivative of f(z) at z = a is given by

(- 3g @)

a)=— ¢ ————dz 7

Sr@ 2ri Je(z—ay't! @

These are called Cauchy’s integral formulas. They are quite remarkable because they show that if the

function f(z) is known on the closed curve C then it is also known within C, and the various derivatives at

points within C can be calculated. Thus, if a function of a complex variable has a first derivative, it has all
higher derivatives as well. This, of course, is not necessarily true for functions of real variables.
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Taylor’s Series

Let f(z) be analytic inside and on a circle having its center at z = a. Then for all points z in the circle we have
the Taylor series representation of f(z) given by

f@)=f@)+ f(a)(z—a)+——=(z—a) (z—a)3+.‘. 8)

2!

f@ . e, 7@
3!

See Problem 16.21.

Singular Points

A singular point of a function f(z) is a value of z at which f(z) fails to be analytic. If f(z) is analytic every-
where in some region except at an interior point z = a, we call z = a an isolated singularity of f(2).

EXAMPLE. f(z)=

3)2 , then z =3 is an isolated singularity of f(2).

sin z

EXAMPLE. The function f(z)=

called a removable singularity.

has a singularity at z = 0. Because [im is finite, this singularity is

z—0

Poles

0(z)

If f(z)= ( 0 ,0(a) # 0, where ¢(z) is analytic everywhere in a region including z = a, and if n is a posi-
z—a

tive integer, then f(z) has an isolated singularity at z = a, which is called a pole of order n. If n = 1, the pole
is often called a simple pole; if n = 2, it is called a double pole, and so on.

Laurent’s Series

If f(z) has a pole of order n at z = a but is analytic at every other point inside and on a circle C with center at
a, then (z — a)" f(z) is analytic at all points inside and on C and has a Taylor series about z = a so that
a—n
flo)=—"1 4 T —
(z=a) (z—-a) z-a
This is called a Laurent series for f(z). The part a, + a, (z — a) + a,(z — a)* + . . . is called the analytic part.
while the remainder consisting of inverse powers of z — a is called the principal part. More generally, we

+a0+a1(z—a)+a2(z—a)2+~-- )

refer to the series Z a(z— a)* as a Laurent series, where the terms with k < 0 constitute the principal part.
k=—oo

A function which is analytic in a region bounded by two concentric circles having center at z = a can always

be expanded into such a Laurent series (see Problem 16.92).

It is possible to define various types of singularities of a function f(z) from its Laurent series. For example,
when the principal part of a Laurent series has a finite number of terms and a_, # O whilea_,_,a_, ,, ... are
all zero, then z = a is a pole of order n. If the principal part has infinitely many terms, z = a is called an es-
sential singularity or sometimes a pole of infinite order.

1
EXAMPLE. The function /% =1+ —+
z 2z

+ - - - has an essential singularity at z = 0.
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Branches and Branch Points

Another type of singularity is a branch point. These points play a vital role in the construction of single-
valued functions from ones that are multiple-valued, and they have an important place in the computation of
integrals.

In the study of functions of a real variable, domains were chosen so that functions were single-valued.
This guaranteed inverses and removed any ambiguities from differentiation and integration. The applications
of complex variables are best served by the approach illustrated here. It is in the realm of real variables and
yet illustrates a pattern appropriate to complex variables.

Lety’=x, x<0,theny==+ Jx . Inreal variables, two functions f; and f, are described by y = + Jx on
x>0andy=- Jx onx> 0, respectively. Each of them is single-valued.

An approach that can be extended to complex variables results by defining the positive x axis (not includ-
ing zero) as a cut in the plane. This creates two branches f; and f, of a new function on a domain called the
Riemann axis. The only passage joining the spaces in which the branches f, and f,, respectively, are defined
is through 0. This connecting point, zero, is given the special name branch point. Observe that two points x*
in the space of f; and x** in that of f, can appear to be near each other in the ordinary view but, from the

Riemannian perspective, are not. (See Figure 16.1.)
y

£

EEd

Figure 16.1

The preceding real variables construction suggests one for complex variables illustrated by w = 72,

In polar coordinates, e*™ = 1; therefore, the general representation of w = z'’% in that system is w = p'/2 ¢/®+2m)/2,
k=0, 1.

Thus, this function is double-valued.

If k=0, thenw, =p"?- ¥, 0<0<2m,p>0

k=1, then wy = p'2 - @202 = §I2 . (i02,% — _ 512 op @ <4y p > 0.

Thus, the two branches of w are w, and w,, where w, = —w,. (The double-valued characteristic of w is il-
lustrated by noticing that as z traverses a circle, C: | Z | = p through the values € to 2m; the functional values
run from p'? € to p'?e™. In other words, as z navigates the entire circle, the range variable only moves
halfway around the corresponding range circle. In order for that variable to complete the circuit, z would
have to make a second revolution. Thus, we would have coincident positions of z giving rise to distinct values
of w. For example, z; = /™' are and z, = ¢™?*?™ are coincident points on on the unit circle. The distinct

. 2 2
functional values are zll 222 (I1+17) and zyz =——(1+1i).

The following abstract construction replaces the multiple-valued function with a new single-valued one.

Make a cut in the complex plane that includes all of the positive x axis except the origin. Think of two
planes P, and P,, the first one of infinitesimal distance above the complex plane and the other infinitesimally
below it. The point O which connects these spaces is called a branch point. The planes and the connecting
point constitute a Riemann surface, and w, and w, are the branches of the function each defined in one of the
planes. (Since the space of complex variables is the complex plane, this Riemann surface may be thought of
as a flight of fancy that supports a rigorous analytic construction.)
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To visualize this Riemann surface and perceive the single-valued character of the new function in it, first
think of duplicates C, and C, of the domain circle C: | Z | = p in the planes P, and P,, respectively. Start at
0 =€ on C,, and proceed counterclockwise to the edge U, of the cut of P,. (This edge corresponds to 6 = 27.)
Paste U, to L,, the initial edge of the cut on P,. Transfer to P, through this join and continue on C,. Now,
after a complete counterclockwise circuit of C,, we reach the edge L, of the cut. Pasting L, to U, provides
passage back to P, and makes it possible to close the curve in the Riemann plane. See Figure 16.2.

Paste | 210 &
1 to u,

u; (upper edge of P;)
I5 (lower edge of P,)

Figure 16.2

Note that the function is not continuous on the positive x axis. Also, the cut is somewhat arbitrary. Other
rays and even curves extending from the origin to infinity can be employed. In many integration applications
the cut © = i proves valuable. On the other hand, the branch point (0 in this example) is special. If another
point, z, # 0, were chosen as the center of a small circle with radius less than |z, |, then the origin would lie
outside it. As a point z traversed its circumference, its argument would return to the original value, as would
the value of w. However, for any circle that has the branch point as an interior point, a similar traversal of the
circumference will change the value of the argument by 2, and the values of w; and w, will be interchanged.
(See Problem 16.37.)

Residues

The coefficients in Equation (9) can be obtained in the customary manner by writing the coefficients for the
Taylor series corresponding to (z — a)” f(z). In further developments, the coefficient a ,, called the formula
residue of f(z) at the pole z = a, is of considerable importance. It can be found from the formula

. d}’t—l
a =lim ———-—
z—a (n—1)! d7"

{(z—a)" f(2)} (10)

where 7 is the order of the pole. For simple poles, the calculation of the residue is of particular simplicity
since it reduces to

a_,=lim (z—-a) f(z) (1)

Residue Theorem

If f(2) is analytic in a region R except for a pole of order n at z = a and if C is any simple closed curve in R
containing z = a, then f(z) has the form of Equation (9). Integrating Equation (9), using the fact that

§ dz [0 ifn#l W)
c(z—a) |2mi ifnzl

(see Problem 16.13), it follows that
§ f(z)dz =2mia_, (13)
c
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i.e., the integral of f(z) around a closed path enclosing a single pole of f(z) is 2mi times the residue at the
pole.
More generally, we have the following important theorem.

Theorem. If f(z) is analytic within and on the boundary C of a region R except at a finite number of poles
a, b, ¢, . . . within R, having residues a_, b_;, c_,, . . . , respectively, then

§Cf(z)dz=2ni(a_,+b_]+c_l+...) (14)

i.e., the integral of f(z) is 2mi times the sum of the residues of f(z) at the poles enclosed by C. Cauchy’s
theorem and integral formulas are special cases of this result, which we call the residue theorem.

Evaluation of Definite Integrals

The evaluation of various definite integrals can often be achieved by using the residue theorem together with
a suitable function f(z) and a suitable path or confour C, the choice of which may require great ingenuity.
The following types are most common in practice.

1. J F(x) dx, F(x) is an even function.
0

Consider § F(z) dz along a contour C consisting of the line along the x axis from —R to +R and the
c

semicircle above the x axis having this line as diameter. Then let R — . See Problems 16.29 and
16.30.

2n
2. J. G(sin 0, cos 0) dO, G is a rational function of sin 6 and cos 6.
0

-1 -1
; ) -z 7+2
Let z = ¢®. Then sin6 = TR cos O =

1

and dz = ie® dO or d = dz/iz. The given integral is

equivalent to ﬁg F(z) dz, where C is the unit circle with center at the origin. See Problems 16.31 and
16.32. ¢

o COS mx i . .
3. J. F (x){ . } dx, F(x) is a rational function.
—oo Sin mx

Here we consider § F(z)e™ dz, where C is the same contour as that in Type 1. See Problem
16.34. ¢

4. Miscellaneous integrals involving particular contours. See Problems 16.35 and 16.38. In particular,
Problem 16.38 illustrates a choice of path for an integration about a branch point.

SOLVED PROBLEMS

Functions, limits, continuity

16.1.  Determine the locus represented by (a) |z—2| =3,(b) |z-2| = [z+4

;and () [z-3] + |z+3] =10.

() Method 1: |z—2|=|x+iy—2|=|x—2+i)|=y/(x=2)* +)* =30r (x=2)> +y* =9, a circle with
center at (2, 0) and radius 3.
Method 2: |z -2 | is the distance between the complex numbers z = x + iy and 2 + 0i. If this distance
is always 3, the locus is a circle of radius 3 with center at 2 + 0i or (2, 0).



CHAPTER 16 Functions of a Complex Variahle

(b) Method 1: |x+iy— 2| = |x +iy+ 4| =or \/(x - 2)2 +y2 = \/(x + 4)2 +y2 , Squaring, we find x = -1, a
straight line.
Method 2: The locus is such that the distances from any point on it to (2, 0) and (-4, 0) are equal. Thus,
the locus is the perpendicular bisector of the line joining (2, 0) and (-4, 0), or x =—1.

(c) Method 2: The locus is given by \/(x—3)2+y2+\/(x+3)2+y2=l() or ,[(x—3)2+y2

=10—4/(x+3)* + y2 . Squaring and simplifying, 25+ 3x =5 \/(x +3)7 + y2 . Squaring and simplifying

2 2

again yields 25 + T =1, an ellipse with semimajor and semiminor axes of lengths 5 and 4, respec-

tively.
Method 2: The locus is such that the sum of the distances from any point on it to (3, 0) and (-3, 0) is
10. Thus, the locus is an ellipse whose foci are at (-3, 0) and (3, 0) and whose major axis has length 10.

16.2. Determine the region in the z plane represented by each of the following.
(@ |z| <L

Interior of a ci<rcle of radius 1. See Figure 16.3(a).
(b)) 1< |z+2i| =2.

|z +2i| is the distance from z to —2i, so that |z + 2i| = 1 is a circle of radius 1 with center at —2i; Then
1< | z+2i| < 2represents the region exterior to |z + 2i| = 1 but interior to or on |z + 2i| = 2. See
Figure 16.3(b).

(¢) n/3 S argz S w2

Note that argz = ¢, where z = pe™®. The required region is the infinite region bounded by the lines ¢ = 7t/3
and ¢ = /2, including these lines. See Figure 16.3(c).

y e 3
X
Bley '
1 " :f'f%
|1 = K,
x -2 5
* 5l /E
2 MIA
X
(@ ®) ©
Figure 16.3

16.3. Express each function in the form u(x, y) + iv(x, ¥), where u and v are real: (a) z°, (b) 1/(1 - z), (c) €%, and
(d)Inz.

(@ w=z2"=x+iy)’ =3+ 3x20Yy) + 3x(iy)* + (iy* = X + 3ixYy - 3x? — iy?
=x*=3x% +i3x%y -y

Then u(x, y) = x° — 3xy%, v(x, y) = 3x 3x%y —y°.

1 1 1—x+i 1—-x+1i
by w= = — = - .y: 2 yz
-z 1-(x+iy) l-x—-iy l-x+iy (A-x)+y
1-x y
Then u(x, y)= ——,0(x, y) = ———-.
P ey T T e ey
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(c) €z=e (x+iy) =e’x=e’x ediy = e*x (cos 3y + i sin 3y) and u = ex cos 3y, v = e’x sin 3y
(d) Inz= ln(peiq)): Inp+ip=In \/x2 +y2 +itan”! y/x and

1
quIn(x2+y2), D:tanfly/x

Note that In z is a multiple-valued function (in this case it is infinitely many-valued), since ¢ can be in-
creased by any multiple of 2r. The principal value of the logarithm is defined as that value for which 0 < ¢
< 2w and is called the principal branch of In z.

16.4. Prove (a) sin(x + iy) = sin x cosh y + i cos x sinh y and (b) cos(x + iy) = cos x cosh y —i sin X sinh y.

We use the relations ¢™ = cos z + i sin z, ¢ = cos z — i sinz, from which

“in eiz _ e—iz cos eiz + e—iz
=—0r, =————
2i 2
Then
) ) ( o ) i(x+iy) e—z(x+1y) etx -y _ e—lx+y
sinz =sin (x + iy) = - = -
2i 2i
1 .. y ..
= 2— {e™ (cosx+isinx)— e’ (cosx —isinx)}
i
Yoy Y y -y
. e’ +e . e —e
=(sinx)| —— |[+i(cosx)| ——
2 2
=sinx cosh y +icosx sinh y
Similarly,

ei(x +iy) + e—i(x +iy)

2

cos z = cos(x + iy) =

1 .. ey 1, _ .. ..
=— (" Y +e IXH}:E{e Y (cosx + isinx)+ e’ (cosx —isinx)}

Y 4oV y _
=(cosx) [%) —i(sin x) [%J =cosx cosh y —isinx sinh y

Derivatives, cauchy-riemann equations

d _ — . . .
16.5. Prove that — 7, where 7 is the conjugate of z, does not exist anywhere.

dz
By definition, 4 f(z)= lim fe+ A= f(2)
dz Az—0 Az

A 7= Ax + i Ay approaches zero. Then

if this limit exists independent of the manner in which

Z+Az—-7 i X+iy+Ax+iAy—x+iy

— 7z = lim =
dz Az—0 Az Ax—0 Ax+iAy
Ay—0
- lim x—ty+Ax+l.Ay—(x—ly): lim Ax—l.Ay
Ax—0 Ax+iAy Ax—>0 Ax+iAy
Ay—0 Ay—0

. A
If Ay = 0, the required limitis lim ——=1.
Ax—0 Ax
. . —iAYy
If Ax = 0, the required limitis lim ————=—1.
Ay—0 [AYy
These two possible approaches show that the limit depends on the manner in which Az — 0, so that the

derivative does not exist; i.e., Z is nonanalytic anywhere.



16.6.

16.7.

16.8.
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(@ Ifw=f(z)= t—i, find C;—vzv (b) Determine where w is nonanalytic.
l+(z+Az) 1+z
(a) Method 1: W iy 1Z@FAD 7z 2
dz  Azoe Az Az=0(1-z-Az)(1-2)
2
-2y

provided z # 1, independent of the manner in which Az — 0.
Method 2: The usual rules of differentiation apply provided z # 1. Thus, by the quotient rule for dif-

ferentiation,

d d
d(142) U7 07005 079 G yw-a+aen 2
dz \1-z (1-z) (1-2) (1-z2y

(b) The function is analytic everywhere except at z = 1, where the derivative does not exist; i.e., the function
is nonanalytic at z = 1.

Prove that a necessary condition for w = f(z) = u(x, y) + i v(x, y) to be analytic in a region is that the Cauchy-

Jv Jdu ov

Riemann equations A —, — = — — be satisfied in the region.
ox dy ox ox
Since f(2) = f(x + iy) = u(x, y) + i v(x, ¥), we have

S+ A)=fx+Ax+i(y + Ay)] = u(x + Ax, y + Ay) + i O(x + Ax, y + Ay)

Then
lim fz+Az)- f(z)
Az—0 AZ
- lim ux+Ax,y+Ay)—u(lx,y)+i{v(x+Ax,y+Ay)—v (x,y)}
Ax—0 Ax+iAy
Ay—0

If Ay = 0, the required limit is
lim u(x+Ax,y)—u(x,y)+i V(x+Ax,y)-V(x,y) _a_u_H, oV
Ax—0 Ax -

Ax o ox

If Ax = 0, the required limit is

u(x,y+Ay)—u(x, y)+{1)(x,y+ Ay) - (x, y)}_la_qua_u
Ay

i dy Oy
If the derivative is to exist, these two special limits must be equal, i.e.,

du .Jv _lodu dv  du v

lim -
Ay—0 iAy

—ti—=—-—+—=—1"—+—
ox dx idy Oy dy dy
so that we must have g—z:g—z and ?)_zz_?)_z'

Conversely, we can prove that if the first partial derivatives of u and v with respect to x and y are con-
tinuous in a region, then the Cauchy-Riemann equations provide sufficient conditions for f(z) to be analytic.

(a) If f(2) = u(x, y) + i v(x, y) is analytic in a region R, prove that the one-parameter families of curves
u(x, y) = C, and v (x, y) = C, are orthogonal families. (b) Illustrate by using f(z) = z°.

(a) Consider any two particular members of these families u(x, y) = u0, v(x, y) = V0 which intersect at the
point (x0, y0).
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d
Since duzuxdx+uydy=0, we have _y:u_x'
dx u,
. dy v,
Also, since dv =V, dx+1)y dy=0,—=—+%,
dc v

y
When evaluated at (x,, y,), these represent, respectively, the slopes of the two curves at this point of inter-
section.
By the Cauchy-Riemann equations, u, = v, u, = -V,, we have the product of the slopes at the point (xy, yp)

equal to
B S
Uy Uy

so that any two members of the respective families are orthogonal, and thus the two families are orthogonal.
(b) Iff(z)=2z2,thenu=x2-y2,v=2xy. The graphs of several members of x2 —y2 = C1, 2xy = C2 are shown
in Figure 16.4.

\\24i187
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- ~
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Figure 16.4

16.9. In aerodynamics and fluid mechanics, the functions ¢ and y in f(z) = ¢ + iy, where f(2) is analytic, are called
the velocity potential and stream function, respectively. If ¢ = x> + 4x —y* + 2y, (a) find y and (b) find f(2).
% = Al a—w——a—q) Then

(a) By the Cauchy-Riemann equations, — =

ox a_y’ ox dy

A 1)
dy
N 92 @)
ox

Method 1: Integrating Equation (1), y = 2xy + 4y + F(x).
Integrating Equation (2), y = 2xy — 2x + G().

These are identical if F(x) = -2x + ¢, G(y) = 4y + ¢, where c is a real constant. Thus, y = 2xy + 4y — 2x + c.

Method 2: Integrating Equation (1), ¢ = 2xy + 4y + F(x). Then substituting in Equation (2), 2y + F’(x) =
2y —2or F’(x) =-2 and F(x) = —2x + c. Hence, yy = 2xy + 4y — 2x + c.
(b) From (a),
J@=0+1y=x2+4x-y2+2y +i(2xy + 4y - 2x + )
= (2 =y + 2ixy) + 4(x + iy) — 2i(x + iy) + ic = 7> + 47 - 2iz + ¢,

where ¢, is a pure imaginary constant.
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_ +Z -z
This can also be accomplished by noting that z = x + iy, 7 =x — iy so that x = u, y= £ .Z . The
result is then obtained by substitution; the terms involving 7 drop out. 2
Integrals, Cauchy’s theorem, Cauchy’s integral formulas
2+4i 2
16.10.  Evaluate J 77 dz
1+i
(a) along the parabolax =1,y =1 where 1 £ ¢t <2
(b) along the straight line joining 1 + i and 2 + 4i
(c) along straight lines from 1 + i to 2 + i and then to 2 + 4i
We have
2+4i (24) 5 Q4 5,
J Z dz=J- (x +iy) (dx+idy)=_[ (2 = 2 + 2ixy) (dx + i dy)
1+i (1.1 (L.1)
Q4 L, 0, e S
=J- (x"—y )dx—2xydy+lj 2xydx +(x" —y°)dy
(I.D (1.D
Method 1:
(a) The points (1,1) and (2,4) correspond to ¢ = 1 and ¢ = 2, respectively. Then the preceding line integrals
become

Jz_l (2 =Yy dt—20) (1) 2t dt} +i Jz_l (2(0) (13 dt + (1> = t*) (21) dr} =—%— 6i

4-1
(b) The line joining (1,1) and (2, 4) has the equation y — 1= 21 (x — 1) or y=3x— 2. Then we find

2
_[ 1 = (3x=2)")dx = 2x (3x—2) 3]

2
+iJ {2x Bx=2) dx +[x> —(3x—2)2]3dx}=—%—6i
x=1
(¢c) From1+ito2+ilor(l,1)to(2,1)],y=1,dy=0and we have

2, 2 4
_[ (¥ =Ddr+i | 2vdr=T+3i
x=1 =

x=1

From2 +ito2+4ifor(2,1)to(2,4)],x=2,dx=0and we have

4 4 s
J' —4ydy+iJ. (4—y*)dy=—30-09i
1 y=1

y=
Adding, (% +3i)+(-30-91)=— % - 6i.

Method 2: By the methods of Chapter 10 it is seen that the line integrals are independent of the path, thus
accounting for the same values obtained in (a), (b), and (c). In such case the integral can be evaluated directly,
as for real variables, as follows:

_@+4)’ a+i) _ 86
3 3 3

- 6i.

16.11.  (a) Prove Cauchy’s theorem: If f(z) is analytic inside and on a simple closed curve C, then ig f(2)dz=0.

(b) Under these conditions prove that J f(2) dz is independent of the path joining P, and P,.

(a) §Cf(z)dz= §C(u+i1))(dx+idy)=§;cudx—1) dy+i §Cl)dx+udy
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16.12.

By Green’s theorem (Chapter 10),

§Cudx—l) dyZJ'[(—g—z—g—;)]dxdy, §C1) dx+udy=‘”[g—z—g—§)dxdy
R R

where R is the region (simply-connected) bounded by C.
u _dv Jv _ du

0
Since f(z) is analytic, — — — (Problem 16.7), and so these integrals are zero. Then

ox 5’ oun dy
§ f(2) dz =0, assuming f”(z) (and, thus, the partial derivatives) to be continuous.
c

(b) Consider any two paths joining points P, and P, (see Figure 16.5).

Py
By Cauchy’s theorem,
f(z)dz=0
P, AP, BP,
Then
| r@d+ | r@d=0 -
P AP, P, BR '
or Figure 16.5
[ rod=- [ foa= | foa
A AP, P, BR P BP,

i.e., the integral along P,AP, (path 1) = integral along P,BP, (path 2), and so the integral is independent of the
path joining P, and P,.
This explains the results of Problem 16.10, since f(z) = 7% is analytic.

If f(z) is analytic within and on the boundary of a region bounded
by two closed curves C, and C, (see Figure 16.6), prove that

il f(2)dz= 5£C2 f(2)dz

As in Figure 16.6, construct line AB (called a crosscut) con-
necting any point on C, and a point on C,. By Cauchy’s theorem
(Problem 16.11),

f(2)dz=0
AQPABRSTBA Figure 16.6
since f(z) is analytic within the region shaded and also on the bound-
ary. Then
[ rodr [r@a+ | rod+ [ r@de=0 M)
AQPA AB BRSTB BA

But '[ f)dz=- '[ f(z) dz. Hence, (1) gives
AB BA

[ r@w=- | row= | 1o

AQPA BRSTB BTSRB

ie.,
fﬁq f(2)dz= fﬁcz 12 dz

Note that f(z) need not be analytic within curve C,.



16.13.

16.14.

16.15.

16.16.
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, where C is a simple closed curve bounding a region

dz 2ni ifn=1
(a) Prove that § _—= .
c(z—a) 0 ifn=2,34,...

having z = a as interior point. (b) What is the value of the integral if n =0, -1, -2, -3, ...7?

(a) Let C, be acircle of radius € having center at z = a (see Figure
16.7). Since (z — @)™ is analytic within and on the boundary of
the region bounded by C and C;, we have, by Problem 16.12,

d d.
S’;C (z —Za)" B §Cl (z —Za)"

To evaluate this last integral, note that on Cj, |z - a| =€

orz—a=¢ee'® and dz =ige'® d0. The integral equals Figure 16.7
. o |27
.9 . . 1-n)i0
J' migeT d§ _ i j i gy L il 0 ifn=l
0 £_:n 8me 8nfl 0 8n—l (1 _ n)l .

2n
If n = 1, the integral equals i J. do = 2mi.
0

(b) Forn=0,-1,-2,...,theintegrand is 1,(z—a), (z—a)? . . . and is analytic everywhere inside C,, includ-
ing z = a. Hence, by Cauchy’s theorem, the integral is zero.

d
Evaluate —13, where C is (a) the circle |z| =1 and (b) the circle |z +i| =4.
cZ—

(a) Since z = 3 is not interior to | z | = 1, the integral equals zero (Problem 16.11).

(b) Since z =3 is interior to |z +i| =4, the integral equals 21t/ (Problem 16.13).

If f(z) is analytic inside and on a simple closed curve C, and a is any point within C, prove that

fla)= L & dz

2ni Jcz—a
Referring to Problem 16.12 and Figure 16.7, we have

&dzz Ma,’z

cz—a G z—a

2n .
Letting z — a = €e®, the last integral becomes i J fla+ e¢'®) dd. But since f(z) is analytic, it is con-
tinuous. Hence, 0

2n i0 2n 0 2n
1im_[ fla+ee®)do =iJ' lim f(a+ee®)do =i_|' f(a) d® =2mi f(a)
e—>0J0 0 €50 0

and the required result follows.

X

£ dz and (b) ¢ dz, where C is the circle |z—1| =3.
T cz(z+1)

cos
Evaluate (a) §
cZ—

1 cos
(a) Since z = w lies within C, — § < dz = cos T = — 1 by Problem 16.15 with f(z) = cos z, a = T.
2ni Jcz—T
cosz

Then dz = -2mi.
cCZ—T

e 1 1 et e
b —dz=§ez -——— dz=§ —dz—§ dz
®) cz(z+D c (z z+1] ¢z cz+l

=2mie’ - 2mie”! = 2mi(1—-e7!)

by Problem 16.15, since z = 0 and z = —1 are both interior to C.
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577 —3z+2
16.17.  Evaluate § 2r Tk L dz, where C is any simple closed curve enclosing z = 1.

¢ (-1
. (n) f (@)
Method 1: By Cauchy’s integral formula, f (a)= —
omi Je (z—a)"

If n =2 and f(z) = 5z — 3z + 2, then f”(1) = 10. Hence,

2! 23742 23742
10=— 38 %dz or E’; %dzzmm
2ni Yoo (z-1) c (z—1
Method 2: 5z2—3z+2:5(z—1)2+7(z—1)+4. Then
5Z —3z+2 § 5(z—1)° +7(z—1)+4d
¢ (z-1 -1’
P S § 4 55 % 5miy+7(0) + 4(0)
cz—1 c(z-1) c(z-1
=10mi
by Problem 16.13.
Series and singularities
16.18.  For what values of z does each series converge?
=u, = . Then
n n2 2n
o Hnsn | ! n? 2" I
lim - 2 Antl n =5
n—eo | U, n—>°°|(7’l+1) 2 Z | 2

By the ratio test, the series converges if |z| <2 and diverges if |z | >2.If | z| =2, the ratio test fails.

e | . U
However, the series of absolute values Z 2o = 2 — converges if |z| =2, since 2—2
converges. e L n’2

n=1 n=1

Thus, the series converges (absolutely) for |z | < 2,i.e., atall points inside and on the circle |z | =2

(b) Z 1)' —2—3!+5!—--~.Wehave
o uy,y |( 1y g2+ 2n—1)! | _;2
lim |—— T = lim [——
noe | u, n_>m| Qn+ Dl (=1 2 e 2n2n+1)|
Then the series, which represents sin z, converges for all values of z.
u _ an+l 3 z7—1
(© z C=D Wehave lim |22 | |(Z l)l " | = <=1
~ 3}1 N—yo0 un n_)w| 3n+ (Z _i)n| 3

The series converges if |z—i| <3, and diverges if |z—i| > 3.

If |z—i| =3, then z — i = 3¢, and the series becomes Zeine. This series diverges, since the nth term
does not approach zero as n — . n=1
Thus, the series converges within the circle | z—1 | = 3 but not on the boundary.

16.19. If 2 a,z" is absolutely convergent for | Z | < R, show that it is uniformly convergent for these values of z.
n=0
The definitions, theorems, and proofs for series of complex numbers are analogous to those for real series.
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In this case we have anzn‘ < |an| R" =M, . Since, by hypothesis, z M, converges, it follows by the

n=1

Weierstrass M test that Zanz" converges uniformly for |z| <R
n=0

16.20.  Locate in the finite z plane all the singularities, if any, of each function and name them.

2
(a) < 3 z =—1/1s a pole of order 3.
(z+1)
222 —z+1 )
(b) ) - — . z=41is a pole of order 2 (double pole); z =i and z = 1 — 2i are poles of
(z=4) (z-D(z—-1+20)
order 1 (simple poles).
i 2+ty4-8 -2+2i
© zsmi,m;to. Since 22 + 2z + 2 =0 when z= = l:1ii,wecanwrite
- +2z+2 2 2

zz+21+2={z—(—1+i)}{z—(—l—i)}=(z+1—i)(z+1+i).

The function has the two simple poles: z=-1+iand z=-1—1i.

1—cos . 1—=cos . .
(d) —Z. z =0 appears to be a singularity. However, since lim L 0, singularity.
x—0 z
. 1 —cos 1 2 4 6 3
Another method: SlnCG—ZZ— 1- Z—+Z——Z—+ . :i—z—+ ..., weseethatz=0
z z 2! 4! 6! 21 4!

is a removable singularity.
1 + 1
z-D* 2iz-1*
infinite number of nonzero terms. Then z = 1 is an essential singularity.

(@ M2 oy

- - - . This is a Laurent series where the principal part has an

(f) €. This function has no finite singularity. However, letting z = 1/u, we obtain e, which has an essential
singularity at u = 0. We conclude that z = *« is an essential singularity of e®.

In general, to determine the nature of a possible singularity of f(z) at z = o, we let z = %, we let z = 1/u

and then examine the behavior of the new function at u = 0.

16.21. If f(z) is analytic at all points inside and on a circle of radius R with center at a, and if a + & is any point
inside C, prove Taylor’s theorem that

h? n’
fla+h)= f(a)+ hf'(a) +?f"(a) +;f”’(06) +e

By Cauchy’s integral formula (Problem 16.15), we have
1 f(2)dz

h)=— 1
flath 2ni Jcz—a—h M
By division,
1 _ 1
z—a—h (z—-a)[l-h/(z-a)] ,
1 h h? h" ht! @
= + + S+t +
(z—a) (z-a) (z-a) z-a)" (- (z—a-h)

Substituting Equation (2) in Equation (1) and using Cauchy’s integral formulas, we have

farhy=_ § L@ b [ [f@d WL [@de
2ni Yc z—a 2ni V¢ (7 —a)? 2ni ¢ (z —a)"*!

, o, "o
= f(a)+hf (a)+7f (a)+-~~+;f (@) + R,
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where

R - h"+.1 fﬁ f(2) dz
2ni Jez—a)" (z—a-h)

Now when zison C, ‘& <M and |z — a| = R, so that by Equation (4), Page 407, we have, since
—a-
2nR is the length of C,
|h|n+1
|R"|— o Rn+1 TR

Asn—», |R,| = 0.Then R, — 0, and the required result follows.

If f(z) is analytic in an annular region r; < | z—a | < r,, we can generalize the Taylor series to a Laurent
series (see Problem 16.92). In some cases, as shown in Problem 16.22, the Laurent series can be obtained by
use of known Taylor series.

16.22.  Find Laurent series about the indicated singularity for each of the following functions. Name the singularity

in each case and give the region of convergence of each series.
v4

(a) ;z=1. Letz—1=u. Thenz=1+uand

(z-1?
P el+u e e MZ u3 l/t4
= =e-—=—13l+tu+—+—+—+---
-0 o 21 31 4
2
__€e ¢ +£+e(z 1)+e(z 1) ‘o
(z-1* z-1 2! 3! 4!
z=11is a pole of order 2, or double pole.
The series converges for all values of z # 1.
1
(b) zcos—;z=0.
<
1 1 1 1 1 1 1
zcos—=z|1- + - +o = —
z 2122 41zt 61 20z 4172 617

z=01s an essential singularity.
The series converges for all values of z # 0.
sin z

©

;z=m. Letz—m=u. Thenz=m +uand
7—T

sing _sin(u+m)  sinu _ 1[ woow j

Z—T u u u 3t 5!
2 4 2 4
S P +(Z m)_G-m)
31 5! 3! 5!
z =T is a removable singularity.
The series converges for all values of z.
(d) ;;zz—l. Let z+1=u. Then
(z+1D)(z+2)
-1 -1
< =2 =2 A—u+u® - +u =)

z+D)(z+2) uu-1 u

L S S R I
u

=—L+2—2(z+1)+2(z+1)2—...
z+1
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z=-11s a pole of order 1, or simple pole.
The series converges for values of z such that 0 < |z + 1] < 1.

1
(e) —3§Z=0,—2-
z2(z+2)

Case 1, z=0. Using the binomial theorem,

2 3
Lo v [y (2] D (),
2(z+2)° 8z(1+2z/2)° 8 2 21 2 3! 2

1 3 3 5 »

=E———T—7Z—-—Z
8z 16 16 32
z=01s a pole of order 1, or simple pole.
The series converges for 0 < |z| <2.
Case 2, z=-2.Let z+ 2 = u. Then

1 1 1 1 u u ’ u ¥ u *
= = =———l+=+|=| +|=| +|=| +-
2z+2°  w-2u 230 -ur2) 247 2 |2 2 2

1 1 1 11
- ——(2+2)— -

22427 4z+2)7  8(:z+2) 16 32

z=-21s a pole of order 3.
The series converges for 0 < |z+2| <2.

Residues and the residue theorem

16.23.  Suppose f(z) is analytic everywhere inside and on a simple closed curve C except at z = @, which is a pole of

order n. Then
a a_
f(z)=( *”)n + ( n;::—l +otayta (z—a)ta, (z—a) +---
z—a z—a

where a_, # 0. Prove that

@ § 1@ dz=2mia,

) a, =lim ;ﬂ {z-a)" f(2)}
S (n=1) g

(a) By integration, we have, on using Problem 16.13,

_ 4 a4 _ —a? 4
§cf(Z)dZ_§c(Z_a)n dz + +§Cz_adz+§c{ao+a1(z a)+a, (z—a) +-)dz

=2ria_,
Since only the term involving a_, remains, we call a_, the residue of f(z) at the pole z = a.
(b) Multiplication by (z — a)" gives the Taylor series

(Z_a)n f(z):a7n+a—n+1 (Z—a)+...+a71 (Z_(l)n71+---

Taking the (n — 1)st derivative of both sides and letting z — a, we find

n—1
{z-a)" f(2)}

(n—-D!a_ =lim ;
z=a dz7"”

from which the required result follows.
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16.24. Determine the residues of each function at the indicated poles.

2
(a) - . 2,1, —i. These are simple poles. Then:

-2 +1)
2 4
Residue at z=2is lim (z —2) {—} =_

o2 (z-2 (@ +D] 5
2 2 Y
Residue at z =i is lim (z — i) £ - — b =— ! . :1 2i
7o (z=-2)(z-D)(@z+D)| @(-2)Q20) 10
2 2 .
Residue at z =—iis lim (z +1) < - —=— ! . =1+21
i (z=2)(z=-D(z+iD)| (=i-=2)(=20) 10
1
(b) - 3%7 0,-2.z=0isa simple pole, z = -2 is a pole of order 3. Then:
2(z+2)
. . . 1 1
Residue at z=01s Iimz ——=—

>0 z(z+2)° 8

. . .1 d? 3 1
Residue at z =—-21is lim P (z+2) —
Vdz 2(z+2)

. la* (1) .. 12 1
=lim ——|— |=lim —| = |[=——
=224tz ) 22|73 8
Note that these residues can also be obtained from the coefficients of 1/z and 1/(z + 2) in the respective

Laurent series [see Problem 16.22(e)].
zt

Z
(z-3)

(c) ;2 =3, apole of order 2 or double pole. Then:

. . . d 2 Zezt . d 2t . 7t 2t
Residue is lim —{(z —3)" - =1lim — (z¢*) =1lim (e* + zte®)
-3 dz (z— 3)2 -3 dz 73

= +3te’
(d) cotz; z=5m, apole of order 1. Then:

Residue is  lim (z—Sn)-cf’SZ=[1im Z_Snj lim cosz):(lim ! )(—1)

75 sin z z—5t sinz —5m 75T COSZ

where we have used L'Hospital’s rule, which can be shown to be applicable for functions of a complex vari-
able.

16.25.  If f(z) is analytic within and on a simple closed curve C except at a number of poles a, b, c, . . . interior to C,
prove that

§ f(z2) dz=2ni {sum of residues of f(z) at poles a, b, c, etc.}
c

Refer to Figure 16.8.
By reasoning similar to that of Problem 16.12 (i.e., by con-
structing crosscuts from C to C,, C,, C5, etc.), we have

55 F(2) dz = 55 F(2) dz+ 35 @zt
c 1 G
For pole a, Figure 16.8

f(Z)a;mm'l"’"F 4

—a) (Z_a)+a0+a1(z—a)+...
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hence, as in Problem 16.23,
j[’C f(z) dz =2mia_,
1
Similarly for pole b,

fl)= L + b

e —L b +b (z=b)+---
b +(Z_b)+0+1(z ) +

so that

396 £(2) dz = 2mib.,

Continuing in this manner, we see that

f(@)dz=2mi(a_, +b_; +---)=2mwi (sum of residues)
G

z
Evaluate § % , where Cis given by (a) |z| =3/2and (b) |z| = 10.
C(z=D(z+3)
e e
Residue at simple pole z = 1is lim §(z = 1) ——————/r=—
| (z-D(z+3) 16
d : L (a-De —& _-5e7
Residue at double pole z=-3is lim —{(z + 3)2 e—2 = lim (e De 2 T
s dz (c-DE+37] =3 G- 16

(a) Since |z| =3/2 encloses only the pole z =1,

the required integral = 27i (%Jz —

(b) Since |z| =10 encloses both poles z=1and z = -3,

5¢7 ]_ Ti(e—5¢7)

16 16

the required integral = 27t i (i — 2

Evaluation of definite integrals

16.27.

16.28.

M i .
If |f(z)| < — for z = Rele, where k > 1 and M are constants, prove that lim | f(z) dz =0, where I is
R R—o0 JT
the semicircular arc of radius R shown in Figure 16.9.
.l-

By the result (4), Page 407, we have
M
fr f(2) dz Lk

M
<[z aes 22 T
since the length of arc L = nR. Then
r
Jim U f(2)de| =0 / \
R—oo
R

-R

and so

lim j f(2)dz=0 Figure 16.9
R—c0JT

. M 1
Show that for z=Re®, |f(2)| S —, k> 1 if f(z)=
| R | 1+z
i 1 1 1 2
If 7 =Re”, |f(2)| = ~< = <
| | |1+R4 e4le| ‘R4 6419‘_1 RY_1~ R
ample) sothat M =2, k=4.

7"

if R is large enough (R > 2, for ex-
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Note that we have made use of the inequality |z, +z,| € |z,| — |z, | withz; =R* ¢"®and z, = 1.
S
16.29. Evaluate j 2 al .
0 x" +1
Consider § , where C is the closed contour of Problem 16.27 consisting of the line from —R to R
czm+1

and the semicircle T, traversed in the positive (counterclockwise) sense.
Since z* + 1 = 0 when z = ™", ¥4 5" ¢7M/ these are simple poles of 1/(z* + 1). Only the poles e™*
and ¢*™ lie within C. Then, using L’ Hospital’s rule,

. ; _ _ 1
Residue at "/ = lim (z—e“”4)-4
Z_)e,m/zt z +1

1 min

lim 3
2™ 47 4

3nild 4

. ; . . 1
Residue at ™% = lim {(z —&™'*)
z—e 77+ 1

1 ORIl

lim 3
2%631“/4 4Z 4

Thus,

§ Loy Ly e _m2 (1)
c 4 4 2

i.e.,

JR dx + I dz _=m 2
-Rx* +1 rzt+1 2
Taking the limit of both sides of Equation (2) as R — o and using the results of Problem 16.28, we have
. R dx “ dx 2
lim 7 = J 1 =
Roed-Rx" +1 J=x"+1 2

(@)

= dx = dx B
Since J 1 = J T the required integral has the value
—~x +1 Y0 xT +1

- 2
16.30.  Show that'[ — jx _Im
—(x "+ (x"+2x+2) 50
2

The poles of < , enclosed by the contour C in Problem 16.27, are z = i of order 2

(2 +1)? (2 +22+2)
and z=—1 + i of order 1.

2 .
Residue at z =i is limi{(z—i)2 < }:9l 12

@i dz (z+i)? (=) (22 +22+2) 100
2 T
Residueat z=—1+iis lim (z+1—1) 5 5 < :3 4
zo—1+i @ +D (z+1-D)(z+1+10) 25
Then
2% dz [9i-12 3-4i] 7n
S ST S e I | W .
2+ (2 +22+2) 100 25 50
or
J‘R X2 dx +J‘ 2 dz _7_7E
R(xP+1D> (2 +2x+2) T +1D* (2 +2z+2) 50
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Taking the limit as R — o and noting that the second integral approaches zero, by Problem 16.27, we

obtain the required result.

do

2n
16.31. Evaluate J. T —
0 5+3sin®
I A
,dz=ie'® do =iz d so that

Let z=¢". Then sin® = =
2i 2i
J>2TE de _§ dZ/iZ _§ 2dZ
0 5+3sin® Jc 3(z—z_1] ¢3z% +10iz -3
i

16.10.
are the simple poles

.‘I
where C is the circle of unit radius with center at the origin, as shown in Figure C
1

The poles of
3z% +10iz -3
—10i £ /-100 + 36
Z =
6 Figure 16.10
_ —10i £8i
6

=-3i,—-i/3
Only —i/3 lies inside C.
Residue at —i/3 = lim z+i ; = lim L:i

2—il2 3 322 +10iz =3 | z=ir2 67 +10i 4i

2 1
Then§ 5 dz =2ni| — =£, the required value.
3z +10iz -3 4 ) 2
2n
16.32.  Show thatj _cosH T
0 5—4cos0 12
-1 30, -3l 3, -3
; + +
Ifzze’e,cosezZ ,cos39=e Ze =z 2Z ,dz=izdo.
Then
J‘Zﬂ cos30 _§ @ +zH2 dz
0 5—4cosO -~ Je -1 iz
5_4[z+z )
1 22 +1

T2 JeFoi-ni-2)

where C is the contour of Problem 16.31.
The integrand has a pole of order 3 at z =0 and a simple pole z = — within C.
2 6
. .o +1 21
Res1dueatz=01s11m——2 - 3 < =—.
=0 2! dz 77 2z=-1D(z-2) 8

1 2 +1 _65
{(z——) }—24.

2 P -1(-2

. 1. ..
Residue at z =—1is lim
2 =12

6
Then — l z +1 dz = _L 2mri) {ﬂ - ﬁ} - as required.
2i Yo 2z-1)(z-2) 2i 8 24 12
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M .
16.33. If | f (Z)| s—forz= Re® , where k >0 and M are constants, prove that
R
lim J ¢™ F(z)dz=0
R—e0 JT°

where I is the semicircular arc of the contour in Problem 16.27 and m is a positive constant.

. . T . i . .
If z = Re'®. J' ™ f(7)dz = j ™R £ (Re®) iRe™® dB.
T 0

Then
'
f
—Jo

— J.n ‘eichose —mRsin® f(Reie) l-Reie‘ do
0

eimReie f(Reie)l-Reie de

T . i . .
U "R’ £(Re™®) iRe™® dB
0

= [ | r(re )| R do
0

< th e—mRsinO 4o = 2M J‘n/zefmrsine 4o
—Rk—l 0 Rk—l 0

Now sin6 & 26/n for 0 < 8 < /2 (see Problem 4.73). Then the last integral is less than or equal to

/2
2:‘/11 J‘ o 2ROIT o TFMk (1— )
R J0 mR

As R — =, this approaches zero, since m and k are positive, and the required result is proved.

16.34.  Show that J COSY e =T e m > 0.
0 x” +1 2
imz
Consider § T dz , where C is the contour of Problem 16.27.
cz” +

The integrand has simple poles at z = +i, but only z = i lies within C.

elmz e*m
Residue at z =iis lim (z—i)(— =—.

zi z—10)(z+10) 2i
Then '
mz —m
e e _
§ 2 dZ=2ﬂ:l —_ =Tle "
czv+1 2i
or ‘ _
R ,imx imzg
e e _
J- > dx+J. 5 dz=me™
-Rx~ +1 rz2+1
i.e., ‘
R cosmx . (R sinmx e’ _
J. > dx+zJ. > dx+.[ > dz=me™
-R x” +1 -Rx” +1 rz>+1
and so R imz
cos mx e _
2 [ dx+J. dz=me™
0 x“+1 rz2+1

Taking the limit as R — < and using Problem 16.33 to show that the integral around I" approaches zero,

we obtain the required result.

(<) H n
16.35.  Show that J Y =L
0 x 2
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The method of Problem 16.34 leads us to consider the integral of ¢*/z around the contour of Problem 16.27.
However, since z = 0 lies on this path of integration and since we cannot integrate through a singularity, we modify
that contour by indenting the path at z = 0, as shown in Figure 16.11, which we call contour C” or ABDEFGHJA.

.".

E

R
pa

- x
-R -r
Figure 16.11
Since z = 0 is outside C’, we have _
154
e
I —dz=0
"z
—r el.)C elZ R elX elZ
[ avs [Sae[ i | Sdz=0
-R Xx d r X Z
HIA BDEFG
Replacing x by —x in the first integral and combining with the third integral, we find
R eix _ e—ix eiz eiz
[ g [Laer [ Lo
r X e <
HIA BDEFG
or _ .
. (Rsinx et e”
ZIJ dx =— J—dz— J —dz
r X Z
HJA BDEFG

Let r - 0 and R — . By Problem 16.33, the second integral on the right approaches zero. The first in-
tegral on the right approaches
0 ire® 0

. PN ;)
—lim —jre® d0 =— lim | ie™ d0 =mi
r—=0Jdn pet r—0 Jn

since the limit can be taken under the integral sign.
Then we have

. . (Rsinx . *° sinx
lim 21.[ ——dx=mi or J. dx =

R—o0 r X 0 X
r—0

A

Miscellaneous problems

16.36.  Let w = z* define a transformation from the z plane (xy plane) to the w plane (1v plane). Consider a triangle
in the z plane with vertices at A(2, 1), B(4,1), C(4, 3). (a) Show that the image or mapping of this triangle is
a curvilinear triangle in the wv plane. (b) Find the angles of this curvilinear triangle and compare with those
of the original triangle.

(a) Since w = %, we have u = x*, -y%, v = 2xy as the transformation equations. Then point A(2, 1) in the xy
plane maps into point A” (3, 4) of the uv plane (see Figure 16.12). Similarly, points B and C map into
points B” and C’, respectively. The line segments AC, BC, AB of triangle ABC map, respectively, into
parabolic segments A" C’, B’ C’, A’ B’ of curvilinear triangle A” B” C’ with equations as shown in Figure
16.12 (a) and (b).
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16.37.

(7. 24)

X u
(@) (b)
Figure 16.12
2 . av 2 1
(b) The slope of the tangent to the curve V° =4(1 +u) at (3, 4) is m; = — =— ==
Ulga Vg 2
2 . av
The slope of the tangent to the curve u” =2v +1at (3,4) is my = — =u=3.
Uz,
Then the angle 6 between the two curves at A” is given by
_1
my, —m
tan@ = —2 LI 2 =1,and 0 =7 /4

1+mm, 1+(3) [1)
2

Similarly, we can show that the angle between A’ C” and B” C” is /4, while the angle between A’ B” and B’ C
is /2. Therefore, the angles of the curvilinear triangle are equal to the corresponding ones of the given triangle. In
general, if w = f(2) is a transformation where f(z) is analytic, the angle between two curves in the z plane intersect-
ing at z = z, has the same magnitude and sense (orientation) as the angle between the images of the two curves, so
long as f’(z,) # 0. This property is called the conformal property of analytic functions, and, for this reason, the
transformation w = f(2) is often called a conformal transformation or conformal mapping function.

’

Letw= \/Z define a transformation from the z plane to the w plane. A point moves counterclockwise along
the circle |z | = 1. Show that when it has returned to its starting position for the first time, its image point
has not yet returned, but that when it has returned for the second time, its image point returns for the first
time.

Letz=e® Then w= +/z =¢®2 Let 6 =0 correspond to the starting position. Then z = 1 and w = 1 [cor-
responding to A and P in Figure 16.13(a) and (b)].

When one complete revolution in the z plane has been made, 8 = 2w, z = 1, but w = ¢ = ¢™ = — 1, s0 the
image point has not yet returned to its starting position.

However, after two complete revolutions in the z plane have been made, 8 = 4w, z= 1 and w = ®? = ¥ = 1,
so the image point has returned for the first time.

It follows from this that w is not a single-valued function of z but is a double-valued function of valued
function, we must restrict 8. We can, for example, choose 0 < 6 < 2m, although other possibilities exist. This
represents one branch of the double-valued function w = +/z “In continuing beyond this interval we are on the
second branch, e.g., 2r < 0 < 4m. The point z = 0 about which the rotation is taking place is called a branch
point. Equivalently, we can ensure that f(@= \/Z will be single-valued by agreeing not to cross the line Ox,
called a branch line.
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=

- plane w plane
fo
X 1
(0] A(1,0) : P(1.0)
(a) (b
Figure 16.13
o Pl
16.38.  Show that J. dx =— ,0<p<l.
0l+x sin pr
P!
Consider § dz. Since z = 0 is a branch point, Vv
cl+z T

choose C as the contour of Figure 16.14, where AB and
GH are actually coincident with the x axis but are shown
separated for visual purposes.
The integrand has the pole z = -1 lying within C.
Residue at z=—1 = e™is

! i\p-1 i A
lim (z+1) = (") =PI B,
z—>-1 1+z2 H G
Then
P! ;
§ dz = 2mie' P~V
cl+z

or, omitting the integrand,
F

I+ I + J.+ J =2mielP~ V™
AB BDEFG GH HIA Figure 16.14

We thus have

R xP~! am (Re"YPViRe® dO pr (xe®™ P! 0 (re'®) 1 ire'® ao i
J- dx + I ( ) 0 + ( )2 — dx +J ()—9 = ZTcie(” D
0 1+ Ré' R 14 xe™ 2n 1+ re

rl+4+x

where we have to use z = xe*™ for the integral along GH, since the argument of z is increased by 27 in going

round the circle BDEFG.
Taking the limit as » — 0 and R — ¢ and noting that the second and fourth integrals approach zero, we find

0o D1 0 ,2mi(p=1) _p-1

X e X D
J dx+.[ s dx=2mPIH
01+x = 1+ x

or
-1
xP

(1= ™00 [ "2 dy = 2mi 7
0 1+x
so that '
J"’" X! oo 2mi R TR
01+x 1- eZni(p—l) epni — e—pm' SiinC



CHAPTER 16 Functions of a Complex Variahle

SUPPLEMENTARY PROBLEMS

Functions, limits, continuity

16.39.

16.40.

16.41.

16.42.

16.43.

Describe the locus represented by (a) |z+2—-3i| =5,(b) |z+2| =2|z-1
Construct a figure in each case.

;and (¢) |z+5| - |z-5] =6.

Ans. (a) Circle (x + 2)* + (y — 3)* = 25, center (-2, 3), radius 5
(b) Circle (x — 2)> + y> = 4, center (2,0), radius 2
(c) Branch of hyperbola x*/9 — y*/16 = 1, where x 2 3

Determine the region in the z plane represented by each of the following: (a) |z -2 +i| 2 4,
T
(b) |Z| <3,0<Zargz §Z, and (¢) [z-3| + |z +3]| < 10.Construct a figure in each case.

Ans. (a) Boundary and exterior of circle (x —2)> + (y + 1) = 16
(b) Region in the first quadrant bounded by x> + y* = 9, the x axis, and the line y = x
(c) Interior of ellipse x*/25 + y*/16 = 1

Express each function in the form u(x, y) + iu(x, y), where # and v are real: (a) z2 + 2iz, (b) z/(3 + z), (c) e2,
and (d) In(1 + z).

Ans. (a) u=x> = 3xy> = 2y,0 = 3x%y — y* + 2x
X2 +3x+ y2 v = 3y

(b)u= 1) -
x2+6x+y2+9 x2+6x+y2+9

(¢) u=e" 7 cos 2xy, = "= sin 2xy

(d u=lln{(1+x)2+y2},u=tan‘1 Y L okm,k=0,+1,+2,...
2 1+x

Prove that (a) lim 2= zg (b) f(2)= 7% is continuous at z = 7, directly
X,

(a) If z = @ is any root of z° = 1 different from 1, prove that all the roots are 1, , ®* ®°, *. (b) Show that 1
+ 0+ 0° + ®° + 0 = 0. (c) Generalize the results in (a) and (b) to the equation 7" = 1.

Derivatives, Cauchy-Riemann equations

16.44.

16.45.

16.46.

1 . . d
(@If fw=f(z)=z+—, find d_w directly from the definition. (b) For what finite values of z is f(z)
< v4

nonanalytic?

Ans. (@) 1 = 1/22(b)z=0

Given the function w = z*, (a) find real functions u and v such that w = u + iv, (b) Show that the Cauchy-
Riemann equations hold at all points in the finite z plane, (c) prove that u and v are harmonic functions, and
(d) Determine dw/dz.

Ans. (@ u=x*-6x2y* +y* v =4y —dxy* (d) 42°

Prove that f(z) = z | z| is not analytic anywhere.



16.47.

16.48.

16.49.

16.50.

16.51.
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1
Prove that f(z) = is analytic in any region not including z = 2.
7—

If the imaginary part of an analytic function is 2x(1 — y), determine (a) the real part and (b) the function.

Ans. (a) y* — x* = 2y + ¢ (b) 2iz — 7> + ¢, where c is real

Construct an analytic function f(z) whose real part is e™ (x cos y + sin y) and for which f(0) = 1.

Ans.ze* + 1

Prove that there is no analytic function whose imaginary part is x> — 2y.

Find f(z) such that f* (z) = 4z — 3 and f(1 + i) = -3i.
Ans. f(2) =272 -3z +3 - 4i

Integrals, Cauchy’s theorem, Cauchy’s integral formulas

16.52.

16.53.

16.54.

16.55.

16.56.

16.57.

3+i

Evaluate J (2z +3) dz: (a) along the path x =2 + 1,y =412 -t -20 = ¢ = 1, (b) along the straight line
1-2i

joining 1 —2i and 3 + i, and (c) along straight lines from 1 —2i to 1 + i and then to 3 + i.

Ans. 17 + 19i in all cases

Evaluate J (2% = 2+2) dz, where Cis the upper half of the circle |z| = I tranversed in the positive sense.
c

Ans. —14/3

Evaluate§ £ , where Cis the circle (a) |z| =2and (b) |z]| =2, (b) |z-3]| =2.
c2z+5

Ans. (a) 0 (b) Smi/2

2

Evaluate § _: dz where C is (a) a square with vertices at —1, —i, =1 + i, =3 + i, =3 —i; (b) the
c(z+2)(z=-1

circle |z +1i| =3; and (c) the circle |z| = V2.
Ans. (a) —8mi/3 (b) 21 i (¢c) —2mi/3
2

+z
4

Evaluate (a) § £ dz and (b) dz, where C is any simple closed curve enclosing z = 1.
c

COSTT
z—1 c(z-1

Ans. (a) —2mi (b) Tie/3

Prove Cauchy’s integral formulas. (Hint: Use the definition of derivative and then apply mathematical
induction.)

Series and singularities

16.58.

For what values of z does each series converge?
(@t =D N e 2 2
a b c -D" (27 +2z+2
(a) ;:1 o ()n§=1 1 ();_1( ) ( )

Ans. (@) allz(b) |z—i| <1 (c)z=-1=i
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Nl n
16.59.  Prove that the series ZZ— is (a) absolutely convergent and (b) uniformly convergent for |z | <L
nn+1) =

n
) converges uniformly within any circle of radius R such that | 741 | <R<2

o L
16.60. Prove that the series z (z nl
2

n=0

Locate in the finite z plane all the singularities, if any, of each function and name them:

16.61.
=2 1
@ —F (d) -
Qz+1* o8
) Z © sin(z —m /3)
(z-1)(z+2)? 3z—m
2 +1 cosz
© = 2 2
77 +2z+2 (z2+4)
(d) z =0, essential singularity

Ans. (a) z=-1/2, pole of order 4
(b) z =1, simple pole; z = -2, double pole (e) z = m/3, removable singularity
(f) z = +2i, double poles

(c) simple poles z=-1 %

Find Laurent series about the indicated singularity for each of the following functions, naming the

16.62.
singularity in each case. Indicate the region of convergence of each series.

COSZ 2 /2 .
cz=n b)P2ez=0(c) ————:2
(z-1%(z+3)

(@)
7—T
3 5
Ans. (a) — +Z T —(Z ) (z-m) — .-, simple pole, all z#m
Z—-T 2! 4! 6!
1 1 1 L .
-, essential singularity, all z#0

b —z+——— -—
®) 21 31z 4172 517

1 7 9 9(z-1
(c) >+ +——Q+-~-,doublepole,0<|z—1|<4
4(z-1) 16(z—-1) 64 256
Residues and the residue theorem
27+3 -3 o
16.63.  Determine the residues of each function at its poles: (a) 2Z , (b) 3Z > (¢) ¢ T and
z 77 -4 7+ 5z (z-2)
d) —5—-
(2 +1) |
Ans. (2) z=2;7/4,z=-2; 1/4 ©z=2; > 2 e
(b) z=0; 8/25, z=-5;-8/25 (d)z=i;0,z=—1;0
16.64. Find the residue of ¢ tan z at the simple pole z = 3m/2.
Ans. —e>™"?
2 dz
16.65. Evaluate § , where C is a simple closed curve enclosing all the poles.
c(z+1D(z+3)
Ans. — 8mi

If Cis a simple closed curve enclosing z = +i, show that

16.66.
t
1
§ % dZ =—1 Sin t
cz®+1 2
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16.67. If f(z) = P(2)/Q(z), where P(z) and Q(z) are polynomials such that the degree of P(z) is at least two less than
the degree of Q(z), prove that § f(z) dz =0, where C encloses all the poles of f(z).
c

Evaluation of definite integrals
Use contour integration to verify each of the following

J‘zﬂ cosn0 do 3
©x 0 1-2acosd +a’
166, [ % dxl =2% 16.78.
0 + n
’ 2na2’ n=0,1,2,3,..., O<ax<l
1-a
2 42
16.69. 3 G = 2_755’ a> O 16.79 J (25 + 2b 5)/7'; i > |b|
~x +a  3a 0 (a+bcose) (a* = b%)
o -4
16.70. J % - 16.80. J‘ X sin 2x _Te
0 (x +4 ) 32 0 x + 4 4
e -
16.71. J ;/; dx = T 16.81. J‘ cos 2nx _Tc
0 x"+1 3 o x*+ 4 8
e 2 -1
16.72. J- - dx = 3n al. a0 16.82. J‘ xsin T x L oTe
o (x*+a*? 82 0 (x2 +1)? 4
1673 [ _T 16.83. J sin x _mQe-3)
(P A+ (P44 9 x(x2 +1)? 4e
16.74. I 2“ 16.84. J‘ sin’ x
- cose 3 2
16.75. J _4n3 1655, _[ sin'x
0 2+ cose) 9 8
16.76. J S0 o T 16.86. J'°° cosx . __m
05-4 cosO 8 cosh x 2cosh(m /2)
2n
16.77. J d9 _3n

0 (1+sin0)2 242

174
[Hint: Consider § ¢ dz, where C is a rectangle with vertices at (=R, 0), (R, 0), (R, ), (-R, m). Then let
R — x.] ccoshz

Miscellaneous problems

16.87. Ifz=pe®and f(z) = u (p, &) + iv (p, 0), where p and ¢ are polar coordinates, show that the Cauchy-
Riemann equations are

du 1 dv B_Ulau

P pad’ P pad
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16.88.

16.89.

16.90.

16.91.

16.92.

16.93.

16.94.

If w = f(2), where f(z) is analytic, defines a transformation from the z plane to the w plane where z = x + iy
and w = u + iV, prove that the Jacobian of the transformation is given by

a(u 1))
d(x, y
0°F 0°F
Let F(x, y) be transformed to G(u, v) by the transformation w = f(z). Show that if a—2 + 8_2 =0, then at
2 2 X ly
all points where f’(z) #0, — J G 0°G — = =0.
ou* 81)
az+b

Show that by the bilinear transformation w = , where ad — bc # 0, circles in the z plane are

transformed into circles of the w plane. cztd

If f(2) is analytic inside and on the circle |z —a | = R, prove Cauchy’s inequality, namely,

[ @] 0
where |f(z)| < M on the circle. (Hint: Use Cauchy’s integral formulas.)
Let C, and C, be concentric circles having center a and radii r, and r,, respectively, where r;, <r,. If a + h is

any point in the annular region bounded by C, and C,, and f(z) is analytic in this region, prove Laurent’s
theorem that

fla+h)= ianh"

where
_ 1§ S
ZTI:i C(Z _a)n+l

1
C being any closed curve in the angular region surrounding C,. [Hint: Write f(a+ h) ZT
1

1 1
f@dz 1§ f@dz and expand — in two different ways.]
cz—(a+h) 2midcz—(a+h) z—a—nh
Find a Laurent series expansion for the function f(z) = S which converges for 1 < | Z | <2
(z+D(z+2)
. . -1 2 -1 1
and diverges elsewhere. | Hint: Write £ = + = + .
(z+D(z+2) z+1 z+2 z(A+1/z) 1+2z/2)
_L+i_i+i_l+1_£+i_i+

Let J. e F(t) dt = f(s), where f(s) is a given rational function with numerator of degree less than
0
that of the denominator. If C is a simple closed curve enclosing all the poles of f(s), we can show that F(t)

1 . .
=5 e” f(z) dz = sum of residues of e” f(z) at its poles. Use this result to find F(¢) if £(s) is
TT C
1 241

@ —— (b) — c© = and @) —

sT+1 s°+2s+5 s(s—1) (s°+1
f(s) is the Laplace transform of F(t), and F (¢) is the inverse Laplace transform of f(s) (see Chapter 12).
Extensions to other functions f(x) are possible.]

5> and check results in each case. [Note that

32;

Ans. (a) cos t, (b) %e " sin2t, (c) i+§te +=e”, (d) (Slnt —tcost)
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Abel, integral test of, 347
summability, 320
theorems of, 291, 308
Absolute convergence:
of integrals, 314, 315, 322-325
of series, 282, 297, 315
theorems on, 282, 297
Absolute maximum or minimum, 47
(See also Maxima and minima)
Absolute value, 4
of complex numbers, 7
Acceleration, 80, 169
centripetal, 188
in cylindrical and spherical
coordinates, 193
normal and tangential components
of, 188
Accumulation, point of, 6, 126 (See
also Limit points)
Addition, 2
associative law of, 3, 9
commutative law of, 3
of complex numbers, 8, 14
of vectors, 161, 162, 174
Aerodynamics, 415
Aleph-null, 6
Algebra:
of complex numbers, 7, 8, 14-16
fundamental theorem of, 47
of vectors, 162, 163, 174—-177
Algebraic functions, 48
Algebraic numbers, 7, 14
countability of, 14
Alternating series, 281, 296
convergence test for, 281
error in computations using, 281
Amplitude, 8
Analytic continuation, of gamma
function, 390

Analytic functions, 406
Analytic part, of Laurent series,
408
Antiderivatives, 100
Approximations:
to irrational numbers, 10
least square, 212
by partial sums of Fourier series,
365
using differentials, 84, 85, 139,
140
using Newton’s method, 80
using Taylor’s theorem, 287-289
(See also Numerical methods)
Archimedes, 97
Arc length, 105, 106
element, 172
Area, 107, 115
of ellipse, 218
expressed as line integral, 251
of parallelogram, 166
Argand diagram, 8
Argument, 8
Arithmetic mean, 10
Associative law, 3
for vectors, 162, 166
Axiomatic foundations:
of complex numbers, 7
of real numbers, 5
of vector analysis, 166
Axis, real, 2

Base, of logarithms, 4-5

Bases, orthonormal, 163
Bernoulli, Daniel, 349
Bernoulli numbers, 319
Bernoulli’s inequality, 17
Bessel differential equation, 290
Bessel functions, 290

Beta functions, 389, 392, 393,
395-398
relation to gamma functions,
392
Bilinear transformation, 435
Binary scale, 17, 23
system, 1
Binomial coefficients, 23
series, 289
theorem, 23
Bolzano-Weierstrass theorem, 7, 13,
20, 126
Boundary conditions, 352
Boundary point, 126
Boundary-value problems:
and Fourier integrals, 377
and Fourier series, 349, 372,
373
in heat conduction, 370
separation of variables method for
solving, 369
in vibration of strings, 375
Bounded functions, 45
sequences, 26, 32, 34, 39
sets, 6
Bounds, lower and upper, 6, 13, 14
Box product, 166
Branches of a function, 45
Branch line, 429
Branch point, 409, 429

Calculus, fundamental theorem of
integral, 101, 111

Cardinal number of the continuum, 6

Cardioid, 121

Catenary, 121

Cauchy form of remainder in Taylor’s
theorem, 287

Cauchy principal value, 325, 335



Cauchy-Riemann equations, 406,
413416
derivation of, 415
in polar form, 434
Cauchy’s convergence criterion,
27,35
Cauchy’s generalized theorem of the
mean, 78, 88
Cauchy’s inequality, 435
Cauchy’s integral formulas, 407,
416419
Cauchy’s theorem, 407, 416419
Centripetal acceleration, 188
Chain rules, 75, 131, 144
for Jacobians, 132
Circle of convergence, 290
Class, 1 (See also Sets)
Closed interval, 5
region, 126
set, 6, 13, 14, 126
Closure law or property, 3
Cluster point, 6, 126 (See also Limit
points)
Collection, 1 (See also Sets)
Commutative law, 3
for dot products, 164
for vectors, 165, 176, 177
Comparison test, for series, 280, 292,
293
Complex numbers, 7, 14, 15
absolute value of, 7
amplitude of, 8
argument of, 8
axiomatic foundations of, 7
conjugate of, 7
equality of, 7
modulus of, 7
operations with, 7, 14, 15
as ordered pairs of real numbers, 8
polar form of, 8, 15
real and imaginary parts of, 7
roots of, 8, 16
as vectors, 21
Complex plane, 8
Complex variable, 405, 406 (See also
Functions of a complex variable)
Components of a vector, 163
Composite fuctions, 52
continuity of, 52
differentiation of, 75, 144—148
Conditional convergence:
of integrals, 321, 324, 331, 332
of series, 282, 315
Conductivity, thermal, 370

Conformal mapping or
transformation, 429 (See also
Transformations)

Conjugate, complex, 7

Connected region, 245

set, 126
simply, 126, 245

Conservative field, 246

Constraints, 200

Continuity, 51-63, 128, 136

and differentiability, 73, 129, 130

definition of, 51

of functions of a complex variable,
405

of infinite series of functions, 284,
285, 303

of integrals, 110, 328

in an interval, 51

piecewise, 52

in a region, 126, 128

right- and left-hand, 51

theorems on, 52

uniform, 53

of vector functions, 167

Continuous differentiability, 73, 130

Continuously differentiable functions,
73,130

Continuum, cardinality of, 6

Contour integration, 411

Convergence:

absolute (see Absolute
convergence)

circle of, 286

conditional (see Conditional
convergence)

criterion of Cauchy, 27, 35

domain of, 283

of Fourier integrals (see Fourier’s
integral theorem)

of Fourier series, 349, 372-374

of improper integrals (see Improper
integrals)

of infinite series (see Infinite series)

interval of, 27, 283

radius of, 285

region of, 126

of series of constants, 292-299

uniform (see Uniform convergence)

Convergent integrals, 322-324 (See
also Improper integrals)

Convergent sequences, 35, 283 (See
also Sequences)

Convergent series, 27 (See also
Infinite series)

INDEX

Convolution theorem:
for Fourier transforms, 378
for Laplace transforms, 346
Coordinate curve, 171
Coordinates:
curvilinear, 149, 171 (See also
Curvilinear coordinates)
cylindrical, 172, 186
hyperbolic, 231
polar, 8
rectangular, 163
spherical, 173, 202
Correspondence, 2, 12, 171
one-to-one, 2, 12
Countability, 6, 12, 13
of algebraic numbers, 14
of rational numbers, 13
Countable set, 6, 13
measure of, 98, 103
Critical points, 73
Cross products, 168, 177-179
proof of distributive law for, 177
Curl, 170, 171, 183-185
in curvilinear coordinates, 173
Curvature:
radius of, 188, 193
simple closed, 126, 245, 255
space, 168
Curvilinear coordinates, 149, 150
curl, divergence, gradient, and
Laplacian in, 173, 174
Jacobians and, 173, 174
multiple integrals in, 221-242
orthogonal, 221-242
special, 173, 174
transformations and, 158, 171
vectors and, 173, 174
Cut (see Dedekind cuts)
Cycloid, 121
Cylindrical coordinates, 173, 185, 186
arc length element in, 172
divergence in, 186
gradient in, 186
Laplacian in, 173, 174
multiple integrals in, 235
parabolic, 192
volume element in, 173, 174

Decimal representation of real
numbers, 2
Decimals, recurring, 2
Decreasing functions, 45, 52
monotonic, 45
strictly, 45, 52
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Decreasing sequences:
monotonic, 26
strictly, 26
Dedekind cuts, 5, 18
Definite integrals, 92-100, 108 (See
also Integrals)
change of variable in, 101, 111-113
definition of, 98
mean value theorems for, 99, 100,
110
numerical methods for evaluating,
104, 105, 115
properties of, 98
theorem for existence of, 98
with variable limits, 101, 186, 313,
321
Degree:
of polynomial equation, 7
of homogeneous functions, 131
Del (V), 170
in curl, gradient, and divergence,
170
formulas involving, 170
Deleted neighborhood, 6, 126
De Moivre’s theorem, 8, 16
Dense, everywhere, 3
Denumerable set (see Countable set)
Dependent variable, 43, 119
Derivatives, 71-96, (See also
Differentiation)
chain rules for, 75, 133
continuity and, 72, 78, 130, 139
definition of, 72, 73
directional, 198, 205-206, 215
of elementary functions, 71,
7677
evaluation of, 76, 81-92
of functions of a complex variable,
405, 411414
graphical interpretation of, 71
higher-order, 77, 129
of infinite series of functions, 283,
413-416
partial (see Partial derivatives)
right- and left-hand, 72, 83, 92
rules for finding, 75-76
of vector functions, 168, 182, 183
Determinant:
for cross product, 166
for curl, 170
Jacobian (see Jacobians)
for scalar triple product, 166
Dextral system, 163
Difference equations, 72

Differentiability, 72, 73, 130
and continuity, 73, 77-78
continuous, 73
piecewise, 73
Differential:
elements of area, of volume, 172,
221,222,242
as linear function, 73, 129
Differential equation:
Gauss’s, 290
solution of, by Laplace
transforms, 329, 342
Differential geometry, 169, 193
Differentials, 73, 84, 129-131
approximations using, 71, 129
exact, 130
of functions of several variables,
129, 139
geometric interpretation of, 74,
129-130
total, 129
of vector functions, 167-168
Differentiation:
of Fourier series, 351, 369
under integral sign, 198, 206, 216
rules for, 75-76, 91
(See also Derivatives)
Diffusivity, 370
Directed line segments, 162
Directional derivatives, 198, 205-206,
215
Dirichlet conditions, 350, 358, 360
integrals, 393, 398, 402
Dirichlet’s test:
for integrals, 328
for series, 284, 319
Discontinuities, 51
removable, 60
Distance between points, 176
Distributive law, 3
for cross products, 165
for dot products, 164
Divergence, 170, 171, 183, 184
in curvilinear coordinates, 173
in cylindrical coordinates, 173
of improper integrals, 322-324 (See
also Improper integrals)
of infinite series (see Infinite series)
Divergence theorem, 250, 262-265,
275
proof of, 262, 263
Divergent integrals, 322-347
sequences (See Sequences)
series (See Series)

Division, 2
of complex numbers, 7, 8
by zero, 9
Domain:
of a function, 43
of convergence, 279
Dot products, 164, 165, 176,
177
commutative law for, 164
distributive law for, 164
laws for, 164, 165
Double series, 291
Dummy variable, 100
Duplication formula for gamma
function, 392, 400

e, 5
Electric field vector, 193
Electromagnetic theory, 193
Elementary transcendental functions,
48, 85
Elements of a set, 1
Ellipse, 120
area of, 120
Empty set, 1
Envelopes, 197, 198, 204
Equality:
of complex number, 7
of vectors, 170
Equations:
differential (see Differential
equation)
integral, 377, 380, 381
polynomial, 7, 47
Errors, applications to, 200, 212,
217
in computing sums of alternating
series, 281, 297
mean square, 366
Essential singularity, 408
Eudoxus, 97
Euler, Leonhart, 349
Euler’s constant, 310
theorem on homogeneous
functions, 131
Even function, 351, 360-364
Everywhere dense set, 3
Exact differentials, 129, 130, 139,
140, 244 (See also Differentials)
Expansion of functions:
in Fourier series (see Fourier series)
in power series, 286, 287
Expansions (see Series)
Explicit functions, 137



Exponential function, 48
order, 346
Exponents, 4, 12

Factorial function (see Gamma
functions)
Fibonacci sequence, 38
Field, 3
conservative, 246
scalar, 162
vector, 162
Fourier, Joseph, 349
Fourier coefficients, 350, 358
expansion (see Fourier series)
Fourier integrals, 377-388
convergence of (see Fourier’s
integral theorem)
solution of boundary-value
problems by, 385
(See also Fourier transforms)
Fourier series, 349-376
complex notation for, 352
convergence of, 351, 366-368
differentiation and integration of,
352
Dirichlet conditions for
convergence of, 350
half range, 351, 360-364
Parseval’s identity for, 351, 364,
365
solution of boundary-value
problems by, 352, 369-371
Fourier’s integral theorem, 377, 378
heuristic demonstration of, 382
proof of, 382
Fourier transforms, 378-382
convolution theorem for, 379
inverse, 378

Parseval’s identities for, 379, 382,

386
symmetric form for, 378
(See also Fourier integrals)
Fractions, 2
Frenet-Serret formulas, 193
Fresnel integrals, 401
Frullani’s integral, 345

Functional determinant, 132, 146 (See

also Jacobians)
Functional notation, 43, 125
Functions, 43-70, 125, 141, 405
algebraic, 48
beta (see Beta functions)
bounded, 45
branches of, 43

Functions (Cont.):

of a complex variable (see
Functions of a complex variable)

composite (see Composite
functions)

continuity of (see Continuity)

decreasing, 45

definition of, 43, 126

derivatives of (see Derivatives)

differential of (see Differentials)

domain of, 43, 126

elementary transcendental, 48, 49

even, 351, 360-364

explicit and implicit, 131

of a function (see Composite
functions)

gamma (see Gamma functions)

harmonic, 406

hyperbolic, 48, 49

hypergeometric, 290, 318

increasing, 45

inverse (see Inverse functions)

limits of (see Limits of functions)

maxima and minima of (see
Maxima and minima)

monotonic, 45

multiple-valued (see Multiple-
valued function)

normalized, 355

odd, 351, 360-364

orthogonal, 355, 371, 372

orthonormal, 355

periodic, 379

polynomial, 47

sequences and series of, 283, 284,
300, 301

of several variables, 125, 130, 133

single-valued, 43, 405

staircase of step, 55

transcendental, 48

types of, 47

vector (see Vector functions)

Functions of a complex variable,

405-435
analytic, 406
Cauchy-Riemann equations, 406,
414 (See also Cauchy-Riemann
equations)
continuity of, 406, 413, 414
definition of, 405
derivatives of, 406, 414-417
elementary, 406
imaginary part of, 405, 414
integrals of, 407, 417-420

INDEX

Functions of a complex variable
(Cont.):
Jacobians and, 435
Laplace transforms and, 435
limits of, 405, 411, 412
line integrals and, 406
multiple-valued, 405
poles of, 408
real part of, 405, 414
residue theorem for (see Residue
theorem)
series of, 300-302, 405, 419-422
single-valued, 405
singular points of, 408
Fundamental theorem:
of algebra, 47
of calculus, 101, 110-111

Gamma functions, 389-404
analytic continuation of, 390
asymptotic formulas for, 390, 392
duplication formula for, 392, 400
infinite product for, 390
recurrence formula for, 389-390
Stirling’s formulas and asymptotic
series for, 398
table and graph of, 389
Gauss’s:
differential equation, 290
T function, 391
test, 282
Geometric integral, 323
Gibbs, Williard, 161
g.1.b (see Greatest lower bound)
Gradient, 169, 170, 171, 183
in curvilinear coordinates, 172
in cylindrical coordinates, 173
Graph:
function of one variable, 44
function of two variables, 153, 154
Grassman, Herman, 161
Greater than, 3
Greatest limit (see Limit superior)
Greatest lower bound, 6
of a function, 45
of a sequence, 26, 34, 39
Green’s theorem:
in the plane, 246, 253-256, 273
in space, (see Divergence theorem)
Grouping method for exact
differentials, 141

Half range Fourier sine or cosine
series, 351, 360-364
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Hamilton, William Rowen, 161, 169
Harmonic functions, 406
series, 280
Heat conduction equation, 370
solution of by Fourier integrals, 385
solution of by Fourier series, 367,
368
Homogeneous functions, Euler’s
theorem on, 131
Hyperbolic coordinates, 231
Hyperbolic functions, 48, 49
inverse, 47
Hyperboloid of one sheet, 135
Hypergeometric function or series,
290, 318
Hypersphere, 125
Hypersurface, 125

Identity, with respect to addition and
multiplication, 3
Image or mapping, 133, 428
Imaginary part:
of a complex number, 7
of functions of a complex variable,
405, 414, 417
Imaginary unit, 7
Implicit functions, 75, 130
and Jacobians, 144—-149
Improper integrals, 104, 116, 117,
321-347
absolute and conditional
convergence of, 322, 324, 326
comparison test for, 323, 327
containing a parameter, 327
definition of, 321
of the first kind, 321-322, 330-331
of the second kind, 324-326, 335
of the third kind, 321, 327
quotient test for, 323
uniform convergence of, 327,
337-338
Weierstrass M test for, 327, 337-342
Increasing functions, 45
monotonic, 45
strictly, 45, 52
Indefinite integrals, 104 (See also
Integrals)
Independence of the path, 256-259,
273
Independent variable, 48, 125
Indeterminate forms, 88-90
L’Hospital’s rules for (see
L’Hospital’s rules)
Induction, mathematical, 8

Inequality, 3, 10

Bernoulli’s, 17
Cauchy’s, 435
Schwarz’s, 11, 20, 116

Inferior limit (see Limit inferior)
Infinite:

countably, 6
interval, 5

Infinite product, 291

for gamma function, 389

Infinite series, 27, 36, 39, 279-320

absolute convergence of, 282, 297,
315

comparison test for, 281, 293, 297

of complex terms, 290

conditional convergence of, 282,
297

convergence tests for, 280-281

of functions, 286, 287, 290, 291

functions defined by, 290

Gauss’s test for, 282

integral test for, 281, 294-296

nth root test for, 281

partial sums of, 27, 279

quotient test for, 281, 290

Raabe’s test for, 282, 300

ratio test for, 282, 298, 315

rearrangement of terms in, 282

special, 284

uniform convergence of, 283, 284
(See also Uniform convergence)

Weierstrass M test for, 284, 303

(See also Series)

Infinitesimal, 96

Infinity, 26, 50

Inflection, point of, 79

Initial point of a vector, 161
Integers, positive and negative, 2
Integrable, 98

Integral equations, 377, 382, 383
Integral formulas of Cauchy, 407,

416419

Integrals, 97-123, 221-242, 321-347,
377-388, 406407, 411, 422-435

definite, 97-98 (See also Definite
integrals)

Dirichlet, 393, 399, 402

double, 221, 227-230

of elementary functions, 102

evaluation of, 328, 345-347

Fresnel, 401

Frullani’s, 345

of functions of a complex variable,
405-435

Integrals (Cont.):
improper, 104 (see Improper
integrals)
indefinite, 100
of infinite series of functions, 283,
286
iterated, 222-223
line (see Line integrals)
mean value theorems for, 86, 99
multiple (see Multiple integrals)
Schwarz’s inequality for, 116
table of, 102
transformations of, 101, 109-114
uniform convergence of, 328, 337,
338
(See also Integration)
Integral test for infinite series, 281
Integrand, 98
Integration:
applications of, 105-108
contour, 411
of elementary functions, 102, 103
of Fourier series, 351, 366
under integral sign, 198, 206
interchange of order of, 222
limits, of, 98
by parts, 103—120
range of, 98
special methods of, 103,
111-114
(See also Integrals)
Intercepts, 134
Interior point, 126
Intermediate value theorem, 52
Intersection of sets, 13
Intervals:
closed, 5
continuity in, 51
of convergence, 27
infinite, 5
nested, 27, 35
open, 5
unbounded, 6
Invariance relations, 194
Invariant:
scalar, 194
Fourier transforms, 378 (See also
Fourier transforms)
Laplace transforms, 328, 435 (See
also Laplace transforms)
Inverse functions, 45
continuity of, 51
hyperbolic, 48
trigonometric, 48



Inverse, of addition and
multiplication, 3
Irrational algebraic functions, 48
Irrationality of V2, proof of, 10
Irrational numbers, 2, 9, 10
approximations to, 10
definition of, 2 (See also Dedekind
cuts)
Isolated singularity, 408
Iterated integrals, 222-223
limits, 127

Jacobian determinant (see Jacobians)
Jacobians, 132, 144-149, 172, 185,
186
chain rules for, 132
curvilinear coordinates and, 172, 173
implicit functions and, 144-148
multiple integrals and, 221
partial derivatives using, 133
theorems on, 132, 171
of transformations, 133
vector interpretation of, 171

Kronecker’s symbol, 355

Lagrange multipliers, 200, 210, 211

Lagrange’s form of the remainder, in
Taylor series, 288, 311

Laplace’s equation, 138 (See also
Laplacian operator)

Laplace transforms, 328, 329, 342
convolution theorem for, 343
inverse, 343, 435
relation of functions of a complex

variable to, 435
in solving differential equations, 329
table of, 329

Laplacian operator, 172, 173
in curvilinear coordinates, 172
in cylindrical coordinates, 173, 185
in spherical coordinates, 173
(See also Laplace’s equation)

Laurent’s series, 400, 420, 421
theorem, 421, 422

Least limit (see Limit inferior)

Least square approximations, 212

Least upper bound, 6, 34
of functions, 46
of sequences, 26, 39

Left-hand continuity, 51
limits, 49

Leibniz, Gottfried Wilhelm, 65, 97,

265

Leibniz’s formula for nth derivative of
a product, 96
rule for differentiating under the
integral sign, 198, 206
Length of a vector, 161
Less than, 3
Level curves and surfaces, 152, 197
L’Hospital’s rules, 78, 88-90, 95
proofs of, 88, 89, 96
Limit inferior, 36, 39
Limit points, 6, 13, 127
Bolzano-Weierstrass theorem on
(see Bolzano-Weierstrass
theorem)
Limits of functions, 43-70, 127, 128,
405-406, 411-413
of a complex variable, 405, 411-413
definition of, 47, 127
iterated, 127, 222
proofs of theorems on, 58—61
right-and left-hand, 49
special, 50
theorems on, 50
Limits of integration, 98
Limits of sequences, 29-30
definition of, 25
of functions, 49
theorems of, 25-26
Limits of vector functions, 168
Limit superior, 27, 34
Line:
normal (see Normal line)
tangent (see Tangent line)
Linear dependence of vectors,
194
Linear transformations, 158
Line integrals, 243-245, 251-255,
272-273
evaluation of, 244
independence of path of, 246,
251-253
properties of, 245
relation to functions of a complex
variable, 407
vector notation for, 244
Logarithms, 4-5, 12
base of, 4
as multiple-valued functions,
405
Lower bound, 6, 13
of functions, 45
of sequences, 26
Lower limit (see Limit inferior)
L.u.b. (see Least upper bound)

INDEX

Maclaurin series, 287
Magnetic field vector, 193
Magnitude of a vector, 161
Many-valued function (see Multiple-
valued function)
Mappings, 133
conformal, 429
(See also Transformations)
Mathematical induction, 8, 16
Maxima and minima, 4647, 79, 197,
200, 208-212
absolute, 47
of functions of several variables,
199, 200
Lagrange’s multiplier method for,
210-212
relative, 47
Taylor’s theorem and, 287, 288,
311, 312
Maximum (see Maxima and minima)
Maxwell’s equations, 193
Mean square error, 366
Mean value theorems:
for derivatives, 77, 86-88, 94, 134,
150-151
for integrals, 99-100, 110, 119
Measure zero, 98, 109
Mechanics, 169
fluid, 415
Members of a set, 1
Minimum (see Maxima and
minima)
Moebius strip, 262
Moment of inertia, 115
polar, 227, 231
Monotonic functions, 42
Monotonic sequences, 26, 32-34
fundamental theorem on, 26
Multiple integrals, 221-242
in curvilinear coordinates, 225,
226, 236, 237
in cylindrical coordinates, 225
improper, 330
Jacobians and, 225
in spherical coordinates, 226
transformations of, 225-226
Multiple-valued functions, 43, 125,
405
logarithms as, 405
Multiplication, 3
associative law of, 3
of complex numbers, 7, 8
involving vectors, 164-167
Multiply connected regions, 125
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Natural base of logarithms, 4
Natural numbers, 1
Negative integers, 2
numbers, 1, 2
Neighborhoods, 6, 126
Nested intervals, 27, 35
Newton, Isaac, 71, 97, 279
first and second laws, 74
Newton’s method, 80
Normal component of acceleration, 188
Normalized vectors and functions, 355
Normal line:
parametric equations for, 196, 214
principal, 188, 192
to a surface, 196, 201-203
Normal plane, 196, 197, 203, 204
nth root test, 282
Null set, 1
vector, 161
Numbers, 1-24
algebraic (see Algebraic numbers)
Bernoulli, 349
cardinal, 6
complex (see Complex numbers)
history, 1
irrational (see Irrational numbers)
natural, 2
negative, 2
operations with, 27
positive, 1
rational (see Rational numbers)
real (see Real numbers)
transcendental, 7, 14
Numerator, 2
Numerical methods for evaluating
definite integrals, 105, 115 (See
also Approximations)

Odd functions, 351, 360-364
Open ball, 126
Open interval, 5
region, 126
Operations:
with complex numbers, 7, 15
with real numbers, 3
Order, exponential, 346
of derivatives, 77
of poles, 408, 409
Ordered pairs of real numbers, 8
triplets of real numbers, 164
Orientable surface, 262
Origin, of a coordinate system, 125
Orthogonal curvilinear coordinates
(see Curvilinear coordinates)

Orthogonal families, 414, 415
functions, 163, 371, 372
Orthonormal functions, 371

Pappus’s theorem, 242
Parabolic cylindrical coordinates, 192
Parallelepiped, volume of, 166, 180
Parallelogram:
area of, 166, 179
law, 162, 174
Parametric equations:
of line, 201
of normal line, 196
of space curve, 168
Parseval’s identity:
for Fourier integrals, 377, 378
for Fourier series, 351, 364, 374
Partial derivatives, 125-159
applications of, 195-219
definition of, 128
evaluation of, 129, 137-139
higher-order, 128
notations for, 128
order of differentiation of, 128
using Jacobians, 132
Partial sums of infinite series, 27, 279,
280
Period of a function, 349
Piecewise continuous, 52
differentiable, 74
p integrals, 323
Plane, complex, 8
Plane, equation of, 181
normal to a curve (see Normal
plane)
tangent to a surface (see Tangent
plane)
Points:
of accumulation, 6 (See also Limit
points)
boundary, 126
branch, 409, 410
cluster, 6, 126 (See also Limit
points)
critical, 79
interior, 126
limit (see Limit points)
neighborhoods of, 6, 126
singular (see Singular points)
Point set:
one-dimensional, 6
two-dimensional, 126
Polar coordinates, 8
Polar form of complex numbers, 8, 15

Poles, 408
defined from a Laurent series, 408
of infinite order, 408
residues at, 408
Polynomial functions, 47
degree of, 47
Position vector, 167
Positive definite quadratic form, 219
Positive direction, 245
normal, 248
Positive integers, 1
numbers, 1, 2
Potential, velocity, 415
Power series, 284, 289, 290, 306-308
Abel’s theorem on, 286
expansion of functions in, 286
operations with, 286, 287
radius of convergence of, 285
special, 290, 291
theorems on, 284
uniform covergence of, 284
Prime, relatively, 10
Principal branch:
of a function, 45
of a logarithm, 410
Principal normal to a space curve,
188, 191
Principal part, 73, 129
of a Laurent series, 408
Principal value:
of functions, 45
of integrals (see Cauchy principal
value)
of inverse hyperbolic functions, 48
of inverse trigonometric
functions, 48
of logarithms, 404
p series, 280

Quadratic equation, solutions of, 15
Quadratic form, 219
Quotient, 2
Quotient test:
for integrals, 323, 326, 352
for series, 281, 292, 293

Raabe’s test, 282, 300
Radius of convergence, 285
of curvature, 189, 193
of torsion, 193
Radius vector, 164
Range, of integration, 104
Rates of change, 71
Rational algebraic functions, 48



Rational numbers, 2, 9, 10
countability of, 12
Ratio test, 282, 300
proof of, 299
Real axis, 2
Real numbers, 1
absolute value of, 4
axiomatic foundations of, 5
decimal representation of, 2
geometric representation of, 2
inequalities for (see Inequality)
noncountability of, 13
operations with, 3, 9
ordered pairs and triplets of, 7, 166
(See also Numbers)
Real part:
of a complex number, 7
of functions of a complex variable,
405, 411, 412
Rectangular component vectors, 163
Rectangular coordinates, 7, 125, 171
Rectangular neighborhood, 126
rule for integration, 101
Recurring decimal, 2
Region, 126
closed, 126
connected, 245
of convergence, 126
multiply connected, 126
open, 126
simply connected, 127, 245, 255
Regular summability, 291, 320
Relative extrema, 79
Relativity, theory of, 194
Removable discontinuity, 61, 128
singularity, 408, 419
Residues, 410, 422-424
Residue theorem, 410, 411, 422-424
evaluation of integrals by, 411,
413416
proof of, 422, 423
Resultant of vectors, 162, 174
Reversion of series, 286
Riemann axis, 408
Riemann integrable, 98
Riemann’s theorem, 367, 383
Riemann surface, 409
Right-hand continuity, 51
derivatives, 72, 73, 83
limits, 49
Right-handed rectangular coordinate
system, 163, 164
Rolle’s theorem, 77
proof of, 86

Roots:
of complex numbers, 8, 15
of equations, 47
Newton’s method for finding, 80
of real numbers, 4, 12

Saddle points, 200
Scalar, 162
field, 162
invariant, 194
product (see Dot products)
triple product, 166
Scale factors, 172
Scale of two (see Binary scale)
Schwarz’s inequality for real numbers,
11, 20
Section (see Dedekind cuts)
Separation of variables in boundary-
value problems, 369
Sequences, 25-41, 283
bounded, monotonic, 26, 32-34
convergent and divergent, 25, 283
decreasing, 26
definition of, 25
Fibonacci, 38
finite and infinite, 283
of functions, 283
increasing, 26
limits of, 25, 29, 283 (See also
Limits of sequences)
terms of, 28
uniform covergence of, 284
Series
alternating (see Alternating series)
binomial, 289
double, 291
of functions of a complex variable,
419-422
geometric, 36, 280
harmonic, 280
Laurent’s, 408, 420, 421, 433
Maclaurin, 288
partial sums of, 27, 279
power (see Power series)
reversion of, 286
sum of, 27, 279
Taylor (see Taylor series)
telescoping, 292
terms of, 279
test for integrals, 294
(See also Infinite series)
Sets, 1
bounded, 6
closed, 6, 14
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Sets (Cont.):
connected, 126
countable or denumerable (see
Countable set)
elements of, 1
everywhere dense, 3
intersection of, 13
orthonormal, 350, 355
point, 126
union of, 13
Simple closed curves, 126, 245, 254
Simple poles, 408
Simply connected region, 126, 245,
254
Simpson’s rule, 105, 115
Single-valued function, 43, 125,
405
Singular points or singularities,
408-411, 419-422
defined from Laurent series, 408
essential, 408, 420
isolated, 408
removable, 408, 420
Sink, 272
Slope, 71
Smooth function (see Piecewise
continuous, differentiable)
Solenoidal vector fields, 272
Source, 272
Space curve, 168
Specific heat, 369, 370
Spherical coordinates, 173, 185, 186
arc length element in, 173, 185
Laplacian in, 173, 187
multiple integrals in, 188
volume element in, 173, 186
Staircase or step function, 55
Stirling’s asymptotic formula and
series, 391, 398
Stokes’s theorem, 251, 265-270
proof of, 265-266
Stream function, 415
Subset, 1
Subtraction, 3
of complex numbers, 14
of vectors, 162
Sum, 1
partial, 27, 279
of series, 27, 279
of vectors, 161, 174
Summability, 310, 318, 320
Abel, 320
Césaro, 291, 320
regular, 291, 319
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Superior limit (see Limit superior)
Superposition, principal of, 370
Surface, 125

equipotential, 198

level, 154, 198

normal line to (see Normal line)

orientable, 262

tangent place to (see Tangent plane)
Surface integrals, 247-250, 274-275

Tangential component of acceleration,
188
Tangent line:
to a coordinate curve, 92
toacurve, 71, 196, 214
Tangent plane, 195, 201-203, 214
in curvilinear coordinates, 215
Tangent vector, 168, 188
Taylor polynomials, 288
Taylor series:
of functions of a complex variable,
408
in one variable, 289 (See also
Taylor’s theorem)
in several variables, 290
Taylor’s theorem, 287, 312
for functions of one variable,
287
for functions of several variables,
290, 291
proof of, 311, 420, 421
remainder in, 289
(See also Taylor series)
Telescoping series, 292
Tensor analysis, 194
Term:
of a sequence, 25
of a series, 280
Terminal point of a vector, 162
Thermal conductivity, 370, 371
Thermodynamics, 159
Torsion, radius of, 188
Total differential, 129 (See also
Differentials)
Trace, on a place, 135
Transcendental functions, 48, 49
numbers, 7, 21
Transformations, 133, 149, 150
conformal, 429
and curvilinear coordinates, 149,
150, 159
of integrals, 102, 108-111, 225,
230-234
Jacobians of, 132, 171

Transforms (see Fourier transforms;
Laplace transforms)
Transitivity, law of, 3
Trigonometric functions, 48, 104
derivatives of, 71
integrals of, 97, 98
inverse, 48
Triple integrals, 224, 233-234
transformation of, 240-242
Triple products:
scalar, 166
vector, 166

Unbounded interval, 6
Uniform continuity, 53, 63, 128
Uniform convergence, 282, 283, 302,
303
of integrals, 322, 323, 327-328
of power series, 285
of sequences, 283
of series, 283-284
tests for integrals, 323, 326,
327-328
tests for series, 284
theorems for integrals, 328
theorems for series, 284286
Weierstrass M test for (see
Weierstrass M test)
Union of sets, 13
Unit tangent vector, 168
Unit vectors, 163
infinite dimensional, 355
rectangular, 163
Upper bound, 6
of functions, 45
of sequences, 26
Upper limit (see Limit superior)

Variable, 5
change of, in differentiation, 74, 76
change of, in integration,101, 114,
225
complex, 405, 406 (See also
Functions of a complex variable)
dependent and independent, 43, 125
dummy, 100
limits of integration, 100, 199, 206
Vector algebra, 162-167
Vector analysis (see Vectors)
Vector field, 168
solenoidal, 272
Vector functions, 167
limits, continuity and derivatives of,
167, 168

Vector product (see Cross
products)
Vectors, 22, 161-194
algebra of, 162-163, 188-190
axiomatic foundations for, 166
bound, 161
complex numbers as, 22
components of, 163
curvilinear coordinates and, 172,
173
equality of, 161
free, 161
infinite dimensional, 355
Jacobians interpreted in terms of,
171
length or magnitude of, 161
normalized, 355
null, 162
position, 164
radius, 164
resultant or sum of, 161, 174
scalar product, 165
tangent, 169, 188
unit, 163, 164
Vector triple product, 166, 179-182
Velocity, 89, 188
of light, 193
potential, 415
Vibrating string, equation of,
325
Volume, 107
element of, 172, 173, 186
of parallelepiped, 172, 186
Volume of revolution:
disk method, 107, 108
shell method, 107

Wallis’s product, 372
Wave equation, 375
Weierstrass M test:
for integrals, 327, 338-343
for series, 280, 303
Wilson, E.B., 161
Work, as a line integral, 252

x axis, 125

z axis, 125
intercept, 135
Zeno of Elea, 279
Zero, 1
division by, 9
measure, 98, 109
vector, 161
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